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Section 9 
Trigonometric Equations 

The simplest trigonometric equations are equations of the type: 
,aSinx    ,aCosx    ,atgx    .actgx    

The equation aSinx   has solutions for .1a  

The formula of its roots   ,arcsin1 nax n    .Zn  

Individual cases:   1). .  ,2
2

x  ,1 ZkkSinx    

   2). .  ,2
2

x  ,1 ZkkSinx    

   3). .  ,x  ,0 ZkkSinx    
The equation aCosx   has solutions for ,1a  which are determined by the formula  

,2arccos kax   where .Zk   
Individual cases:   1). .  ,2x  ,1 ZkkCosx    
   2). .  ,2x  ,1 ZkkCosx    

   3). .  ,
2

x  ,0 ZkkCosx    

The equation atg   has solutions for all ,Ra   ,narctgax    .Z  
Solution of any trigonometric equation by transformations is reduced to the 
simplest, which is solved by the general formula, or by the formula of a particular 
case. 
Let's show this with examples. 

1). .1
2

2


x
Sin

  

Solution: 

,2
22

2 
k

x



 .Zk   ;

2
2

2
2




k
x


   

  .
14

4

14

4

4

4

4

22














kkkk

x








  

Answer: .
14

4

k
 

Given:     .211  tgytgx   To find .yx   
Solution: 

Range of valid values: ,0Cosx   .0Cosy  
;21  tgytgxtgxtgy  

;12 tgytgxtgytgx   
 ;1:1 tgytgxtgytgxtgytgx   

;1
1





tgytgx

tgytgx     ;1 yxtg   ,
4


nyx    .Zn  

Answer: ,
4


nyx    .Zn  



2 
 

2). .
2

1

4

3

3

2







 

x
Sin

  

Solution: 

Given the odd function ,Sinxy   we have ;
2

1

3

2

4

3







 

x
Sin  

  ,
2

1
arcsin1

3

2

4

3 
n

x n 





  .Zn    

  ;
6

1
3

2

4

3 
n

x n 





     ;

3

4

3

2

6
1

4

3 1   n
x n      .

3

4

9

8

9

9
1 1 n

x n 
   

Answer:   .  ,
3

4

9

8

9

9
1 1 Zn

nn     

3). .
2

1

24
2 






 

x
Cos

  

Solution: 
Reduce the degree of the left side of the equation: 

;2
2

1

2
24

21








 

x
Cos



  ,1
2

1 





  xCos
   ;11

2







  xCos
   .0

2







  xCos
   

,
22


kx    ,kx    .Zk   

Answer: .k  
4).   .13arccos2  xtg  

Solution: 

;
4

3arccos2 
k   ,

28
3arccos

 k
x    .Zk   

,2arccos0  x   ;
828

0



k   ;

2

8

9

28 



k   ,
4

9

4

1
 k    .2  ;1K  

If ,1k  то ,
28

3arccos


 x   ,
8

3
3arccos


 x   ,

8

3
3


Cosx    ;

8

3

3

1
1


Cosx   

If ,2k  то ,
8

3arccos 
 x   ,

8

7
3arccos  x   .

8

7

3

1
2


Cosx   

Answer: .87
3

1
  ;63

3

1   CosCos  

5).  .1
2

3
2 






 

x
CosCos

  

Solution: 

.2:2
2

3
2  k

x
Cos   

,
2

1

2

3
k

x
Cos 

   .tk   This equation has solutions provided .1
2

1







  k  

The last inequality is equivalent to such a double irregularity: 

.
2

1
1

2

1
1  k   ;

2

1

2

3
 k    .0  ;1k  
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At 1k  we have: ;1
2

1

2

3


x
Cos   ;

2

1

2

3


x
Cos   ;

3

2

2

3 


x   ;
3

2
x   

9

4

3

2

3

2

2

3



 ? 

At ,0k   ;
2

1
0

2

1

2

3


x
Cos

   ;
32

3 


x   і .
9

2

3

2

32

3
:

3





x  

Answer: .
9

2
  ;

9

4  

We have shown examples of solving practically the simplest trigonometric 
equations. Although, in principle, every bit more complicated trigonometric 
equation can be solved in several ways, after all, to facilitate the selection of their 
way to solve it is advisable to typify. 

Уравнение сводящиеся к квадратным 

.06sin 2  sixx  
Solution: 

We denote ;sin tx   ;1t  .0632  tt   
;015249649 D  ,t   .x  

Answer: .  
.01sinsin2 2  xx  

Solution: 

,1  ,sin  ttx  .012 2  tt   .3981 2D   ;1
4

31
1 


t   ;

2

1

4

31
2 


t   

;1sin x   ,2
2

nx 
   .Zn  ;

2

1
sin x       ,

6
1

2

1
arcsin1 nnx nn     .Zn  

Answer: ,2
2

n
    ,

6
1 nn 

   .Zn  

.02sin5sin3 2  xx  
Solution: 

,1  ,sin  ttx  .0253 2  tt  .7492425 2D   ;
3

1

6

75
1 


t  ;2

6

45
2 


t   - не 

удовлетворяет условие .1t  ,
3

1
sin x   

    ,
3

1
arcsin1

3

1
arcsin1 1 nnx nn  






    .Zn  

Answer:   ,
3

1
arcsin1 1 nn    .Zn  

.01sincos2  xx  
Solution: 

;sin1cos 22 xx    ,01sinsin1 2  xx   ,0sinsin2  xx  

 



























.  ,2
2

,  ,
  

,1sin

,  ,
  
,01sin

,0sin
01sinsin

Znnx

Znnx

x

Znnx

x

x
xx




 

Answer: ,2
2

   , nn     .Zn  

 



4 
 
 

.032 23  tgxxtgxtg  
Solution: 

  .0322  tgxxtgtgx  Пускай .ytgx     .0322  yyy  

















.  ,0

.  ,  ,0                       ,0
  
.032

,0
2 KyD

Znnxtgxy

yy

y 
 

Answer: .  , Znn   
.0532  tgxxctg  

Solution: 
Let the .tctgx    ,0532  tt  ,0209 D   t  в .K  
Answer: .  

.0cos2sin4 32  xx  
Solution: 

,cos1sin 22 xx      ,0cos2cos14 32  xx    ,2:04cos4cos2 23  xx   

.022cos22cos 23  xx  An interesting solution to this equation: 
.022cos2cos2cos2cos2cos 223  xxxxx   

Let's group by two members and take out the common factor from each group 
outside the brackets: 
      ,022cos2cos2cos2cos2cos 223  xxxxx  

      ,02cos22coscos22coscos2  xxxx  
   .02cos2cos2cos 2  xxx  


























.  ,
2

102
cos        ,1082

.1cos уумоваявиконуєтьс не  бо              ,2cos
  

02cos2cos

,02cos
2 xxD

xxx

xx

x
 

;
2

102
cos


x   ,2

2

102
arccos nx 


   .Zn  

Answer: .  ,2
2

102
arccos Znn 


     

.0232cos22sin  tgxxx  
Solution: 

We use a universal substitution, which will reduce the equation to the square. 

;
1

2
2sin

2 xtg

tgx
x


   ;

1

1
2cos

2

2

xtg

xtg
x


   .023

1

1
2

1

2
2

2

2








tgx
xtg

xtg

xtg

tgx   

Let the ,ytgx   then ;023
1

1
2

1

2
2

2

2








y
y

y

y

y   ;0
1

2233222
2

232





y

yyyyy   

 ;1043 23  yyy  ;043 23  yyy     ;0143 2  yyy  
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
































































.  ,
3

1

,  ,
4

,  ,

  

.
3

1

,1

,0

  
.

3

1

6

24
  ;1

6

24
  ,41216

,0
   
.0143

,0

32
2

Znnarctgx

Znnx

Znnx

tgx

tgx

tgx

yyD

y

yy

y






  

Answer: .
3

1
  ,

4
  , narctgnn  






  

Уравнения, однородные относительно Sinx  и Cosx  

.05cos75sin55sin2  xxx  
Solution: 

;5cos7:05cos75sin7 xxx    ;015 xtg   ;15 xtg   ;15 narctgx    ;
4

5 nx 
   

;
520

n
x


  .Zn  

Answer: ;
520

n
   .Zn  

Equations of the form .0coscos...sinsin 1
1

1
10  


 xaxaxaxa n

n
n

n
nn   

Де ,Nn  naaa  ... ,  , 10  numbers are called homogeneous with respect to .  ; CosxSinx  
.10cos10cossin15sin15 22  xxxx  

Solution: 
  .cos10sin10cossin1011010 2222 xxxx   

,0cos10sin10cos10cossin15sin15 2222  xxxxxx  
.cos5:0cos20cossin15sin5 222 xxxxx   

0432  tgxxtg       
 















.  ,1

,  ,4
  

.1

,4

Znnarctgx

Znnarctgx

tgx

tgx




 

.  ,4 Znnarctgx     .  , Znn
n

x    

Answer: .  ,
4

  ,4 Znnnarctg    

.2
2

cos10sin2
2

cos4sin3 22 
x

x
x

x  

Solution: 

.02
2

cos10sin2
2

cos4sin3 22 
x

x
x

x  

;02
2

cos6sin 2 
x

x   .
2

cos
2

sin2
2

2sinsin
xxx

x 





   

;
2

sin2
2

cos2
2

sin
2

cos2122 2222 xxxx







   

;0
2

sin2
2

cos2
2

cos6
2

cos
2

sin2 222 
xxxxx  
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;
2

4
cos2:0

2
cos4

2
cos

2
sin2

2
sin2 222 

xxxx  

,02
2

2

 tgx
x

tg   
 



























.  ,1
2

.  ,2
2   

.1
2

,2
2

Znnarctg
x

Znnarctg
x

x
tg

x
tg




  











.  ,
2

.  ,222

Znnx

Znnarctgx




 

Answer: .  ,
2

  ,222 Znnnarctg    

.0cos32sin
2

1 2  xx  

Solution: 

  0cos3sincos

   ,0cos3cossin2
2

1 2





xxx

xxx
  






.0cos3sin

,0cos

xx

x
  ,

2
nx 

   ;Zn   ,03 tgx   

,3tgx   .3 narctgx   

Answer: ,3  ,
2

narctgn 
   .Zn  

Task. One of the corners of a right-angled triangle satisfies the condition 
.0cos32sinsinsin 33  xxxx  

Prove that a triangle is isosceles. 
Solution: 

;cos:0cos32sinsinsin 333 xxxxx       ;03
cos

cossin2
3

2
3 




x

xx
xtg  

;032 23  xtgxtg    ;033 223  xtgxtgxtg        ;033 223  xtgxtgxtg  
     ;01131 22  tgxxtgtgxxtg       ;0331 2  tgxxtgtgx  



























.

,
4   

0129

,1
   

033

,01
2

x

nx

D

tgx

tgxxtg

tgx 
 

Since one of the acute angles of a right triangle is equal to .
4

   

So the triangle is isosceles. 
.0cossin2cossincossin2cossin 5423324  xxxxxxxx  

Solution: 
These are homogeneous equations of the 6th degree. Take the common factor out 
of the parentheses: 

  .0cos2cossincossin2sincossin 3223\2  xxxxxxxx  
Let's solve the set of equations: 
















.0cos2cossincossin2sin

.  ,
2

  ,0cos  ,0cos

.  ,  ,0sin

3223\

2

xxxxxx

Zkkxxx

Znnxx




 

The third equation together - a homogeneous equation of the third degree. Divide 
its left and right parts into :cos3 x   

;022 23  tgxxtgxtg        ;0222  tgxtgxxtg        ;012 2  xtgtgx  
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      .0112  tgxtgxtgx  






























.  ,
4

   .1

.  ,
4

   ,1

.  ,2   ,2

   

.01

,01

,02

Znnxtgx

Znnxtgx

Znnarctgxtgx

tgx

tgx

tgx






 

Answer: .  ,
4

  ,
4

  ,arctg2  ,
2

   , Znnnnnn    

.cos2sincos3cossin 32 xxxxx   
Solution: 

This equation can easily be reduced to a homogeneous third degree equation. Let's 
transform its right side: 

     
.cos2sincos2

cossinsincossincos2sin1cos2sincos2sin
32

2322

xxx

xxxxxxxxxxx



  

Then this equation takes the form: 
,cos2sincos2cossinsincos3cossin 322332 xxxxxxxxx   

,0cos2sincos2cossinsincos3cossin 322332  xxxxxxxxx  
 ,cos:0sincoscossincossin3 33322 xxxxxxx   

;013 32  xtgtgxxtg   .013 23  tgxxtgxtg  
The free term of equation 1 has a divisor 1; 1 .  1 – the root of this equation, 
because .01131   

13 23  tgxxtgxtg      1tgx  
xtgxtg 23         122  tgxxtg                 

 

       
tgxxtg

tgxxtg




2

2

2

2  

 

               
1

1




tgx

tgx
 

                         0. 










.012

,1
2 tgxxtg

tgx
         .  ,

4
Znnx       

Let's solve the second equation of the population: .844 D  

 
 
































.  ,21

.  ,21
   

.21
2

222

,21
2

222

2

82

Znnarctgx

Znnarctgx

tgx

tgx




 

Answer: ,
4

n
     ,21 narctg       ,21 narctg    .Zn  

Уравнения линейные относительно .cos  ;sin xx  
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Equations of the form ,cossin cxbxa   де cba  :  ,  
Numbers are called linear equations with respect to .cos  : sin xx   
If at least one of the coefficients is equal to zero, then the equation is reduced to a 
single of the already considered types of equations. If ,0a  ,0b  ,0c  then we 
show some methods for solving this equation. 

.1cos2sin3  xx   
Solution: 

,
2

cos
2

sin2
2

2sinsin
xxx

x 





        

,
2

sin
2

cos
2

2coscos 22 xxx
x 






   

.
2

cos
2

sin1 22 xx
  

,
2

sin
2

cos
2

sin
2

cos2
2

cos
2

sin23 2222 xxxxxx







   

,0
2

sin
2

cos
2

sin2
2

cos2
2

cos
2

sin6 2222 
xxxxxx  

,
2

:0
2

cos
2

sin6
2

cos
2

sin3 2222 





 

xxxxx
COS  

,01
2

6
2

3 2 
x

tg
x

tg   .481236 D  

;
3

123

6

1226

32

486

2











x

tg   .
3

123

2




x
tg  

;
3

123

2
3narctg

x 
    .  ,

3

123

2
Znnarctg

x



   

  ,2
3

123
2 narctgx 


  .  ,2

3

123
2 Znnarctgx 


   

Answer:   ,2
3

123
2 narctg 


.  ,2

3

123
2 Znnarctg 

   

.3cossin3  xx  
Solution: 

Divide both sides of the equation by 2:     .
2

3
cos

2

1
sin

2

3
 xx   

Replace ,
6

cos
2

3 
  .

6
sin

2

1 
   Then ;

2

3
cos

6
sinsin

6
cos  xx

   ;
2

3

6
sin 






 


x   

  ;  ,
2

3
arcsin1

6
Znnx n  

      ,
3

1
6

nx n 
    .  ,

3
1

6
Znnx n  

 

Answer:   .  ,
3

1
6

Znnn  
 

.8sin4cos4  xx  
Solution: 
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On the left side of the equation put out of brackets :24   

;8sin
2

1
cos

2

1
24 






  xx  

;8sin
4

sincos
4

cos24 





  xx


  ;8

4
cos24 






 


x    ;

24

8

4
cos 






 


x  

;
24

22

4
cos 






 


x    ;

2

1

4
cos 






 


x    .  ,2

34
Znnx  

 

Answer: .  ,2
34

Znn  
 

Equation whose left sides are expressed by products of 
trigonometric functions, and the right ones are equal to 

zero 
Perhaps the greatest difficulties are caused by the construction of answers of 

this type of trigonometric equations. Here the following indication helps.: 
1). Use the condition of equality of the product to zero; 
2). Solve the set of generated trigonometric equations; 
3). From the found set of solutions, filter out extraneous roots, that is, those 
for which some of the factors in the equation express the content; 
4). if some of the equations of the set have two identical roots, then in 
response take one of them. 

Let's show this with examples. 

.0
3

32sin 





 


xctgxtgx    

Solution: 
Using the conditions for the equality of the product to zero, we obtain the 
following set of equations: 


















































 




.  ,
6

5

.  ,
3

.  ,
2

   

,
23

,3

,2

   

,0
3

,03

,02sin

Znkx

Zn
k

x

Zn
k

x

nx

kx

kx

xctg

xtg

x












  

Let us represent the solutions of each equation of the set by the corresponding 
angles on the unit circle. 

,
2

k
x    

K 0 1 2 3 4 5 6 7 
X 0 

2

    
2

3  2  2,5  3  3,5  
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K 0 1 2 3 4 5 6 7 
x  0 

3

  
3

2    
3

4  
3

5  2  
3

7  

3

K
x   

 


Kx 
6

5  

K 0 1 2 3 4 5 6 7 
x  

6

5  
6

11  
6

17  
6

23  
6

29  
6

35  
6

41  
6

47  
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Numbers  nxnxnxnx 

2
6

11
  ,2

6

5
  ,2

2

3
  ,2

2
 extraneous roots, 

since with them xtg3  does not exist. 

Numbers  nxnx 
2

3

4
  ,2

3
 also extraneous roots, since with them 







 

3


xctg  does not exist. In each figure, we emphasize these dots. In response, we 

write down the dots that remained in the figures. 

Answer: .  ,
3

2
  , Zmmxmx    

.07cos3cos  xx  
Solution: 

,0
2

37
sin

2

73
sin2 




 xxxx    

,02sin5sin2  xx  




























.
2

,
5   

.2

,5
   
.02sin

,05sin








k
x

k
x

kx

kx

x

x
 

5

k
x   

K 0 1 2 3 4 5 6 7 

X 0 
5

  
5

2  
5

3  
5

4    
5

6  
5

7  

 
 

2

k
x   

K 0 1 2 3 4 5 6 7 

X 0 
2

    
2

3  2  
2

5  3  5,3  
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The values nx   belong to both sets of solutions. Therefore, we remove these 

values from one of them, for example, from the set .
2

k
x    

Then the sought solutions will be of the form:  ( .
2

nx 
 after filtration).  

;
5

m
x    ,

2


mx   .Zm  

Answer: ;
5

m
x    ,

2


mx   .Zm  

.4cos3cos2coscos 2222 xxxx   
Solution: 

,
2

2cos1
cos2 x

x


    ,
2

4cos1
2cos2 x

x


    ,
2

6cos1
3cos2 x

x


    ,
2

8cos1
4cos2 x

x


  

;2
2

8cos1

2

6cos1

2

4cos1

2

2cos1











 xxxx  

;8cos16cos14cos12cos1 xxxx   

;2:
2

86
cos

2

86
cos2

2

42
cos

2

42
cos2

xxxxxxxx 








  

   ;cos17coscos3cos xxxx   
;0cos7coscos3cos  xxxx  

  ;07cos3coscos  xxx    ,
2

73
sin2cos

xx 
    0

2

37
sin 

 xx  

02sin5sincos2  xx  















































.
2

,
5

,
2

   

2

,5

  ,
2

   

.02sin

,05sin

,0cos












k
x

k
x

kx

nn

nx

Zkkx

x

x

x
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
k

k
x 

5
 

0 1 2 3 4 5 6 7 

2

  
2

3  
2

5  
2

7  
2

9  
2

11  
2

13  
2

15  

 

5

k
x   

0 1 2 3 4 5 6 7 

0 
5

  
5

2  
5

3  
5

4    
5

6  
5

7  

 

2

k
x   

0 1 2 3 4 5 6 7 

0 
2

    
2

3  2  
2

5  3  
2

7  

 

Of the multitude 
2

k
x   exclude numbers ,2 n   ,2

2
n

   ,2  k   .2
2

3
n

  

Answer: ,
2


kx    ,

5

k
x    .Zk   

.07  tgxxtg  
Solution: 

,0
cos

sin

7cos

7sin


x

x

x

x   ,0
cos7cos

sin7coscossin





xx

xxxx    
,0

cos7cos

7sin





xx

xx   .0
cos7cos

6sin


 xx

x  
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

















































.
2

,
714

,
6

   

.
2

,
2

7

,6

   

.0cos

,07cos

,06sin

nx

nx

n
x

nx

nx

nx

x

x

x












 

.
6

n
x


  

0 1 2 3 4 5 6 7 n 

0 
6

  
3

  
2

  
3

2  
6

5    
6

7  x 

 
 

 
 
 

Extraneous root nx 


2
 

remove from the series .
6

n
x


  

 
 
 

Answer: ,
26

 m
x   

.   , Znmx    
 
 
 
 

.045  tgxxtgxtg  
Solution: 

From the formula for the tangent of the difference, we have:     

  .
451

45
45

xtgxtg

xtgxtg
xxtg




   

Then    .4514545 xtgxtgxxtgxtgxtg   

    ,045145  tgxxtgxtg
x

xtgxtgtg
  

  
  ,0451  tgxxtgxtgtg  

,045  tgxxtgxtgtgxtgx  
.054  xtgxtgtgx  

.nx   
n 1 2 3 4 5 6 7 0 

x   0   0  0   0 
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4

n
x


  

n 1 2 3 4 5 6 7 0 
x 

4

  
2

  
4

3    
4

5  
2

6  
4

7  0 

 

5

n
x


  

  0 1 2 3 4 5 6 7 
x 0 

5

  
5

2  
5

3  
5

4    
5

6  
5

7  

 











































.
5

,
4

,

  
.5
,4

,
  
.05
,04

,0

nx

nx

nx

nx
nx

nx

xtg
xtg

tgx










 

 
From the set of solutions in the population, it is necessary to "filter" ,nx   

because it is repeated in two other series. From the series 
4

n
x


  exclude too 

.nx    

Answer: ,
5

m
x    .Zn  ,

24

 m
x    .Zm  

Solving more complex trigonometric equations 
.

4

5

4
coscos 44 






 


xx  

Solution: 

  .
4

2cos2cos21

2

2cos1
coscos

22
224 xxx

xx








 

  
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 
.

4

5

4

2cos2sin2cos2sin22

4

2sin2sin21

2

2sin1

2

2
2

cos1

2
2

2cos1

4
cos

4
cos

1

2222

22

2

24













 




























 


























 















 






 

  
xxxxxxx

xx
xx




 

 
.4

4

5

4

2cos2sin23


 xx      .52cos2sin23  xx      ;352cos2sin2  xx  

.12cos2sin  xx   .0
2

sin
2

cos
2

sin
2

cos
2

cos
2

sin2 2222 
xxxxxx  

.0
2

sin2
2

cos
2

sin2 2 
xxx    .0

2
sin

2
cos

2
sin2 






 

xxx  




























































.2
2

,2
   
.

42

,2
   
.1

2

,2
   
.

2
cos:

2
cos

2
sin

,
2

   

.0
2

sin
2

cos

,0
2

sin

nx

nx

n
x

nx

x
tg

nx

xxx

n
x

xx

x







 

Answer: .  ,2
2

  ;2 Znnn    

.34433 xtgxctgxctg   
Solution: 

A method that is very rarely used when solving trigonometric equations. Add to 
both sides of the equation :3xctg  

;3934433 xctgxtgxctgxctgxctg       ;334434 xctgxtgxctgxctg   

;
3sin

3cos

3cos

3sin

4

4cos

3sin

3cos
4

x

x

x

x

xdin

x

x

x







        

;
3sin3cos

3cos3sin

4sin3sin

3sin4cos3cos4sin
4

22

xx

xx

xx

xxxx








       

;
3sin3cos

1

4sin3sin

34sin
4

xxxx

xx







  

;
3sin3cos

1

4sin3sin

sin4

xxxx

x





  

 Using the main property of proportion, we have:  
;3sin:4sin3sin3sin3cossin4 xxxxxx   

;4sin3cossin4 xxx   
On the left side of the equation we transform the product of trigonometric 
functions into the sum: 

       ;2sin24sin22sin24sin23sin3sin
2

1
4 xxxxxxxx 






   Тоді: 

;4sin2sin24sin2 xxx    ;02sin24sin  xx   ;02sin22cos2sin2  xxx   
  ;012cos2sin2  xx  



















nx

nx

x

x




2
2

2

,2
  

12cos

,02sin
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,
2

n
x


  

.
4

nx 
  

n  0 1 2 3 4 5 6 7 
x 

4
  

4

5  
4

9  
4

13  
4

17  
4

21  
4

25  
4

29  

 
 
If ,0x  then xctg3  does not exist. 

If ,
4


x  then xctg4  does not exist. 

 
 
 
 
 
 
 
 
 

Answer: .x  

.0cos32
cos21

3
3 


 x

x

ctgx  

Solution: 

,0cos2
cos21

3
13 











 x

x

ctgx     ;cos21:0cos2
cos21

3
1 xx

x

ctgx



  

    ,03cos21cos21  ctgxxx    ,03cos41  ctgxx  

;sin:0
sin

cos
3cos41 x

x

x
x     ;0cos3sincos4sin  xxxx  

;2:0cos32sin2sin  xxx    ;0cos
2

3
2sinsin

2

1
 xxx  

;02sincos
2

3
sin

2

1









 xxx    ;02sincos

3
sinsin

3
cos  xxx

    

;0
2

2
3cos

2

2
3sin2 




 xxxx


   ;0
62

3
cos

62
sin2 






 






 

 xx    

 ;2:0
62

3
cos

62
sin2 






 






 

 xx    ;0
62

3
cos

62
sin 






 






 

 xx    























































 







 

.  ,
3

2

9

4

,
3

2
   

622

3

,
62   

262

3

,
62   

0
62

3
cos

,0
62

sin

Zn
n

x

nx

n
x

n
x

n
x

n
x

x

x
















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,0cos x  and when .0cos     
9

10
2  xnx

  

Answer: ,
3

2
 k   

3

2

9

4 n
  besides .    .

9

10
2 Zkk 

  

An interesting ending has a solution to such an equation: 
.cosseccossin 55 ecxxxx   

Solution: 

;
cos

1
sec

x
x    .

sin

1
cos

x
ecx    Then the equation takes the form: 

,sincos 0
sin

1

cos

1
cossin 55 xx

xx
xx   because 0sin x  and .0cos x  

    0cossincossincossin 55  xxxxxx   (1) 
We transform the expression 

    
     

      AxxxxAxxx

AxxxAxxxx

AxxxxAxxxx







2sin2sin21cossin2sin1cossin

2sin1cossincossincossin

cossincossin  )2(  cossincossin

22

222

4555

       (3) 

From equality (2) we have: 
     

   

   
     

   

     

    .2sin25,12sin5,2cossin2sin
2

1
1cossin2sin5,22sin

2

1
1

cossin2sin
2

1
5cossin2coscossinsincossin

cossin5cossincossin2cossin5coscossinsin

cossincossincossincossin10cossincossin5

cossin10cossin10cossin5cossin5cossin5

cossin10cossin10cossin5cossincoscossin3

cossin3cossincossin2cossin6cossin6

cossin2cossincossin3cossin3sincossin

coscossin3cossin3sincoscossin2sin

cossincossincossincossincossin

2

22

22

2233

3223444

322345554

323343223

432234555

322322

5532555

xxxxxxxxx

xxxxxxxxxx

xxxxxxxxxxxx

xxxxxxxxxxxx

xxxxxxxxxx

xxxxxxxxxxx

xxxxxxxxxx

xxxxxxxxxxx

xxxxxxxxxx

xxxxxxxxxxA







 






 



















 We substitute the expression for A into the equality (3): 
      

    

.2sin
4

1
2sin

2

1
1

cossin2sin25,12sin5,22sin2sin21cossin

2sin25,12sin5,2cossin2sin2sin21cossincossin

2

22

2255







 





xx

xxxxxxxx

xxxxxxxxxx

  

Equation (1) takes the form: 

    ;0cossin2sin
4

1
2sin

2

1
1cossincossin 2 






  xxxxxxxx  

    ;0cossin2sin
4

1
2sin

2

1
1cossin2sin

2

1 2 





  xxxxxxx  

  012sin
8

1
2sin

4

1
2sin

2

1
cossin 32 






  xxxxx  
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












.012sin
8

1
2sin

4

1
2sin

2

1
4

       ;1       cos: 0cossin

32 xxx

nxtgxxxx 

 

Let the ,2sin yx   then .1y  

 801
8

1

4

1

2

1 32  yyy  

.0842 23  yyy  
It follows from the properties of the modulus of a number that yy   and  .yy   

Consider this expression: 
.42 23 yyy   

)1(4242 2323  yyyyyy  

;4242 2323
yyyyyy   

 ;4242
2323 yyyyyy   

;8742 23  yyy  

.1842 23  yyy  
Thus, for 1y      ,0842 23  yyy  ie equation 0842 23  yyy  has no roots 

at most one. 

Answer: .   ,
4

Znn    

A rare equation: 

.
2

3
cos

2

3
sin 






 






  ctgxtgx

  

Solution: 

;
2

3

2
cos

2

3
sin 






 






  tgxtgx

  Тоді ;0
2

3
cos

2

3

2
cos 






 






  ctgxtgx

  

Convert the difference of trigonometric functions to the product: 

;0
2

2

3

22

3

sin
2

3
2

3

2sin2 



 tgxctgxctgxtgx



 

;0
2
2

33

sin
2
2

33

sin2 





 tgxtgxctgxtgx 

 

;0
4

33
sin

4

33
sin2 




  tgxctgxtgxctgx
 

This equation is equivalent to the combination of two equations: 






































.433

,433
   
.

4

33

,
4

33

   
.0

4

33
sin

,0
4

33
sin












ktgxctgx

ktgxctgx

k
tgxctgx

k
tgxctgx

tgxctgx

tgxctgx
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 
 




































.
3

14

,
3

14

   
.3:1433

,3:1433
   
.:4133

,:4133

k
tgxctgx

k
tgxctgx

ktgxctgx

ktgxctgx

ktgxctgx

ktgxctgx




 


























































.
3

14

cossin2

21

,
3

14

cossin2

2cos2

   

.
3

14

cossin

sincos

,
3

14

cossin

sincos

   

.
3

14

cos

sin

sin

cos

,
3

14

cos

sin

sin

cos

22

22

k

xx

k

xx

x

k

xx

xx

k

xx

xx

k

x

x

x

x

k

x

x

x

x

 

 
 







































































,
14

6
arcsin12

,
14

6
2

   

.
14

6
2sin

,
14

6
2

   

.2
14

3

2

2sin

,2
14

3

2cos2

2sin

   

.
3

14

2sin

2

,
3

14

2sin

2cos2

k
k

x

k
k

arctgx

k
x

k
xtg

k

x
kx

x

k

x

k

x

x

n 


 

 



















.  ,
214

6
arcsin1

2

1

,  ,
214

6

2

1

Zk
k

k
x

Zn
k

k
arctgx

n 



 

Answer: at        .  ,
14

6
arcsin1

2

1
   ;

214

6
arcsin

2

1
   ,1;0;1 Zn

k

k

k
n n 







  

Find the roots of the equation on 







4

3
 ;

4

   .33sin2sin2sin  xxx  

Solution: 
;cossin22sin xxx     ;sin5sin43sin 3 xx     ;03sin3sin4cossin4sin 2  xxxxx  

  ;033sin4cos41sin 2  xxx      ;032cos4sin4sin 2  xxx  
   ;032cos4cos14sin 2  xxx      ;032cos4cos44sin 2  xxx  
   ;1032cos4cos4sin 2  xxx      ;032cos4cos4sin 2  xxx  

  ;03211cos4cos4sin 2  xxx       ;0331cos2sin 2 xx  
  ;03sin31cos2sin 2  xxx        ;01sin31cos2sin 2  xxx  
    ;0sin131cos2sin 2  xxx  (1) 

Because the   01cos2 2 x  і   ,0sin1  x  then equation (1) takes place when  

 







.0sin1

,01cos2sin 2

x

xx     
























































































nx

kx

nx

nx

x

nx

x

x

nx

x

x

x












2
2

2
5

3

,

   

2
2

2

1
cos

,

   

1sin

01cos2

,

   

0sin1

01cos2

,0sin
2  

The equations of this system have no common solutions. 
Answer: .  
On  00 90  ;0  find the smallest root of the equation .9cos7cos5cos3cos 2222 xxxx   

Solution: 
Let us lower the degree of each of the equations: 

2
2

8cos1

2

14cos1

2

110cos

2

6cos1











 xxxx  

;8cos114cos110cos16cos1 xxxx    ;18cos14cos10cos6cos xxxx   
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We transform the sums of cosines into products: 

;2:
2

1814
cos

2

1814
cos2

2

106
cos

2

106
cos2

xxxxxxxx 








  

   ,2cos16cos2cos8cos xxxx   
,02cos8cos2cos16cos  xxxx  

  ,08cos16cos2cos  xxx   ,0
2

816
sin

2

816
sin22cos 







xxxx
x   

,012sin4sin2cos2  xxx  














































.
12

180

   ,
4

180

,
2

180

2

90

   

12

,4

,
2

2

   

012sin

,04sin

,02cos

0

0

00

n
x

Zn
n

x

n
x

nx

nx

nx

x

x

x






 

By condition 



























6

2

4590

   

,15:90150

,90450

,459090450

000

000

00000

n

n

n

n

n

n

 

Because the ,Zn  then the first inequality of the set of solutions has no.  

If ,2n  then .6n  At .1n  .15
12

1180
   ;45

4

1180 00 





 xx   .4515 00   

The smallest root of this equation on  00 90 ;0   .150x  
Answer: .150  
Find the smallest х in degrees if 00 9090  x  і 

       .53603180cos790sin180sin 000 xxxx   
Solution: 

We apply the reduction formulas: 

,5sin3cos7cossin xxxx               ,235sin53sin
2

1
7sin7sin

2

1
 xxxxxxxx  

,2sin8sin6sin8sin xxxx     ,02sin6sin  xx    ,0
2

26
cos

2

26
sin2 




 xxxx  

02cos4sin2  xx    


















































0000

0000

0
45901804590

,45:904590
   

18045

,45
   

180
2

90

,
4

180

   
2

2
2

,4
   

02cos

,04sin

n

n

nx

nx

nx

n
x

nx

nx

x

x




 





















4

1

4

3

,22
   

45180135

,22
00 n

n

n

n
  

 








.4500450                0

45  ,0  ,45     1 ;0 ;1 000

xn

xxxn
 

Answer: .450  
Seductive is the solution of this equation: 

.3,1sin xx   
Solution: 
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.3,1sin  xx  In one coordinate plane, we plot a graph of two functions xy sin  
and 3,1 xy  

 
Such equations have a considerable branch of practical application, for example: 
with two chords extending from one point of the circle, divide the circle into three 
equal parts.   

Solution: 
Let the АВ and АС – the desired chords, 
and the central angle xAOB   radian.  
Then the area of the sector 

,
2

1

2
2

2

xR
xR

AmBO 


  where R  radius of 

the circle. Area of a triangle 

,sin
2

1
AOBOBAOAOB    

,sin
2

1
xRRS AOB   .sin

2

1 2 xRS AOB    

We define the segment area 

 .sin
2

1
sin

2

1

2

1 222 xxRxRxRSAmB   

Since, according to the condition of the problem, the area of the sector is one third 

of the area of the circle, then   ;
2

1
:

3

1
sin

2

1 222 RRxxR   .sin
3

2
xx     

This equation is equivalent to such a system of equations: 











.sin

,
3

2

xy

xy


  The solution to this system, we obtain a graphical way: 
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Let us express using "Four-digit math tables" V. M. Bradis .1496,2 0рад  
 

 
 
Building a given circle.  
Draw a radius ОА.  
Using the protractor construct central angle 

.1490   
Let's draw a chord АВ.  
Building the second chord АС = АВ. 
 
 
 
 
 
 
 

Answer: In this manner the chord constructed circle divided into three equal parts. 

Self-study assignments: 
Solve Equations: 

.
2
1sin x     Answer:   .  ,

6
1 Znnn    

.
2
1cos x    Answer: .  ,

3
Znn   
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.
2
1cos x    Answer: .  ,

3
Znn   

.3tgx     Answer: .  ,
3

Znn   

.
3

3ctgx    Answer: .  ,
3

2
Znn   

.01sin2 x    Answer:   .  ,
4

1 Znnn    

.03cos2 x    Answer: .  ,2
6

5
Znn    

.04sin3 x    Answer: .  

.013 tgx    Answer: .  ,
3

1
Znnarctg 






   

.023 ctgx    Answer: .  ,
3

2
Znnarctg 






   

  .
5

1
13sin x    Answer:   .

33

1

5

1
arcsin1

3

1 n
x n 

  

.
2

1
22cos  





 x    Answer: .  ,2

3
2 Znnx    

.0cos3sin2  xx    Answer: .  ,
3

Znn
x

arctgx    

.0coscossin3sin2 22  xxxx   Answer: .  ,  ,
4

Znnarctgn    

.4cos5cossin2 2  xxx   Answer: .
4

51
  ,

4

51
narctgnarctg  




  

.2sin
2

1
cossin 244 xxx    Answer: .

24

n
  

.
4

1
cossin 66  xx     Answer: .  ,

24
Zn

n



 

.5cos4sin3  xx      Answer: .  ,2
25

4
arcsin Znn  

 

  .12sincossin2  xxx    Answer: .  ,
4

Znn  
 

.cos8sin42cos 64 xxx       Answer: .  ,
24

Zn
n




 

.110sin4cos2 2  xx      Answer: .  
9

n

12
  ,

4
Znn 


 

.4cos3sin2cossin 2422 xxxx     Answer:    Z.n  ,25 
510

  ,
2

 ln
nn 

 

.2
2

sin 
x

ctgx      Answer: .  ,2
2

Znn  
 

.
4

7

sin

1
sin

sin

1
sin

2
2 

x
x

x
x    Answer:   .  ,

4

117
arcsin1 1 Znnn 


    
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.
25

sin2
5

3
sin 






 






 

x
x


    Answer: .  ,

25
  , Znn

x
n    

.01sin4cos4 2  xx     Answer:   .  ,
6

1 1 Znnn   
 

.03sin36sin3cos3 22  xxx    Answer: .  ,
618

Zn
n




 

.0
2sin1

2cos


 x

x
      Answer: .  ,

24
Zn

n



 

.0
2

sin2cos1 
x

x      Answer: .  ,4  ;2 Znnn    

.0sin2cos212cossin2  xxxx    Answer: ,
6

n
   ,2

2
n

  .Zn  

.
2sin

5cos

2sin

3cos

x

x

x

x
       Answer: .  ,

24
Zn

n


  

.2cossincos 33 xxx       Answer: .  ,2
2

  ,2  ,
4

Znnnn    

.05sin3cos  xx      Answer: .  ,
416

3
  ,

4

3
Zn

n
n 

  

.3cos9sin5cossin xxxx      Answer: .  ,
8

Zn
n


  

.34sin3sin2sin  xxx      Answer: .  

.sin2cos4sin14sin
4

1
2cos 222 xxxxx    Answer: .  

.01sinsin2 2  xx      Answer:   .  ,2
2

  ;
6

1 Znnnn    

.0cos2cossin3sin5 22  xxxx    Answer: .  ,
5

2
  ,

4
Znnarctgn 






   

.2cos8cossin5sin2 22  xxxx    Answer: .  ,
4

3
  ,2 Znnarctgnarctg 






   

.01cossin2 2  xx      Answer: .  ,2
3

2
  ,2 Znnn    

.01cos4sin4 2  xx      Answer: .  ,2
3

Znn    

.011sincos12 2  xx     Answer:     .  ,
4

1
arcsin1  ,

3

1
arcsin1 1 Znnn nn     

.02sincos6 2  xx     Answer:   .  ,
6

1 1 Znnn     

.0cos2cos 2  xx      Answer: .  ,
3

1
arccos

2

1
Znn 






   

.sin3sin xx       Answer: .  ,
4

  , Znnn    

.cos2sin 2 xx       Answer:   .  ,2  ,12
2

Znnarctg     

.
8

1
2coscossin  xxx    Answer:   .  ,

424
1 Zn

nn 
  
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.5sin2cos34  xx    Answer:   .  ,2
23

3726
2arctg  ,2322 Znnnarctg 


   

.31cos2sin2  xx    Answer:   .  ,
422

31
arcsin1 Znnn 


   

  xxx 2cos2sin4cos1 2  на  .225 ;180     Answer: .195  

xtg
xx

xx 2
22

22

21
4sin42sin

sin4sin



  на  .180 ;90     Answer: .135  

2
sin

2
cos2sin 44 xx

x   на  .180  ;90      Answer: .150   

    xtgxxxx 212222 24sin42sinsin42sin 
  на  .90  ;0     Answer: .45  

03cossin5sin  xxx  на  .03  ;0     Answer: .15  
How many roots does the equation have 02sin3coscos  xxx  on  .  ;0    
Answer: 5. 

.2cos2sin2cos2sin 44 xxxx      Answer: .  ,
816

Zn
n


  

.0
2

cos
2

sin
2

cos
2

sin
2

sin3
22

3
cos

2
sin3 2222 






 






 

x
x

xxxxx    

Answer: .  ,  ,2
3

  ,2
2

ZkZnkn    

.54

2
1

2
2

2

2




xx
x

tg

x
tg

  Answer: .  

.982

2

3
1

2

3
2

2

2




xx
xtg

xtg
  Answer: .  

.342

2
1

2
1

2

2

2





xx

x
tg

x
tg

  Answer: .  

 

  .19122
2

cos2
2

3
cos22coscos 2 






 






  xxxxxx

   Answer: .  

 
 
 
 
 
 
 


