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Section 10 
Equations with Modules 

.0642  x  

Solution: 

;642  x   ;
2

6
4 x   .34 x  

This equation is equivalent to the aggregate of such: 
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Answer: .7  ;1  
.0412 x  

Solution: 
.412 x  By the properties of the module, this equation has no roots. 

Answer: .  
.062123 x  

Solution: 
.62123 x   

This equation is equivalent to such a set of equations: 

  

має. не коренiв рiвняння це 
3

4
12

.
6

5

2

1

6

5
2:

3

2
1

,
6

11

2

1

3

11
2:

3

2
3

  

.
3

2
12

,
3

2
32

   

1
3

2
22

,1
3

2
22

   

3

8
2

,
3

8
12

   ,
3

8
12

 

  
4123

,8123
   

26123

,26123
   

62123

,62123


































































































x

x

x

x

x

x

x

x

x
x

x

x

x

x

x

x

 

Answer: .
6

5
1  ;

6

5
  

.8253  cx  

Solution: 
If in a linear equation the modulus sign occurs only once, then it is advisable to 
solve it below by the proposed method: 
1). 55  xx  at ,05 x  that is, when .5x  This equation takes the form: 

  .6,4
5

23
  ,235  ,1585  ,8155  ,82153  ,8253  xxxxxxxx  4,6 does 

not satisfy the condition ,5x  and therefore 4,6 – extraneous root. 
2).  55  xx  at ,05 x  that is, when .5x     ,8253  xx    ,8253  xx   

;815  ,82315  xxx   .7815 x  7 – does not satisfy the condition ,5x  and 
therefore 7 – extraneous root. 
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Answer: .  
If the modulus sign appears more than once in a linear equation, then it is 
convenient to use the general method of solving. 

.92212  xx  

Solution: 
We equate the submodular expressions to zero and solve the resulting equations: 
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We denote the found roots of the equations on the number line: 

 
We transform this equation at each of the formed numerical intervals and solve it. 
On interval  1 ;    ,01 x  а потому  ;11  xx   ,022 x   

 .2222  xx  

This equation is in this interval: 
      ;92222   ,92212  xxxx    94  , which is impossible, and 

therefore on this interval the equation of roots does not have. On  1 ;1    
.11    ,01  xxx        ,92212   ,2222   ,022  xxxxx  

;94  ,92222  xxx    .1 ;125,2
4

9
x  .x  

On   ,022   .11  ,01  , ;1  xxxx   .2222  xx  Then 

    .92212  xx   ,92222  xx   ,94   which is impossible .x  
Answer: .  
 

.154  xx  

Solution: 
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On  4 ;   ,154   .55  ,05  .44  ,04  xxxxxxxx   
  .  ,4  ;4   ,82  .129  xxxx  

On   .55   ,05        .44  ,04  5 ;4 xxxxxx    

Тогда  xxxxx   .00  ;110  ,154  any number, that is, the solution to the 
equation is the interval  .5  ;4    
On   ,154  ,55   ,05        .44  ,04   ;5  xxxxxxxx   

 .  ;55  ,102  ,192  xxx  
Answer:      .5  ;455  ;4   
Sometimes it is possible to do without general methods of solving the equation. 
For example,  
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.010205421873  xxxxx  

Solution: 
Since at 0x  the left side of the equation is positive, then it has only negative 
roots. At 0x   the equation takes the form: 

,010205428137  xxxxx  ,0243 x ,243 x .8x  
Answer: .8  
Sometimes results in the success of using the parity of a function, for example: 

.30323211  xxxx   

Solution: 
Consider the function   .30323211  xxxxxf   

Check for parity:  
       
   .303232113032

321130323211

xfxxxxx

xxxxxxxxf




 

This function is paired. It is known that the nonzero roots of the corresponding 
equation are opposite, therefore, to solve this equation, it is enough to find its 
inalienable roots. To do this, consider it only at integral intervals:  ;1;0     5,1;1  і 
 .;5,1   On  1;0    ,01 x  .11 xx   

       ,01 x  .11  xx  

       ,032 x   .3232  xx  

       .032 x    .2332 xx   

The equation takes the form: 
,30233211  xxxx    308  impossible because .x  

On  5,1;1  
,01 x  .11  xx  

       ,01 x  .11  xx  

       ,032 x   .3232  xx  

       .032 x    .2332 xx   

 .5,1;112   ,242   ,3062   ,30233211  xxxxxxx  Means, .x  
On  ;5,1  

,01 x  .11  xx  

       ,01 x  .11  xx  

       ,032 x   .3232  xx  ,032 x   

  .3232  xx   

,30323211  xxxx   .5  ,3606  xx  Number – 5. 
Answer: .5  ;5  
 

.0862  xx  

Solution: 
By module properties 22 xx   we have a quadratic equation for :x  
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.0862  xx  By Vieta's theorem: 2x  і .4x   

From here ;2  ;2 21  xx  .4  ;4 43  xx  
Answer: .4  ;2  ;2  ;4   
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The discriminant of the quadratic trinomial to the denominator of the fraction on 
the left side of the equation ,015161 D  то .042  xx   
That is range of valid values = R. 
To solve the equations of the set, the main property of the proportion is used:  
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Answer: .1  ;
3

2
  

  .0322422 222  xxxx  

Solution 

  .2222
2222  xxxx  

.0322422 222  xxxx  

We introduce a new variable .222 txx   Then the equation has the form: 

,0342  tt  ,11 t  .32 t  
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1). ,032
2  xx   1

1
x ,  .32 x  

2). ,012
2  xx   21

3
x ,  .214 x  

3). ,052
2  xx   61

5
x ,  .616 x  

4). ,012
2  xx     0

2
1 x ,  ,01 x   .17 x  

Answer: 1.  ;61  ;21  ;1  ;3  ;21  ;61   

.0632232
2  xxx  

Solution: 
Let's use the general method: 

.0322  xx    ,032 x  

.3  ;1 21  xx      ,32 x   .5,1x  

 
On  1;   ,0322  xx   .3232 22  xxxx  

Look. А            ,032 x    .2332 xx   

On  5,1;1     ,0322  xx    .3232 22  xxxx  

Look. В     .032 x       .2332 xx   

On  3;5,1      ,0322  xx      .3232 22  xxxx  

Look. С     .032 x   .3232  xx  

On  ;3      ,0322  xx    .3232 22  xxxx  

Look. D     .032 x    .3232  xx  

A:    ,06232322  xxx  ,0646322  xxx      0362  xx ; 

316124481236 D    ;323
2

346
1 


x   .3232 x  1x  and 

 .1;2 x  Means, .x  



6 
 

В:    ,06232322  xxx     ,0646322  xxx  

 .10322  xx ;0322  xx   ;31 x   .12 x   .5,1;13    

 .5,1;11    .1x  
C:   ,06232322  xxx  ,0664322  xxx   ,10962  xx  

,0962  xx    ,03 2 x   .3 ;5,1  3x  
D:   ,06322322  xxx  ,0664322  xxx  ,01522  xx  ;51 x  

.32 x   . ;35   .x  
Answer: 1; 3. 
 

.93223 22 xxxxx    

Solution  
An equation of this type can be solved in a simpler way than the traditional one, 
namely: since ,0x  then we divide both sides of the equation by .x      

,9
3

22
3

1
1 

x
xx  (А). 

We denote ,
3

1
1 yx   then, adding the number 3 to both sides of the last equality, 

we obtain ,33
3

1  y
x

x  .3
3

2  y
x

x  Equation A takes the form 

.932  yy  ,0y  ,03 y  3y  

 
On  3 ;   ,0y  .yy     ,03 y   .33  yy  

  ,932  yy   ,962  yy  ,153  y  .5y  
On  0 ;3  ,0y  .yy     ,03 y   .33  yy  

  ,932  yy   ,962  yy  .3y   ,0 ;33   .y  
On   ;0  ,0y  .yy     ,03 y   .33  yy  

  ,932  yy   ,962  yy  ,33 y  .1y   . ;01    
We return to the replacement, we get a set of equations: 
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1). ,0342  xx  .74281216 D    ;72
2

724
1 


x   .722 x  

2). Equation roots 0322  xx  we find by Vieta's theorem ,13 x  .34 x  

Answer: ;72   .3   ;72  ;1   
.0622742  xxx  (1) 
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Solution 
Since the discriminant of the square trinomial 742  xx   0122816 D  і 

,1a  then the parabola, which is its graph, is completely located in the upper half-
plane, that is ,0742  xx  and therefore 7474 22  xxxx  and equation (1) 

has the form ,0622742  xxx  ,3012242  xxx  

,322442  xxx      .03222 2  xx  

By module properties   .22
22  xx  .03222

2  xx  

Substitution: ,2 yx   ,0322  yy  ,31 y  .12 y  ,32 x  .x  

,12 x  
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Answer: ;1  .3  
 

.01265 22  xxxx  

Solution 
This equality is possible only when 0652  xx  і .0122  xx  

To find this value of x, we solve the following system of equations: 

,0186
012

,065
2

2











x

xx

xx
 ,186  x  ,

6

18




x  .3x  

Answer: 3. 

Equations of higher degrees with modules 
.064 23  xxx  

Solution: 
Replacement .tx    .064 23  ttt  

It is not hard to guess that  1t  root of the equation. 

 
.0652  tt  By Vieta's theorem: ,22 t  .33 t  
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Answer: ;1  .1  
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.0242274 234  xxxx  

Solution: 
Substitution: .tx    

.0242274 234  tttt  
Free member divisors: .24  ;12  ;8  ;6  ;4  ;3  ;2  ;1   
Check the number 1: 

.024227412412217141 234   
1 – one of the roots of the equation. 

 
Check the number 2:  

.028282422252 23    2t  second root of the equation. 

 
,01272  tt  ;33 t  .44 t  
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43
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Answer: .2  ;2  ;1  ;1   

Irrational equations with modules 
.441212 222  xxxxxx  
Solution: 

Each of the radical expressions can be represented as a square binomial: 

      .211 222  xxx  

Using the identity ,2 aa   we obtain an equation with moduli: 
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,0211  xxx  .221  xxx  
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On  1  ;   

.22    ,02

,11    ,01

,11    ,01

xxx
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    ,0211  xxx  ,0211  xxx   .1  ;0 x  .x  
 

On  1  ;1  

.22    ,02

,11    ,01

,11    ,01

xxx
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xxx







 

    ,0211  xxx  ,0211  xxx  ,2 x   ;1  ;12 x  .x  
 

On  2  ;1  

.22    ,02

,11    ,01

,11    ,01
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,021  xxxx    .2  ;14x  .x  
 

On    ;2  

.22    ,02

,11    ,01

,11    ,01
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,0211  xxx    .  ;20 x  .x  
Answer: .  

.321234122  xxxx  
Solution: 

Let's perform the substitution ,12 yx   .0y    ,12 22
yx   ,12 2yx   

,12 2  yx  .
2

12 


y
x  Тогда   ,3234
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y
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;224
2

96

2

12
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 yyyy

      ;8312 22  yy   .8312  yy  

Since ,0y  то  .01y  Then the equation takes the form   .8312  yy  
,03 y  .3y  
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On  3  ;   ,03 y   .33 yy   ,8322  yy  .3y  .5
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Solution: 
Replacement ,tx   .0t  
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When raising both sides of the equation to a cube, we get:  
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    .82 44 tt   We extract the root of the 4th degree: 

,82 4tt    
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  1t  does not satisfy the condition .0t  Means ;
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2
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x  

;
18

2
41


x   .
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2
42


x  

Answer: ;
18

2
41


x   .

18

2
42


x  

 

.06622 22  xxxx  

Solution: 
  666 222  xxxxxx  (module property). 

Then the equation will have the form: 

.06622 22  xxxx  ;062  xx  ;21 x  .32 x  

   .3262  xxxx      .032622 2  xxxx  

Consider this equation in the intervals: 
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On  :2;   
.03

,02




x

x
     .032  xx       .3232  xxxx  

;06622 22  xxxx    .0662 22  xxxx  

We denote ,62 txx   then ,6 22 txx   .622  txx    ,0662 2  tt  
,06122 2  tt  ,062 2  tt   ,0474516241 D  .t  

On   :3;2   
.03

,02




x

x
     .032  xx  ,66 22 xxxx   

  .0662 22  xxxx  

We denote ,6 2 yxx   ,0y   ,1,6 22  yxx  ,6 22 yxx   ,6 22 yxx   

  ,0662 2  yy  ,06212 2  yy   ,1062 2  yy  .062 2  yy  

,49681 D  ;
2

3

4

6

4

71
1 


y  .2

4

71
2 


y    


2

3
 does not satisfy the condition .0y  

Means, ,26 2  xx  ,46 2  xx  ,022  xx  .022  xx  ,11 x  
 .3  ;222 x  

On  :  ;3    
.03

,02




x

x
     .032  xx       ,3232  xxxx  

  ,0662 22  xxxx   ;62 Vxx   .0V   ;6 22 Vxx   ;622  Vxx  
  ,0662 2  VV  ,062 2 VV  ,047481 D  ,V  .x  

Answer: .2  ;1  

.2555 6 233 xxx   

Solution: 
We find the range of permissible values: ,025 2  x      .055  xx   .5  ;5x  On 
this interval ;55  xx   .55  xx  

 
Then this equation takes the form: 

  ;2555 6 233 xxx   ;2555 6 233 xxx   
Let's raise both parts to the third degree: 

    ;2555535535 22
333

2
3 xxxxxxx   
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  ;2555552 23333 xxxxxx   

;25252532 26 23 2 xxxx   ;25252532 26 23 2 xxxx   

  ;25252532 26 23 22 xxxx      ;252532 26 32 xxx    

;252532 22 xxx   ;253252 22 xxx    ;2:2542 2xx   ,252 2xx   

.0x   ,254 22 xx   ,4100 22 xx   ,1005 2 x   ;
5

1002 x   ;202x  ;5220 x  

 52  does not satisfy the condition .0x  
Answer: .52  

Exponential and logarithmic equations with 
modules 

.322
532


 xx

 
Solution: 

.22 5532


 xx

 By virtue of the identities of the exponential function, we have: 
.5532  xx  This equation is equivalent to the set of equations: 
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Answer: 0; 3. 
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Solution: 

  ;222 14
324   x

x

 ;222 14
6

4 


 x

x

  ;222 12

12
4 




 x
x

  ;222 1
2

1

2

12
4 














 x

x

 

;222 14

12
4 




 x
x

  ;22 1124   xx   ;1
4

12
4 


 x

x
   

.1        .12

,01   ,012




xx

xx
 

 On   ,212  ,012   :12  ;1 xxx    

,41
4

12
4 


 x

x   ,141216  xx  ,144  xx  ,1616816 2  xxx   

,082  xx    ,08 xx   ,01 x   .12  ;182 x  
On   .1212  ,012  :  ;12  xxx  
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,41
4

12
4 


 x
x  ,141216  xx  ,1428  xx  ,0708722  xx  

.3364211230725184 D   

.  33436  ,33436
2

33872
21 перевіркуєзадовольнянеxx 


  

Answer: 0; 8; .33436  

   .74274214
2

1






 






 

xx

 

Solution: 

 











4

2227214

4

7416

4

474
74  

 
;742214

2

214

2

214

2

214
2

2








  

 ;74274742
2

1






 






 

xx

 

 ;7427474 




 





 

xx

 

  ,2:742742 




 

x

 

;7474 




 

x

   ;7474 2 
x

  

;1
2


x
 ;2x  ;21 x  .22 x  

Answer: ;21 x  .22 x  

.09338 121   xx  
Solution: 

Replacement ,3 1 tx   leads to the equation: 
 ,1098 2  tt  .0982  tt  By Vieta's theorem ,91 t  12 t  does not satisfy the 

condition .0t  

,93 1 x  ,33 21 x  21 x  





.21

,21

x

x
 





.1

,3

x

x
 

Answer: .1 ;3  

.01322422 33   xxx  
Solution: 

The left side of this equation is an even function. This means that its roots are 
opposite in pairs. 













0

,03

,03

x

x

x

 













0

,3

,3

x

x

x

  

Let's define the integral roots. 
They are at integral intervals: 
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  xxxxxxxx    ,33  ,03  ),3(3  ,03   :3 ;0  

Then the equation takes the form: .01322422 33   xxx  
Analysis of the left side of the equation shows that ,823 x  ,642 3 x  .424  x  

,1324648   то есть на   .  3  ;0 x  

On   ,33  ,03    ;3  xxx  
0

  ,03




x

x
  

.

,33

xx

xx




 

The equation has the form: 
,01322422 33   xxx  

,01322422
2

1
2 3

3
 xxx  

,013248
8

1
2 






 x  ,132

8

1
42 x  ,

8

33
:1322 x  ,32

33

8

1

132
2 x  ,22 5x  .5x  

The opposite number 5  also root. 
Answer: .5  ;5  

.10625625
1212 22






 





 

 xxxx

 

Solution: 
Consider the product of conjugate numbers: 

    .16425625625   From here .
625

1
625


   

Let's introduce a new variable: ,625
122

y
xx






 



 then 
y

xx 1
625

122






 



 и, 

substituting into this equation, we obtain: 

,10
1

y
y

y   ,01102  yy  .964100 D  

 
;625

2

6252

2

6410

2

61610

2

9610
1 











y  

.6252 y   
Taking into account the change made, we obtain the following set of equations: 















 






 





.625625

,625625

12

12

2

2

xx

xx

 
 

 















.625625

,625625

2

2

122

122

xx

xx

 ,1
2

122


 xx

 ,2122  xx  











.212

,212
2

2

xx

xx
 










.014

,010
2

2

xx

xx
 

57561

,41401




D

D
 

,
2

571

,
2

411

3

1







x

x
 

.
2

571

,
2

411

4

2







x

x
 

Because   ,625
625

1
625

1



  then  

    ;625625
1

2

122





xx

 ;1
2

122


 xx

 .2122  xx  
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By the properties of the modulus, this equation has no roots. 

Answer:   .
2

571
  ;

2

571
  ;

2

411
  ;

2

411   

.201216
111   xxx  

Solution: 

Introducing a new variable ,1 tx   then ;20:201216 tttt   ,1
20

12

20

16
















tt

 

.1
5

3

5

4
















tt

 

By selection we make sure that  2t  the root of this equation. Really, 

.1
25

25

25

916

25

9

25

16

5

3

5

4
22

















  Since the functions 

t

y 







5

4  і 







t

y
5

3
 

decreasing, then the function 














tt

y
5

3

5

4  decreasing, which means it has only 

one root .2y  

Returning to the substitution, we get ,21 x    ,21 2
2

x  .41 x  







41

,41

x

x
 





.5

,3

x

x
 

Answer: .5  ;3  

 .11
22

1
2  xxx  

Solution: 
       
 
 

On  1  ;   ,2
2

2 
xx  ,22 2

1

xx   ,2 2

1

x
x




 x  

On  0  ;1  ;
2

1
2 x  ;22 02

1


x

 ;
2

1
x  

On  1  ;0  ;
2

1
2 x  ;12 2

1


x

 ;
2

1
x  

On    ;1  ;
2

2
xx   ;2 2

1

x
x



 .x  

Answer: .
2

1
  ;

2

1
  

.3lg x  

Solution: 
Range of valid values:  .  ;0   







.3lg

,3lg

x

x
 By the definition of the logarithm of a number, we have: 
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3

3

10

,10

x

x
 






.1000

,001,0

x

x
 

Answer: 0,001; 1000. 
.0loglog 23 x  

Solution: 
By the definition of the logarithm of a number, we have: ;3log 0

2 x  

,1log2 x  ;21x  ,2x  





.2

,2

x

x
 

Answer: .2  ;2  
.0loglog 23 x  

Solution: 

;3log 0
2 x  ,1log2 x  











1log

,1log

2

2

x

x
 








 

2

,2 1

x

x
 












2

,
2

1

x

x
 

;
2

1
1 x  ;

2

1
2 x  ;23 x  .24 x  

Answer: .2  ;2  ;
2

1
  ;

2

1
  

.1log325log2 25  xx  

Solution: 
Let's move on to the base of logarithms 25: 

.
log

1

log

25log
25log

2525

25

xxx   

This equation takes the form: 

,log1log3
log

2
2525 xx

x
    ,loglog32 2525 xx     .02loglog3 25

2

25  xx  

We denote ,log25 yx   then  

,023 2  yy  .25241 D  ;1
6

51
1 


y  ;

3

2

6

51
2 


y  

,1log x  ;25 1x  ;
25

1
x  














.
25

1

,
25

1

x

x
 

;
3

2
log25 x  ;253

2

x  ,6253x  
.625

,625
3

3





x

x
 

Answer: .625  ;625  ;
25

1
  ;

25

1 33  

  .1
45lg

lg2


x
x

 

Solution: 
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According to the properties of the modulus of a number, this equation can be 
represented as: 














;
5

4
  ,045

0
 :

,1
)45lg(

lg2

xx

x
ОДЗ

x

x

 















.
)45lg(

lg2

,1
)45lg(

lg2

x

x

x

x

 






).45lg(lg2

),45lg(lg2

xx

xx
 








 

)45lg(lg

,)45lg(lg
2

12

xx

xx
 









 

.45

,)45(
2

12

xx

xx
 













.045

,45

1

2

2

xx

x
x

 








.4  ;1

,0145

21

23

xx

xx
 It is easy to see that 1 is the root of this equation. 

 
Then 

 

,015 2  xx  019201 D  
.x  

At 1x  the left side of the equation does 
not exist, although 1 is included in the 
range of admissible values. 
 

 
 
Answer: 4. 
 

.
2lg

1
20log52log 22  xx  

Solution: 
Let's move on to the base of logarithms 2: 

.10log

10log

1
1

10log

2log
1

2lg

1
2

22

2

   

The original equation takes the form: 
.10log20log52log 222  xx  

We use the theorem on the sum of logarithms: 
  .10log2052log 22  xx  

Since the logarithmic function is monotonic, we have: .102052  xx  

By the properties of the modulus of a number, we have:  
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    ,102052  xx  






.10)20)(52(

,10)20)(52(

xx

xx
 










.101005402

,101005402
2

2

xxx

xxx
 











.0110352

,090352
2

2

xx

xx
 .19457201225 D  ;

4

194535
1


x  ;

4

194535
2


x  

.21058801225 D  ;2105353 x  .2105354 x  

Answer: ;
4

194535  ;
4

194535  ;210535  .210535   

.2132log 2
1  xxx  

Solution:  
By the definition of the logarithm of a number, we have: 

.1321 22  xxx  Considering the fact that  22
11  xx  we obtain the equation: 

  .1321 22  xxx  It is equivalent to such a collection: 

 
 










.1132

,1132
22

22

xxx

xxx
 










.12132

,12132
22

22

xxxx

xxxx
 




















.5

,0
        05

.  ,023241  ,023

2

2

x

x
xx

xDxx

 

At 0x  expression ,11 x  and the left side of the equation expresses the content. 

Answer: 5. 

.2
3log

log
81loglog

5

5
3 

x
x x  

Solution: 

.log
1

log

5log

3log
5log

log

3log

log
3

3

3

3

3

3

5

5 x
x

x

x
  Then the equation takes the form: 

;2log81loglog 33  xx x  ;
log

4

log

81log
81log

33

3

xxx   .2log
log

4
log 3

3
3  x

x
x  

 Let's introduce a new variable: .log3 yx   ,2
4

 y
y

y  .0y   

On  0  ;  ,0y  ;yy     ,2
4

 y
y

y  ,02422  yyy  ,0422 2  yy  

,022  yy  ,0781 D  .y  

On    ;0  ,0y  ;yy   ,2
4

 y
y

y  ,2
2


y  .2y  ,2log3 x  ,32x  ,9x  

,9x  .9x  
Answer: .9  ;9  

.220log...3log2log1log 1921   xxxx xxxx  

Solution: 
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Apply the base transition formula :x  

,
1log

2log
2log 1 


 x

x
x

x

x

x  ,
2log

3log
3log 2 


 x

x
x

x

x

x  ,
19log

20log
20log 19 


 x

x
x

x

x

x  

.2
19log

20log
...

2log

3log

1log

2log
1log 
















x

x

x

x

x

x
x

x

x

x

x

x

x

x  

Finally, we have the equation: .220log xx  By the definition of the logarithm 

,20
2  xx  ,202  xx  ,020 x  20x   

On  20  ;   ,020 x  ).20(20  xx  

);20(2  xx  ,0202  xx  ,0D  .x  
On     ;20  ,020 x  .2020  xx  

);202  xx  ,0202  xx   ;41 x  52 x  (Vieta's theorem). 
At 4x   1log 1  xx  loses its meaning.  

Answer: 5. 

.
2

1
...loglog8

log 3
8

2
8

0




xxx
x

 

Solution: 
The left side of the equation is the sum of an infinite decreasing geometric 

progression with the denominator .log
log

log
8

8

2
8 x
x

x
q   

;
1

1

q

b
S


  ;

log1

log

8

8

x

x
S


  ;

2

1

log1

log

8

8 
 x

x
 ,log1log2 88 xx    ,1log3 8 x  ;

3

1
log8 x  

;83

1

x  ,2x  






.2

0умову  єзадовольня не  2

x

xx
 

Answer: 2. 

Trigonometric equations with modules 

.
2

1

3
2 






 


xSin  

Solution: 
This equation is equivalent to a set of such equations: 
















 







 

2

1

3
2

,
2

1

3
2





xSin

xSin

 




















nx

nx

n

n





2

1
arcsin)1(

3
2

,
2

1
arcsin)1(

3
2

 




















nx

nx

n

n





6
)1(

3
2

,
6

)1(
3

2
 














nx

nx

n

n





6
)1(

3
2

,
6

)1(
3

2
 

 

 












2: 
6

1
3

2

2:,
6

1
3

2

nx

nx

n

n





 
 

 












212
1

6

,
212

1
6

n
x

n
x

n

n





 либо: 
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,
2126

n
x


  .Zn  

Answer: ,
2126

n
  .Zn  

.3,0
2

cos 
x  

Solution: 
.x  

Answer: .  
  .220  xtg  

Solution: 
 
 










220

,220




xtg

xtg
 

 










narctgx

narctgx




180220

,180220
 






narctgx

narctgx

180220

,180220
 

,180220 narctgx    .Zn  
Answer: .180220 narctg    

.1
1


x

tg
  

Solution: 

  ,1
1

narctg
x





 ,

41
n

x





 
:

4

4

1

n

x





  ;

4

41

1

1 n

x





 

;
14

4
1




n
x  






















14

4
1  ;

14

4
1

;
14

4
1  ;

14

4
1

n
x

n
x

n
x

n
x

  ... 3 ,2 ,1n  
























.
14

34

;
14

54

14

414

n

n
x

n

n

n

n
x

 

Answer:  .... 3 ,2 ,1  ,
14

34
  ,

14

54








n
n

n

n

n  

.12  xSin  

Solution: 











1

,1
2

2

xSin

xSin




 If the Sine of an angle is ,1  then the cosine of this angle is 0, that is 

,02  xCos  ,
2

2  kx   .
2

12 kx    

This equation has a solution for   ... ,2 ,1 ,0k   .
2

1
kx   

Answer:  kk   ,
2

1
 non-negative integer. 

.3sin xtg   

Solution: 

,:
3

sin  kx   .
3

1
sin kx   Because the ,1sin0  x  then 0k  (only). 

Then .
3

1
sin x  Let's square both sides of the equation. 
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.
9

1
sin 2 x  Lowering the degree: 

18
9

1

2

2cos1


 x
 ,22cos99  x  ,72cos  x  ,

9

7
2cos x  

,2
9

7
arccos2 xx    ,

9

7
arccos

2

1 


x  Nn  and .0n  

9

7
arccos nx  at Nn .  

9

7
arccos

2

1


x  at .0n  

Answer: 
9

7
arccosn  at Nn , 

9

7
arccos

2

1


  at .0n  

.
2

1
3cos4sin43cossin 22  xxxx  

Solution: 
Because the xx coscos   and ,sinsin 22 xx   then the equation takes the form 

    ,
2

1
3cos4sin43cossin 22  xxxx  

    ,
2

1
3cos4cossin43sin 22  xxxx  

    .
2

1
cos3cos4sin4sin3 33  xxxx  

;
2

1
3cos3sin  xx  .

2

1
6sin

2

1
x  

 16sin x  Square ,16sin 2 x  ,06cos2 x  ,06cos x  ,
2

6 
kx   ,

612

 k
x   .Zk  

Answer: ,
612

 k
  .Zk  

.12sinsin2coscos  xxxx   

Solution: 
,2cos2cos xx    .coscos xx    

Taking these relations into account, this equation will have the form: 
,12sinsin2coscos  xxxx     ,12cos  xx   

,:22  kxx  .212 kxx   

If ,0x  xx   і ,212 kxx   ;
3

21 k
x


  

If ,0x  xx   і ,212 kxx   ,21 kx   .Zk  

Answer: ,
3

21 k
,21 k  .Zk  

.
sin1

cos12

x

x
xtg




  

Solution: 
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It is known that .22 xtgxtg   Then .
sin1

cos12

x

x
xtg




  Let's introduce the substitution 

,yx   .0y  

 

We get the equation ;
sin1

cos12

y

y
ytg




  ;
sin1

cos1

cos

sin
2

2

y

y

y

y




  

Using the main property of proportion, we have: 
   ,cos1cossin1sin 22 yyyy   ,cos1sin 22 yy   

     ;cos1sin1sin1cos1 22 yyyy   
        ;sin1:cos1sin1sin1sin1cos1 2 yyyyyy   

);cos1)(sin1(cos1 2 yyy          ,0cos1sin1cos1 2  yyy  
      ;0cos1sin1cos1cos1  yyyy       ,0sin1cos1cos1  yyy  

   ,0sincoscos1  yyy  













.1

,1cos
  

0sincos

,0cos1

tgy

y

yy

y
 .0...,3,2,1,0  

4

,2












yбоK

ky

ky




 

Then 















kx

kx

4

,2
 














 



.
4

,2




kx

kx

 

Answer: . ,
4

 ,
4

 ,2 ,2 Zkkkkk    

.2coscos xx   

Solution: 








xx

xx

2coscos

,2coscos
 






02coscos

,02coscos

xx

xx
 






















0
2

2
sin

2

3
sin2

,0
2

2
cos

2

2
cos2

xxxx

xxxx

 














0
2

sin
2

3
sin

,0
2

cos
2

3
cos

xx

xx

 























0
2

sin

,0
2

3
sin

,0
2

cos

,0
2

3
cos

x

x

x

x

 

.
3

2
2

2
3

2
33

2
2

  ,
3

2

3









k
kx

k
k

x

k
xkx

Zk
k

x









 

Answer: ;
3

2 k  .  ,
33

2
Zk

k


  

.
2

cos1
sin2sin

x
xx


  

Solution: 

We have: 
2

sinsin2sin
x

xx   

It is advisable to consider two cases: 
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1) ,0
2

sin 
x  .

2
sin

2
sin

xx
  The equation takes the form 

;
2

sinsin2sin
x

xx   ,
2

sin
2

2
cos

2

2
sin2

xxxxx





  ;0
2

sin
2

3
cos

2
sin2 

xxx  

.01
2

3
cos2

2
sin 






 

xx  



























2

1

2

3
cos

,0
2

sin
  

01
2

3
cos2

,0
2

sin

x

x

x

x

 


















k
x

k
x

2
32

3

,
2  



















3

4

9

3

4

9

2  ,
2

k
x

k
x

kxk
x







 

 
 

    
2

0
x  nxn  2220   ,2 k  .Zk  

     ,2  ;0
9


   .2  ;0

9

k  

 
 
 
 
 

2) ,0
2

sin 
x  ,

2
sin

2
sin

xx
  ,

2
sinsin2sin

x
xx   ;

2
sin

2

2
cos

2

2
sin2

xxxxx





  

;0
2

sin
2

3
cos

2
sin2 

xxx  ;01
2

3
cos2

2
sin 






 

xx   














2

1

2

3
cos

,0
2

sin

x

x

 


















k
x

k
x

2
3

2

2

3
2  












.
3

4

9

4

,2





kx

kx
 

Answer: ,4
9

4 
k  ,4

9

2 
k  ,4

9

14 
k  ,4

9

20 
k  ,4

9

28 
k  .2 k  

.5sin5sin xx   

Solution: 
This equality takes place when .05sin x  
      
      5:2520 nxn    

      .  ,
5

2

55

2
Zn

n
x

n


  

      Answer: .  ,
5

2

5
  ;

5

2
Zn

nn
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.1cossin 8575  xx  
Solution: 











1cos

,1sin

x

x
 






1cos

,1sin

x

x
 .   

2

,2
2 Zk

kx

kx
















 

Answer: . ,2  ;2
2

Zkkk    

Self-study assignments: 
.0532 x   Answer: 0,5; 5,5. 

.0513 x    Answer: .  

.051132 x   Answer: .
3

1
1  ;

3

2
  

.7332  xx   Answer: 1. 

.51213  xx    Answer: .1  ;9  

.143  xx   Answer:  .4 ;3  

.017132  xxx  Answer: .5  ;
3

1
6  

.
2

53

5

47 


 x
x

x   Answer: 3. 

.1353112  xxx  Answer: 1,4; 2. 

.6126  xx   Answer:  .12  ;6  

.075321  xxxx   Answer:  .2  ;1  

.222131  xxxxx    Answer:  . ;2  ;2   

.02512313  xxxx   Answer: .  

.05,413231323  xxxxx    Answer: .
9

20
 ;

9

20
 ;

3

4
 ;

3

4
 ;0   

.123  xx    Answer:    . ;32 ;   

.032 2  xx    Answer: .1  ;1  

.0144 2  xx   Answer: .  

  .173262 222  xxxx  Answer: .1  ;4  

.041232 22  xxxx  Answer: .
2

1
  ;1 



  

.04565 22  xxxx   Answer: .  

.033 23  xxx    Answer: .1  ;1  

.0233 234  xxxx   Answer: .2  ;1  ;1;2   
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.02222 2345  xxxxx   Answer: 0. 

.01223 23  xxx   Answer: ;
3

1
  .

3

1  

.03613 23  xxx    Answer: .
2

31313
 ;9 ;4 ;0

  

.964444 222  xxxxxx   Answer: .1 ;3   

.69696  xxxx    Answer:  .3  ;5,1  

.22384  xx   Answer: .34 ;2 ;
49

34
  

.102  xx    Answer: .
2

3321
  ;7


  

.314  xx    Answer: ;5  .0  

.0222 23  xxxx  Answer: 2. 

.24848 33  xx    Answer: .
2

1  

.
3

1
3 4

x
x 






     Answer: .  

.7,07,0 862 2   xxx    Answer: 2; 3. 

.02633 112   xx    Answer: ;1    .6log3213log 33   

.448223 331   xxx   Answer: .9 ;5  
.62 xx      Answer: 2. 

.
1

3
2





x

xx      Answer: .1 ;1  

.2lg x      Answer: .100 ;01,0  

.0logloglog 234 x    Answer: .8 ;8  

.25lg232lg
2

1
6lg  xx   Answer: .3122 ;14 ;6   

  .lglg2 2xx     Answer: .100 ;1   

.
2

1
lglg

2

1
lg  xx    Answer: 1. 

    .32lg20lg5lg 23  xxx   Answer: .10  ;01,0  

 .22
4

1
log

2

1  xxx    Answer: .
2

1
 ;

2

1
  

 .22
4

1
log2  xxx    Answer: .4 ;4 ;

2

1
 ;

2

1
 ;2 ;2   

.2
lg

54lg



x

x
     Answer: .

2

415
 ;

2

415
 ;4

  

.1log3log 3  xxx   Answer: .
9

1
 ;3  



26 
 

     .1log1111
2

1

22
 xxx   Answer: .

4

5  

Trigonometric equations with modules 

.
2

1

3
2sin 






 


x  

Solution: 
This equation can be solved in two ways: 
а) replace it with a set of two equations; 
б) square both sides of the equation. 

,
2

1

3
2sin

22






















 


x  

4

1

3
2sin 2 






 


x  lower the degree of the equation: 

2
4

1

2
3

2
4cos1








 


x

  ;
2

1

3

2
4cos1 






 


x   ;

2

1
1

3

2
4cos 






 


x  

;
2

1

3

2
4cos 






 


x  ,2

2

1
arccos

3

2
4 nx 

  ,2
33

2
4 nx 

  

4:2
33

2
4 nx 

 .  ,
2126

Zn
n

x 
  

Answer: .  ,
2126

Zn
n


  

Self-study assignments: 

.
2

3
sin x     Answer:   ,

3
1 






  

k
k

x   ... ;3 ;2 ;1 ;0k  

.
2

2

2

5
sin

2

5
cos 22 

xx  Answer: .  ,
20

12
Zk

k


   

.
3

4
 ctgxtgx   Answer: .  

2

k

6
Zk

  

.
4

2
2cos

2

1
5cos3cos  xxx   Answer: ,

1632

 k
  .Zk  

.2
21

2





xtgtgx

tgxxtg   Answer: , karctg   .Zk  

.
2

1
cossin 22  xx    Answer: ,

3

k  .Zk  

.
4

3
cossin  xx   Answer:   ,

6
1

2






 

 kk  .Nk  

.03sin2sin 2  xx  Answer: ,
2


k  .Zk  
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.01sinsin2 2  xx  Answer:   ,
6

1 





  nn   .Zn  

.cos2cos xx     Answer: ,n  .Zn  

.1
sin

cos2
 tgx

x

x   Answer: ,2 arctg  ,2
4

n
  .Zn  

.03sinsin  xx   Answer: , ,2
2

 ,2
4

3
 ,2

4
nnnn 

 .Zn  

.22 xctgxctg    Answer: ,
2

  ;
42






 

 kk  .Zk  

.13
3103 2

  xx
x   Answer: .4 ;2 ;

3

1  

 
 
 


