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Section 7
Exponential Equations

Today it is difficult to overestimate the role and place of exponential
equations in the course of mathematics, not only as a theoretical, but also applied
science. Solution of exponential equations for those who solve them makes it
possible to better repeat many areas of mathematics. In addition, the properties of
the exponential function are specifically and consciously fixed, which facilitates
their application to solving problems of an applied nature.

Exponential to be called a kind a*=6, where a>0 and a =1.

Before solving the exponential equations, one should understand well the
following theorem: if a > 0 and a= 1. Then with equality a”=a " equality follows
m = n. Solution the simplest exponential equations are expediently reduced to one
basis.

For example, solve the equation 0,5*= %

Solution:

7
The left and right sides of the equation reduces to the base %: 0,5= %; % = (lj ,

X 7
then the equation will have the form: (%j = G) =>x=7.

X x—2 3-5x
In the same manner solved equation of the form (ij @j =(287j :
Solution:

Let's perform identical transformations of expressions:

&GO -6 -3 -G
GG -6 )6

Due to the monotony of the exponential function have:

—2—x=9-15x; 1l4x =11, xzﬂ.
14

Answer: x = E.
14

Let us show solutions to more complex exponential equations:

w2 —2x+1 2 _2x-1 4
(2+\/§) +(2—\/§T =m.

Solution:

We multiply both sides of the equation by this expression: (2 -3 ) (2 ++3 )XZ*ZX > 0.
Then:
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L3 2 -V3) R3] T =3 T -vA) ) =2:4\B-(2—\B)-(2+\B)’2_2x.

(2+J§)‘2‘“-(2+J§)-(2-J§)-(2+J§)fz‘“+£2‘2—_ﬁg-(2—ﬁ)-(2+ﬁ)fz'“=
_4-2-43) LB

2.3 e 3]

((2+@)”")2 (4-3)+(@-3" > =43 7 ((2 i ﬁ)xz‘z"‘jz 1-4-Q++3) T 41=0.
Replacement: (2++3) ~ =¢>0, then 1> ~4r+1=0. D=16-4=12=4.3,

,_4=A43 :4‘22*/522—\/52(2“/5)1; t, =4+22\/§:2+*/§

! 2

(2 +\/§)x2—2x _ (2 +\/§)_1,
o) -+ i)

Since the exponential function is monotonic, then we solve this set of equations:
{xz —2x=-1, {xz —2x+1=0, {(x_])2 -0,

A set of equations is formed:

x*=2x=1. x*=2x—-1=0. |D=4+4=8=4-2,

x, =1 x2:2_2\5=1—\/§; x3:1+\/5.

2
Answer: 1—+/2; 1; 1++/2.
Equation of this type 3" +3"" +3*? =5 + 5" + 52, are solved by taking the
common factor out of parentheses.

Solution:
1

5 =5":5= 1 5% 5%*=5".57= 75 57*; Then the equation can be rewritten as
follows:
Sx-3+3x-1+3x-1+3x-1=(5x+5x-1+5x-1} 3 -(3+1+1j

3 3 25 5 25

5
5% 5+1+i :3x-3—1:5x-3—1: 5)‘-§;
5 25 9 25 25
31

3. — x x x 2

o (3] 5o (-3¢ (- o
5 31 9 9 5 25 5 5

25
Answer: 2.
Sometimes a function that contains a variable in an exponent is called an exponent,
and the law that it characterizes is called an exponential. So, according to the
exponential law, bacteria multiply and the radioactive decay of uranium nuclei
occurs. The exponential law helps in studying the anode characteristics of vacuum
tubes. Differential equations of harmonic oscillations are at the heart of electrical
radio technology. The nature of exponential equations has led to great attention to
them, and this contributes to the emergence of more and more new ways to solve
them..
Solve the equation: 25° —10* = 2>,
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Solution:

25 —10" =4" -2‘: (4)‘ 25 107 _4-2, (Sz)x —[éjx =2 (éjzx —[éjx =2;

4 47 477 (22))‘ 2 2 2

We denote Gj =y, then the equation will have the form: y* -y -2=0;

M =2, Y2 :(_1);

X

G) >0, and therefore the equation Gj = (~1)- has no valid roots. (%j =2.

Let us logarithm both parts with the base %; logs(gj =log,2; x-1=log 2.
2 2 2

2

Answer: log; 2.
2

Consider such a combined equation: 10" * +10°* =11.
Solution:
After some identity transformations of this equation takes the form:

locoszx — lol—sinzx — 102 : losinzx + 102 — 11,
losln X IOSln X

We introduce such a complex replacement:

losin2x=y>0; y+£—11y:03 yz—lly—‘rlo:(), y1=1; y2:10'
Y

Consider the set of equations:

.2 .2 X=7m-n, I’IGZ, Y=
10" =1, |[10™* =10 [sin®x=0; | i
- - sin’ x =11; x=_+27-n
10" =10. |10™7* =1,  [sin’x=11. | 2
sin” x =—1.
7
x:——+27[-l’l.
L 2

7 7
Answer: 7-n;, —+27-n, ——+2x-n, neZ.

The process of solving some logarithmic equations is greatly simplified if the
original equation is replaced with the corresponding exponential equation.

%-lgx+3-lg-«/2+x :lgw/x-ix+2)+2.

Solution:
. ) x>0, > 0; > 0;
Find range of valid values: N g x> 0.
N24x>0. [2+x>0. | x>-2.

dgx+3-1gv2+x :lgw/x-ix+2)+2.
-1gx+3-1g-«/2+x—%lg\/;—lg\/x+2 =2;
3-lgN24+x -2lgx+2=2;

lgix+2 =1 ~Jx+2=10"; x+2=100; x=100-2; x=098.

|~ |~



Answer: 98.
The way to solve certain equations significantly reduced if they timely move from
one to the other bases of logarithms.

For example: +/1+log, /27 -log, x +1=0.
Solution:

3
log, V27 _logy3* 3
log, x log,x 2-log,x’

Then the equation takes the form: |1+ o 3 -/(log, x)’ +1=0;
0g, x

\/10g32x+%10g3 x+1=0; log,’ x+%10g3 x=(-1f; log,’ x+%log3 x=1;

Proceed to the base of the logarithms 3: log, v27 =

log32x+§log3x—120|-2; 2log,” x +3log,x—2=0; D=9+16=25

-3-5 o1 -3+5 2 1
log, x=——=-2; x=3"=—; log,x= =—=—; x=4/3.
& 4 g’ % 2 4 2
A direct check shows that the number +3 does not satisfy the original equation,

and % satisfies him. Well then, Answer %

Answer: é
Solve the equation: 3*** +45.6" -9.2%*? =0,
Solution:
2x+4 x 2x+2 2x+4 2x+2-x
32x+4+45_6x_9.22x+2:0‘:6)6; 3 +45 6 -9. 2 :0’ 3 +45_92 :O’
3*.27 6" 3x-2x 2" 3x
x 4 2x+2 x x
33 +45—9-2 =0; 81-(§j —9-4-(zj =0.
* 3x 2 3

Replacement (%j =y leads to the equation:
81y—36-l+45=0|-y; 81y* +45y-36=0:9; 9y*+5y—-4=0; D=25+144=169,
y

-5-13 -5+13 4 (3Y .
_ -1 y, = ==, | 2| =-1, @ 1n range of R.
yl 18 y2 18 9 (2j X € g

x x -1 X )
(ij = i; (ij = (2j ; (ij = (ij ; x=-2. Answer: -2.
2 9 2 4 2 2
When solving exponential equations, the difference cube formula will be a good

lever in this form: (a —b) =(a - b)’ =a’ —b* —3ab-(a - b).
Let us illustrate what has been said by solving such an equation:

pARIARS =1+6-(2x— ! j

x-1

Solution:



23 _ (2x)3; 233 _ (1 ol )3; 231 =l

Then the original equation will have the form:

) -@=) =1+6-27 =2} @f - -6--27)=1; 6=3-2=3- 2"

x+Hl—x_ol_5
F_(2~F —3.2¢ 2. (2 —2*)=1. Whi e gP_g e 2 (-2
@] -~} -3-27-27.(2*=2"*)=1; Which means, (' -2~} =1, 2 = 22

27> 0.

(2“—23 . ) -2 )
( > J =1’ Y I; (2 -27-2=0; We denote 2* = y, then the reduced
quadratic equation will have the form: y* -y -2=0 itsroots y, =-1, y, =2.
Returning to the replacement, we have: 2*=-1, xed. 2*=2=x=1.
Answer: 1.
Exponential equations like 4* + 6" = 9*, after simple transformations are reduced to
quadratic equations.

Solution:
Considering that 4* =2%"; 6" =2%.3"; 9*=3" We have: 2°* +2*.3" -3* =0.
Dividing both sides of this equation by 3** we come to a quadratic equation for

x 2x X x 2x 2x x x 1
(zj 2 +2 33 ; (EJ +(§j —-1=0; D=1+4=5; (zj _ -l ﬁ—thisis

3 320 32 3 (3 3 2.1

2)*_—1+\B J5-1
)

less than zero, so x € in R. (3 <0, x=log, ——.

J5-1

Answer: x =log, ——.
3 2

3

Interestingly solved equations of the type: ( 2-43 JX +( 2+43 ) =4,

Solution:
It is easy to see that radical expressions are conjugate numbers. Consider the

product of roots v2 -3 {2 ++3 =J4-3 =1.

This makes it possible to express one term of the equation through the other:

V2-43 = ;\/_ Substituting it into the original equation, we get:
2++/3

(;J +( 2+\/§j =4. Let's introduce a new variable: y :( 2+\/§j , y>0;

\/2+\/§

L y = 4. Multiplying both sides of the equation by y, we get: y*> -4y +1=0;
Y

D=16-4=12; y, =4_2*/E=4_22*/§=2—\/§; y, =2+~/3. If y=2-4/3, then




(V2e3) =2-43: o+ 43f =243,
(2o3) =+ 3)'s fevBf =fei)s

6

X
2

If y=2+4/3, TO (\/2+\/§JX =2+4/3; (2+ﬁ)§

Answer: —-2; 2.

7.1

7.2

7.3

7.4

7.5
7.6
1.7
7.8
7.9

7.10
7.11

7.12

7.13
7.14

7.15
7.16

7.18

7.19

7.20
7.21
7.22

7.23

7.24

=1; x=2. ( 2+J§] __ !

2+\/§’

x:—l; x=-2.
2

=2+4/3;

Self-study assignments:

Answer: 4.

53
9 27

32X+2 + 32){ — 30

36*){ :53)(72
32X 6.5 +5=0.
6" =1.

3-16 +2-81=5-36".
e’ =1.

(x+ 3)x2_3 =(x+ 3)x2.

04" =25.
4x+Vx2 -2 _5 . 2x—1+\/ x2—2 — 6.

2% .3% =36.
62x+4 — 2x+8 . 33x'

NER)
Y5V =50t —¢,

4/x+1
2,56‘/;‘1 = (gj .

(x2 —x— 1))6271 =1.

4x+1,5 +2x+2 :4
3.4°-5.624+2-9* =0.

33x+1 _ 4 . 27x—1 + 91,5x—l — 80.

0,257 =

73 = 7.

2x+3 *

Answer:

Answer:

Answer:

Answer:
Answer:
Answer:
Answer:
Answer:

Answer:
Answer:

Answer:

Answer:
Answer:
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Answer: 4

Answer:

Answer:

Answer:

Answer:
Answer:
Answer:

Answer:

Answer:



7.25

7.26
7.27
7.28
7.29

7.30

7.31

7.32
7.33

7.34
7.35

7.36

7.37

7.38
7.39

7.40

7.41

7.42

7.43
7.44

7.45
7.46

7.47
7.48
7.49

7.50
7.51

7.52

3% =439,

71—x:7x—1

8" +18" —2-.27" =0.
4.9 -7-12"+3-16" =0.
32)(*1 _215){ _52x+1 :0

Answer: ;—lg—3.
g2
Answer: 1.
Answer: 0.
Answer: 0; 1.
Answer: —1.

( 7+\/K)X+( 7—\/KJX:14-( 7+\/ij. Answer: —2.

3-16" +2-81" —5-36" =0.

5% .4/8%" =500.
577 =2.577+3.

(r=2)" = (x—2)~
(xx+y): x4.

(075)X_3 _ x 3 x—1
02 128*3/(0,25)"".

2 3x-1 . i 1-x ~ 2 X
2 27 4)
4x+1 _ 5){71,5 — 5x+0,5 _ 22){74.

(@)
(1,4)7° (1£j = 6%.

14

2x

1

-1

2
647 £ 8= 9.8

xlog2x+2 —956.

4% + 4772 = 260.
3-16" +2-81" =5-36".
(2x—4 )x+3 — 0’5x . 4x+6.

3x+3+5.3x+2 _8.3x+1 le
9
4.9"-7-12" +3-16" =0.

64-9" —84-12" +27-16" = 0.

54" =7-10" +2-25" =0.

2 2 2
7-4% -9-14" +2-49" =0.

4x+1,5 + 9x — 6X+1.

3-16" +37-36" =26-81".

Answer:

1
2
Answer: 3.
Answer: 2
Answer: —-3; 3; 4.
Answer: 1.

Answer; ==.

Answer: 1.

Answer: 2.5.

2x
—(3 \/%4-5) =10. Answer: —1,5.

Answer: 10.

T
Answer: ——; Z+7m; m;, neZ.

Answer: —; 4.

Answer: 3.
Answer:

Answer:
Answer: -3.

Answer: {0; 1}
Answer: {I; 2}
Answer: {0; 1}.

Answer: {-1;

Answer: {10 g, — log2 }
34

Answer: {0,5}



