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Section 24
Derivative of a function

The derivative of a function is the limit of the ratio of the increment of the function
to the increment of the argument when the latter tends to zero.

7()=lim >

The operation of finding the derivative of a function is called differentiation of the
function.

Differentiation rules:

1). ¢'=0, c— constant;

2). x'=1, x— variable

3). (cu) =c-u,
4). (uirv =u tv;

5). (u-v')zu VAu-v;

6). (zj _uvouy,
v v

1). (x”)’zn-x”l;

2). (\E) =ﬁ;

3). (¢*) =a*-Ina, (a>0,a=1),
4). () =

5). (log, x) =ﬁ =

6). (inx) %;

7). (sin x)" = cosx;

8). (cosx) = —sinx;

9. (1gx) = coslz -

10). (crgy) = ——
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Derivative of a complex function f(p(y(x)) = f @ v .

Exercises:

(x“)’ =4x°; (xs)’ =5x"; (\/;)’ =L; (4 x’ )I = x% :éx_i =
24x

(5x3) =5.3x* =15x%;
(c4x?) =4.2v=8x:

5 5( 1 15
A P B e P
4x3j 4( x° 4.x*
Mx) 7 1 T
8 8 2Jx 16x’

(57327 +x-1) =15x° —6x +1;
((5x2+7 ) 3-(5x+7) -(10x) = 30x(5x +7)’;

((1+5x 8x°) ) (1+5x 8x)-(5—16x);

Gx—s) Gr-sf  (r-s)

1 J 1 ' 1 (2xs1)=— 2x+1

2(x2 +x+1)-\/)c2 +x+l;

( 2 ]:_ 2 _3(3x2_5)2_6x:_36x(3x2—5)2:_ 36x

2\/x2 +x+1 2\/x2 +x+1
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(\3/(3t—2t2 ’), 2((3t—2t2)3j :%.(31‘_2;2)_? .(3_41‘):ﬁ;

(o T ) ={l ¥ =3 s 23]

4.32¢* 43
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((40—12x+25—7x2j-«/5+3xJ :(—12+%xj-«/5+3x +(40—12x+2x2j- 3

5 25+3x
200—-60x +27x> 600—180x +81x*
:(—12+ﬁx}/5+3x+ S -3:_60+54x-«/5+3x+ S =
5 245+ 3x 5 245+ 3x

—120+108)c.(5+3x)+600—18(5)x+81x2 —600—360x+540x+3§4xz+600—180x+81x2
- 24/5+3x - 24/5+3x
o 8Ix®
_2\/5+3x’
(g 57| = S Moo - L) -
27x 9x 27x°  9x 24/3x + x> 27x 9x

2’46 g 34dr 2v-3 (- 22 +6x)A3x+x° 4x> -9
=———V3x+x" + . = 7 +
27x 23x+x> 27x 27x 2-27x% A3x +x*

_ 2(— 2x% + 6x)- (3x +x? )+ (4)62 —9)- x’ (— 4x* + 12x)‘ (3x +x? )+ 4x* —9x?

2.27x* A3x + x? 54x* A[3x+x?
_—12x7 —4xt +36x7 +12x° +4x* —-9x7 27x° B 1 ,
54x* A3x+x? 54x* A3x+x?  2x%A3x+x? ’

!

e 20 ) <260 T b 20 260 220
= 24> 'W"' 8x” '(8)63 —21): 24x23\/m+8x2(8x3 _21)

V7 +4x° V7 +4x°
_24x°(7+4x° )+ 8x% (87 —21) _ 1687 +96x° +64x° ~168x> _ 160x°
Y7+4x° Y7 +4x° Y7+4x>
(4x=7)-Gx+7)33x+7) = (1227 +28x—21x—49)- 3x+7) = (122> +7x—49)- 33x+7 ) =
(Bx+7)3-3

= (24x+7)-4Bx+7 +(12x7 + 7x—49).

(see after the rule)

-3
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To calculate the derivative of the product of three or more functions, it is
appropriate to use the following rule:

1) determine the derivative of the first factor;

2) multiply it by the product of all other factors;

3) add the derivative of the second factor multiplied by the product of the other two
factors;

4) add the derivative of the third factor multiplied by the product of the other two
factors.

That is, if f,¢ and g- differentiated functions, then
(f-(o-g)'=f'-co-g+f-¢l)'-g+f-co-g'-

((4x=7)-Gx+7)43x+7) =(4x-7) -Gx+7)ABx+7 +(4x=7)-Gx+7) Vx+7+
(ar=7)- G+ 7)-]Br+7) =4-(Gr+7)WBxr 7+ 3-(dx—7)Px s T +
+(4x—7)-(3x+7)-L2:4-(3x+7)-3\/ﬁ+3-(4x—7)-3\/ﬁ+(4x—7)-3\/m:

3-(3x+7)s
=33x+7-(12x+28+12x =21 +4x—7)=3/3x +7 - 28x = 28x-3/3x + 7.
(5+3x+x2j B (3+2x)-(5—3x+x2)—(5+3x+x2)-(—3+2x)_
| = -

5-3x+x (5—3x+x2)2
C15-9x+43x% +10x—6x” +2x° +15-10x+9x —6x” +3x> —2x°
(5—3x+x2)2

_30+3x-62" _ 6:(5-x?)
(5—3x+xz)2 (5—3x+x2)2.
12x 2(1+x?)-24°

"ol I+ X" —x- ) X
( X j 2-414+x>  2-414+x* 2+42x"-2x 1

1+x° - 1+x° 2-«/1+x2-(1+x2) /(1+x2)3.
sin kx) :coskx-(kx)’ =k - cos kx.

(sin kx) =coskx-(kx) =k-cosx.

(

! 1 ! k
fx) = (k) =—5
igh) coszkx( ) cos® kx
' 1 k
tekx ) = Akx )= )
(cg ) coszkx( ) cos ? kx

! !

(sin2x2) =cos2x2-(2x2) —cos2x2 4x =4x-cos2x’.

(sin\/;) :cos\/;-(\/;) :T cos\/_

t1+x _ I+x 1_|_1 _ 1 1
g X B 21+x 21+x X B x2 21+x
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1+x
(3sm x) =3.2sinx-cosx = 3-sin 2x.

(cos x) 6cos5x-(—sinx):—3sin2x-cos4x.

~/sin x -COS X.
( ) 2+/sinx
' 1-(25inx-cosx+3-300524x-(—sin4x)-4) sin 2x —18sin 8x - cos 4x
\sin® x+cos’ 4x | = =
2-+/sin’ x+ cos’ 4x 2-+Jsin’ x+ cos’ 4x
( j 16 -3-coszx-(—sinx):—3SH:x.
cos’ x cos’ x cos” x

!

x* -sin x+3x? cosx —6x-sin x — 6cosx) =

= 3x -sinx+ x* -cos x+ 6x-cos x +3x” - (= sin x)—6-sin x — 6xcos x— 6- (= sin x) = x* - cos x.

In cases of uncertainties of the form % or 2 you can use the rule of L'Hopital
o0

(French mathematician of the 18th century), which consists in the fact that the

calculation of the limit of the ratio is replaced by the calculation of the limit of the
ratio of the derivatives of the numerator and denominator.

!

x"=a" . (x’”—a) m- xm’l—O m-x""" m mole(nel) My
= —_— = =—-qa =—a
1}£{1x -a" lxlE;l (xn_a ) 1331 n-x"'=0 n-x"' n n
1i —5x* +2x+8 -1; 3x7 —10x+2 B
}P?x“ 2 —l6x? +2x+15 My 56 30x+2
3-(=1) =10-(=1)+2 _ 341042 15 5

T4 (-1 =6-(-1f -32-(-1)+2 -4-6+32+2 24 8
If after the first derivatives of the numerator and denominator, an uncertainty of the

. . 0 0 . .
form is again formed 5 O > you need to move on to other derivatives, etc.
o0

Self-study assignments:

(7x¢ )’. Answer: 42x°.
(8\/; )’. Answer: %

isj ) Answer; —=—.

X

( > j Answer: — 15

4f 3
X




Ux® 5
) Answer: )

8 48-¢/x

4Vx ) Answer: L.

7 7x

l)63—§x4+2x5 —2x6+ix7j. Answer: xz-(1—6x+l3x2—12x3+4x4)
3 2 5 7

9x’ —%+%) Answer: 63 +1—5+3—i

X X X X
4
323 x —4xx +94x% —6/x +—— j
\/_ 7x% Ax
2 4
Answer: 7x3/x — 7\/;+—————
EENEEENFRE T

5x7 6 2

== +30-Nx+— 1. Answer: 8- \/_+—— )
(27x3 ¥ Ax 120 + \/_2) Answer: [0x 6" ~2.4x |

2 3 , 2 2
((Sx +7x+2) ) Answer: 3-(5x> +7x+2) -(10x+7)
((5x3 +4x° +8)4). Answer: 4-(5x° +4x” +8)"-(15x> +8x)

’ 6x+5
(\/3x2 +5x+1 ) Answer; ——— |
24/3x% +5x +1

! j ) Answer: — al

( (¢ +5)Vx*+5
( | 10 2] | Answer. _ 40-(12+7 ~10x+7)
(
(

(4x3 —5x*+7Tx— 1)5

3 4+2\/§+3x) . Answer: 1++3x =
¢3—( 4+2¢§+3xj

4(3+4-3\/§)]) Answer: V2

U 431432
(522 ~7x42)-(15x° +5)) Answer:
(10x—7)-(15x> +5) +90x-(15x> + 5] - (5x° = 7x+2)

( %_2x+x2j.,/(5+2x)3j_ Answer: 7x”-+/5+2x.



(@x4+4)49x4—3f

(_2_+
3x°

!

ﬁj 7x* =9 |.
27x

Answer:

Answer:
Answer:
Answer:
Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer: —

Answer:

Answer:
Answer:

Answer:

Answer:
Answer:

Answer:

7
Answer 135« =.
4(ox* -3)
Answer: 18
xtA7x* =9
_ 2
Answer: I-x 5
(1 +x? )
_4x
(1-x2)
3cosx.
S5cos5x.
15cos15x.
—4sin4x.
3sin3x.
—9sin9x.

/ 1
CcoS,[—
1—x
2,5 °
2.( 1 j
1-x

COS X
24/sin x
1 tgx
1 cosx
2
CcoS X
2cosx
(~1+sinx)’
3sin’ x-cosx.

3tg’x- —.
cos” X

—dctg’x-— —.
sin” x

—24cos” x-sin x.

42tg°x - -
cos” x

&sin2x.

1
cos® x
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(( 2 3 j . ] _ 8-3cos*x
+ .sinx |. Answer; ————.

cos*x cos’x cos’ x
!
(tgx —ctgx—2). Answer: tg’x+ctg’x.

!

((cos2 x+§j-sin3xj . Answer: 5sin® x-cos’ x.
li x*—8x*+17x-10 Answer: >
}_r>]5‘/1x4—5x3—2x2+11x—5. " 29
x=2 1
x)= ; £'(1)=2 Answer: 1—.
Slw)==—: 1) 3

f(x)=cos® x—sin’ x; f"(%j —-?  Answer: 0.

f(x)=x*Inx—sin*x; f"(x)-?  Answer: 6Inx+64cosdx+11.

S=—ét3+3-t2—5, a=0,t=? Answer: 6c¢; 18 /.

Task. At what angle is the tangent axis OX inclined to y=x’-x’-7x+6 at the

point(2; —4)?

Answer: 45°.

x* =5
2

Task. Write the equation of the tangent line to the graph y = at the point

x —
x, =1.

Answer: y =Ex+ll.
9 9

Task. Determine the dimensions of an outdoor pool with a square bottom volume
32 m’ so that less material goes to the cladding of its walls and bottom.

Answer: 4m, 2 m.

Task. At what value of parameter a is the function y = x’ —2,4x*> +ax—8,4 has no
extrema at critical points?

Answer: a #1,92.



