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Section 4
Converting trigonometric expressions

The transformation of trigonometric expressions, like the transformation of
any other expressions, is a reliable propaedeutics for the further solution of
trigonometric equations and their systems; proof of identities, etc.

Since this material constitutes a significant part of the entire volume of
mathematical material of a general education school, it is necessary to pay great
attention to the transformation of trigonometric expressions.

It is very important to choose a system of exercises that would contribute to
the development of skills and abilities to calculate the values of trigonometric
functions of any values of the argument by the known value of one of them.

Some methodologists, to make it easier to memorize trigonometric formulas
and navigate in them, recommend dividing the basic trigonometric identities into
three groups:

1). Square formulas:
sin® y +cos” y =1,

2 2 _ 1 .
sec-a—tg'a=1, seca = ;
cosa

1
sin ¢

cosec’a—ctg’a=1, coseca =
2). Formula reciprocals:
sin -coseca =1,

cosa-seca =1,

tga-ctga =1.
3). Division Formulas:
sina

cosax
=iga, - =clga.
cosa sma

Groups of formulas should adhere to the following sequence: first use the formulas
of squares, then the formulas of reciprocals, after them - the formulas for division
and, finally, again the formulas of reciprocals. Let's illustrate this tip by solving
this exercise.

Given: seca = —?, 180°(a (270°
Calculate the value of the other five trigonometric functions.

Solution:
From formulas squares choose sec’ @ —tg’a =1. We define tg’a =sec’ a -1,



2

tga = +/sec’ a — 1. Because the o — third quarter angle, then rga)0, and therefore

2
tga = (— éj 1= 92 \/625 — _ \/576 = % From formulas of reciprocals

7 49 49 49
tga-ctga =1 and cosa-seca =1 find ctgaszL:l 1
tga 24 24
7
cosa = ! :L:—l.
seca 25 25
7
o . sina . 24 7 24
Division formulas give =iga, sina=iga-cosa="—- (— —j =-=.
cosa 7 25 25
25

) 24 7 24 7
Answer: sina =—=—; cosa=-—; lga=—; clga=—; coseca=——.
25 25 7 24 24

It is advisable to do this also in the case when all necessary trigonometric
functions are expressed through one of them. This work is necessary when solving
trigonometric equations, inequalities, bringing identities, etc..

Prove identity: 2- (cos6 a+sin® a)-3-(cos* a +sin* a): ~1.
Solution:
Recommendation: The difficult part (ie, right) should be simplified:
LS. =2. (cos6 a+sin® a)-3-(cos*+sin* a)=2-(cos* @ — cos® & -sin* & + sin* a)—
cos’ a+sin’ o = (0052 a)3 + (sinz)3 = ~ 3(cos4 a +sin? a) =
= (cos2 a +sin’ a)- (cos4 a—cos’ a-sin’ a +sin* a)= 2cos* a—2cos’ a-sin” a +

=1-(cos4 a —cos® o -sin® ¢ + sin* a) +2sin* @ —3cos* @ —3sin* @ =

=—cos* @ —2cos’ a-sin’ o —sin* @ = —(cos4 o+ 2cos’-sin? a + sin* a):
. 2
= —(0052 a + sin? a) =—1’=-1=nu.
L.S.=R.S.

If the left and right sides of the equality are of approximately the same
complexity, then it is easier to consider the part that contains the sine and cosine.

_ 2
1 : _1:(1 tgza)z'
a-cos” a dtg°a

Proof:

Prove identity: -

4sin
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The left side of the identity is simpler. Let's reduce the hard part to the
simple:

. 2 . 2

. sin’ a cos’ a —sin’ a

2 2 - 2 2 2 )
(l—tg a) B cos” cos” a (cos o —sin a)z B

dtg’a 4 sinfa 4.sin’ o _4 sin” o

cos’ a cos’ a cos’ a

.cos’ a

cos' @ —2sin’ a-cos’ a +sin’ a _

4-sin’ @ -cos* a

R.S_ 08’ @—2sin’ & -cos’ a +sin’ @ +4sin” acos’ a —4sin” a-cos’ & _
4sin’ @ -cos’ a
4 . 2 2 .4 .2 2
cos” a+2sin” a-cos” a+sin” a —4sin” a-cos” a

4sin’* o -cos’ a

(cos> @ +sin’ o) —4sin’ @ -cos’a

4sin’ @ -cos’ a

_l-4sin’a-cos’a 1 4sin’ a-cos’ a 1 -
- ) 2 T i 2 T g2 2 T A2 ;L=
4sin” @ -cos” 4sin“@-cos" @ 4sin"a-cos"a 4sin” a-cos’ o
s 2
: : . sin” «
Prove identity: g’ +sin* a=1g’f-cos’ a+——.
cos” S
Proof:
The right side is harder, let's simplify it:
sin’ a
1g’B-cos’ a + —— =1g’f-cos’ a +sin’ - —; =tg2ﬂ-cos2a+sin2a-(1+tg2,8)=
cos” 3 cos” 3
RS= =4p. (1 —sin’ a)+ sin® o - (l + tgzﬂ): tg’B—tg’a-sin” a +sin® a+1g’ B -sin’ a =
=1g’ B +sin’ a = 1.u.
Then, R.S. =L.S.
: 2 2
: .~ . sin” a —cos
Simplify: —; ; B_ 1g’a - 1g’ .
cos” a-cos” f3
Solution:
sin® a —cos” sin® & cos’ S

—t1gla-1g’ =

—t1gla-1g’f =

cos’ a-cos’ B cos’ a-cos’ B cos’ a-cos’ B

=tg’a- —tg’a-tg’f=tg’a- (1 + tgzﬂ)— (1 + tgza)z tg’a-1g’p =

cos’ B cos’ a
=tg’a+1g’f-tgta—-1-tg’a—tg’a-1g* f = —1.
Answer: —1.

l-sina \/1+sina
l+sina

Simplify expression: \/ at %(0((272’.

1-sina
Solution:

\/l—sina_\/1+sina _\/(I—sina)-(l—sina)_\/(1+sina)-(l+sina)_

l+sina 1-sina (1+sina)-(1-sinea) (1—sina)-(1+sina)_

:\/(l—sina)z _\/(l+sin0¢)2 _|1—Sin06|_|1+Sin0!|:1—sina_1+sina:

1—sin’ & cos’ o |cos a| |cos a| cos cos
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l-sina—1-sina _

Considering that « — fourth quarter angle, =

cosa
. . —2sina
we have: sina(0, 1-sina)0. =" = 2tga.
cosa
Then |1 —sin a| =1-sina. 1+sina)0, then
|1 + sin a| =1+sina. cosa)0, |cos a| =cosa. Answer: -2iga.

The right tools when converted trigonometric expressions is the ability to
move from degree to radian measure of the argument, and vice versa. This is best
done using proportion:

ax—180°, .1R0°

7p N 4o = apan-180 |
opag— y ., 7ipan

N _ X - 7pan
180°

apajt

It is necessary to "work out" the signs of trigonometric functions on the unit

circle.
Line segment AB- cosine axis, segment

y
C o0 i CD - sinus axis, straight BM — tangent
axis, straight CM — axis of cotangents.
Because OB) O "Serves" the first and
LRI e fourth quarters, then the cosine of the
(KBampaHT) | (KBampaHT) ) .. . )
180 5 0360 angle is positive; OD( O — in the third
A TeiEeith, | Dremss B and fourth quarters, the sine is negative,
(kBagpanT) | (KBampaHT) etc.
D |27

The values of the trigonometric functions of some angles need to be entered into a
table, which will make them easier to remember.

a 6 pao. 0 s s s s 2r RY/4 /4 T RY/4 2
6 | 4 | 3 | 213 | 4 | 6 2
sina 0 1 V2B 1 3 2 1 0 -1 0
2 | 2 | 2 2 | 2 2




wa [T H] Gl L 10 1] &l Al T]0 1
2 | 2| 2 2| 2| 2
1ga 0 1 1 J3 =43 -1 10 10
V3 V3
ctga B 10 -l -v3 | _ |0 _
N 5
a B2pao. | () 30° | 45° | 60° |90° | 120° | 135° | 150° | 180° | 270° | 360°

This table should be supplemented with the ability to find the values of the
trigonometric functions of acute angles contained in the "Four-digit tables of
Bradis V.M." and the sequence of application of the "Reduction Formulas", which
makes it possible to reduce the trigonometric function of an angle arbitrarily large
in absolute value to the trigonometric function of an acute angle.

Mnemonic rule for using reduction formulas:

1). If the sine or cosine of an angle is converted modulo greater than 360°, then its
value is divided by 360° and work 360° multiply by incomplete quotient omit;

In the case of tangent, or cotangent, divide by 180° and work 180° lower by an
incomplete share.

2). The remainder of the division is served as the sum or difference of one of the
limiting angles on the unit circle (90°, 180°, 270°, 360°) and an acute angle.

3). If there is an angle in the resulting sum or difference 90°, or 270° then the
name of the function changes to similar, and if there is an angle 180°, or 360°, the
function name does not change.

4). Symbol «—» or «+»result is determined by the left-hand side of the last equality
in this chain of transformations.

5). In this case, it is necessary to take into account the pairing of trigonometric
functions.

Let's illustrate this with examples.:

cos(— 3 102") =cos31 02°(napHiCTL byHKIiT KOCHHyc) = cos(éi -36§)° + 222"} =

onyckaemo

).
= 008222° = c0s(270° - 48°) = —sin 48"
2). 1g(~2280°) = —1g2280° = —g(12-180°) = —1g120° = —1g(90° + 30°) = ¢1g30° = /3.

3). sin(a - 3%} = sin(— (— a+ %”D = sin(— (37” - aD . sin(%” —sin aj = cosa.
4) ctg® (0{ - %ﬁj = (ctg(a - %Dz = [— ctg(%ﬁ - aDz = (—1ga) =tg’a.

Self-study assignments:
V242

4.1 Calculate: sin450°-cos675° +tg562° - tg788°. Answer: >

4.2 Prove that l1+2sina-cosa  tga+1

sin®a—cos’ o tga—1
—sina _ cosa

4.3 Prove identity: 1 =—.
cosa I+sina




4.4 Prove identity: 1riga 1ga.
1+ ctga

(sina +cosa) -1

4.5 Prove identity: =2tg’a.

ctga —sina -cosa

1+cosa \/l—cosa
1+cosa

4.6 Simplify expression: \/ at 72'(0((377[. Answer: - 2ctga.

l—-cosa
4.”7 BbIYUCIIUTD: clga —cosa at sin o = é. Answer:l.
ctga 4 4

4.8 Given: sina +cosa =m. To find: a). sina-cosa;
0). sin® o +cos’ a.
2 2 a4
Answer: a). mTl; 0). w

sin(z — a) - sin 3a + sin 5a

4.9 Simplify expression: Answer: sin3a.

2cos2a—1

cos’ o —sin’ «

4.10 Simplify expression: tga + —— Answer: 1.
l+sina-cosa
4.11 Simplify expression: sin®a + cos® a + 3sin® - cos” .. Answer:1.
4.12 Calculate: log, (10g3 cos% —log, sin%). Answer: 1.
2

tg(180° — @ )- cos(180° — ) 1g(90° - )

4.13 Simplify: : An : 1.
TP~ Gin(00° + &) crg(90° + &) 190" + ) Swet
1-2sin> %
4.14 Simplify: —— 2. Answer: 1.
2cos> 4 -1
2
4.15 Simplify: (2 - ?:SZ:ZJ- lz_c(:;saa' Answer: —0,5.

Addition formulas

This is the name of the formulas expressing trigonometric functions of angles
a+ B or a—f in terms of trigonometric functions of angles o and g :

sin(a + ) = sina - cos # + cos a - sin 3, sin(a — ) =sina - cos f§ — cos a - sin 3,
cos(a + 8) = cosa - cos f —sina - sin f3, cos(a — B) = cosa - cos B +sina -sin f3,

ga+t ga—t
g(a+ p)=89+18P_ g(a— p)= 189188 _

l-tga-tgp l+tga-tgfh

l-tga - tgf 1+ tga-tgf
cgla+p)=—>—2" cigla—p)=——"—=.

tga +tgf tga —tgf

Let's show the application of these formulas to the solution of some exercises.

Calculate:
sin105° = sin(60° + 45"): sin 60° - cos 45° + cos 60° - sin45° = ?%4‘ % . g = g . (\/5 + 1)



Answer: g : (\/3 + 1) .

g60°—1g45° _3-1_(3-1)}-(V3-1) (3-1] _3-243+1_

1g15° = 1g(60° — 45°) = = _

141g60°-1g45° 1++43 (3+1)}.(V3-1) 3-1 2
=4_22*/§=2—\/§.

Answer: 2—+/3.
Given: sina =08,  180(a(270° To find: rg(e —45°)
Solution
cos’a+sina=1, cos’a=1-sin’a, cosa==++1-sin’a. Because the o — third

quarter angle, then cos (0, and then cosa = —/1—(=0,8)" = —/1-0,64 = —/0,36 = —0,6.

A4, Bt
tga:sma:—0,8:§:i tg(a—45°)= zga—tg4SO: 3)4 = 1:%:%_1'
cosa —-0,6 6 3 I+iga-1g45” 4 (4L L 7 7
3 3 3
Answer: %

Given:COSaz—%, 7[(05(377[, sinﬁ=—%, %(ﬂ@ﬂ-

Calculate: cos(a— ). Solution:

Using the basic trigonometric identity, we find sina = /1 -cos’ « .
Since « — third quarter angle, then sin (0, and therefore

2
sina:—"l— —i :—Wfl—E :—1/2 =—§.

cos B =+./1-sin’ B, B— IV quarter angle, cos 3)0,

cos i - f 2B

4 3 3 16 9 7
—cosa cosf+sina-sinff=——-———=- —= =t —=——
55 5 5 25 25 25
Answer: —l.
25
Given: cos(z—aj = —%, 5—”(0{(4—72-. To find sina.
3 5 6 3
Solution

Let's apply this technique:

. T T . . T T T . w
Ssmoe =| ——| ——SIno =SIN—:COS| —— X |—COS— - -SIn| —— & | =
(3 [3 D 3 (3 j 3 (3 j
B2y 1 (x N e
=—-|—=|-='sin| ——a |z=——+—- [l-cos’| ——a | =
2 5) 2 3 5 2 3

2
Determine the sign of the expression =——+—|1- (— —j =




sin| = —  |: by condition 5—”(05(4—7[-(—1), =—£+l‘/l—i =
3 6 3 5 2 25
Ar sel 7 n Arox Y 312t \F [21
-—(a(-— = AT ——, e e e Y
3 6 373 3 3 3 6 5 2\V25 5 10
T RY/4 T T —2\/§+\/ﬁ
- —a{——, — (- —a{——, =
3 6 3 2 10

it means that %— a — third quarter angle.

Means, sin(z— aj(O. Answer: ﬂ 21
3 10
. . 2 1
Given:sina = =, cos f = —, a and B — first quarter corners. To find « + .
V5 V10 a
Solution:
L 0*{af{o0®
0°(8 Q0"
0°{e + G{120°

cos(a + ﬂ) =cos-cos ff —sinq -sin f.
From the main trigonometric formula we have:

2
cosa = ++/1-sin’ a, cosa:‘fl—(%j :1/1—%: %zg;
2
. . 1 1 3 3410
sinff=+1-cos’f; sinfi=,]1-| —| =,/1-—=——=".
d fiosinh=y («/10) \" 10 Jio 10

Then:
cos(a+/3)=§-i—i.3m= V56521 32 1-32 s 1 A2
5710 V5 100 54542 Y510 572 05 52 52 2 2

As a + p - angle of the II quarter, then o + 8 =180°—45° =135° Answer: 135°.

Prove that tga - 1gf +tgf - tgy +1ga - tgy =1, if a+,6’+7:%.

Proof:
iga-1gf+igh-1gy +1gy -iga =iga-igf+ tggz —(a+ ﬂ)) 1gf + tggz —(ar+ ﬂ)j ga =
242 4 B 242 4 B
gy gy

LS=-wga-1gp+ tg(g —(a+ ﬂ)) (tgB +1ga)=tga - tgp +ctgla + B)- (tga + 1gB) =

= tga . tgﬂ + M
tga +tgf

L.S.=R.S.

-(tga+tgﬂ)=tga-tgﬁ+1—tga-tgﬂ =l=nu.

Self-study assignments:
4.16 Prove identity: 1g27° + 1g33° +/3 - 1g27° - 1g33° = 3.
5

4.17 Given: tga =i, O(a(%, tgf =3 O(ﬂ(%. To find: o - . Answer: 0,5.



4.18 cos63°-sin27° +sin63° - cos 27°.
4.19 cos107°cos17° +sin107°-sin17°.

4.20 cos31°cos24° —sin24°-sin31° — cos 55°.

4.21 \3cosa -2 cos(a - %) +sina.
4.22 \/Esin(a — 45°)— sina + cos .
4.23 2cos (600 - a)— J3sina -cosa.
4.24 \/Esin(% + aj —cosa —sina.

4.25 Given: sina = %, cosf} = %,

To find: 4.26 sin(e + ). Answer: 7

4.27 cos(a + ). Answer: 36

4.28 cos(a - B). Answer:
4.29 1g(a + B).

Answer:

4.30 ctg(a + B). Answer:

85"

85"

9

Answer:1.
Answer:0.
Answer:0.

Answer:0.

Answer: 0.
Answer: 0.

Answer: 0.

aif - first quarter corners.

Prove that:

tg(” + aj + tg(” - aj
431 8 8 _1.

-1 (ﬂ+aj-t (ﬂ—aj
& 8 & 8

e +1g "
&9 '8 36

4.32

433 tga +tgf N tga —tgf _s

ig(a + )

4.341+tga - tap _cosl@=p)

tg(a - )

by

cosa-cos 3

2cos’a—1

sin3a —sina
+ .Answer:

4.35 Simplify expression:

2sina-cosa

cos3a +cosa sin2a

4.36 Simplify an expression and compute its value:

4.37

a . ,a) . :
(cos2 a—4-cos’ 5 sin’ 2) -(sina + sin 3)

2.cos? %1
2

at o == . Answer: l.
24 2

cos7a —cosSa .
=4sinc.

4.38 Prove identity:( L _ '16 j
S oo

sin2a

“sin®2a — cos® 2a
4.39 Calculate: cos(a + ), if sina = 0,6, 90°(a(180°, sin B =0,8, 0°(5(90°. Answer: 0.
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Double and triple argument formulas

Sine of doubled argument: sin2a =2-sina-cosa.
Cosine of doubled argument:  cos2a = cos’ a —sin’ a,

cos2a =2cos” a —1,

cos2a =1-2sin’ a.

Tangent of doubled argument: tg2a = 218 2 . Qa= _2‘;%' @
l-tg°a ctg o —1
Degree reduction formulas:  sin’ a = 1-cos2a C;s 2a . cosla= 1+ C;’S 2a

The sine of a triple argument: sin3a = 3sina —4sin’ a.
Cosine of a triple argument: cos3a =4cos’ a —3cosa.

_ 3
The tangent of the triple argument: g3a = 3?“3# (a # % + ﬂ} nelZ.

The cotangent of a triple argument:  cig3a = M, (a # ﬂj nelZ.
1-3ctg’ax 3

We will show the application of these formulas in the process of solving
exercises for applicants to universities.
Simplify expression: sin’(a + 8)+ cos’(a — B)—sin2a -sin 2 3.

Solution:

sin? (e + )+ cos’(a — B)—sin 2 -sin 28 = (sin(a + B))’ + (cos(a — B))° —sin2a -sin23 =
= (sinoz-cos,[)’+cosoz-sinﬂ)2 +(cosoz-cos,[)’+sin05-sin,[)’)2 —2sina-cosa-2sin ff-cos ff =
=sin’ o -cos’ B+ 2sina-cos B-cosa -sin B+ cos” a-sin’ f+cos’ a-cos” B+ 2cosa-cos fB x
x sin ¢ -sin B +sin® @ -sin> f —4sina -cosa -sin B -cos f = (sin2 a-cos’ f+sin’ a -sin’® ,[)’)+
+ (0052 a-sin® B +cos” a - cos’ ,8): sin’ o - (0052 [ +sin’ ﬂ)+ cos’ a - (sin2 [+ cos’ ,8):
=sina+cos’ a =1.
Answer: 1.

. . Vs 2 4r
Find the value of an expression: €08~ COS -+ C0S ——.

Solution:

Because the sin% # 0, then this expression can be multiplied and divided by

. /2 2 4 . 2z 2 4
- 28In—-COS—-COS—-COS—— 2-SIN—-COS— - COS——
25in - 7 7 7 7 _ 7 7 7 _
7 2-sin£ 2-2-sin£
7 7

) Vs
2sin 4—7[ - COS 4—” sin 8—” sm(;z + j —sin z
7 7 7 7 7 1

2-4sin£ 8-sin£ 8-sin£ 8-sin£
7 7 7 7

Answer: —l.
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Simplify expression: 4 cos’ o —2cos2a — %cos 4a.

Solution:

1+cos2a

2
j —2cos2a—lcos4a =
2 2

4cos* @ —2cos2a —%cos4a = 4(cos2 a)z —2cos2a —%cos4a =4 (

. 1+2cos2a +cos’ 2
4
l+cosda 1 2+1+cosd4a—cosda 3
=l+———cosda = =—=1,5.
2 2 2 2

Answer: 1,5.
1 V3

sin10°  cos10°
Solution:

=4 —2cos2a—%cos4a =1+2cos2a +cos’ 2a—2cos2a—%cos4a =

Calculate without tables and calculator:

3

1
2-2| —-cosl0°——=—sin10°
1 V3 _coleO—\/gsinIOO_2-(cole°—\/§sin10°) (2 2 j

sin10°  cos10° sin10°-cos10° 2sin10°-cos10° sin 20°
_ 4-(sin30°-cos10° ~c0s30°-10°) _ 4-sin(30°~10°) _4-sin20° _,

sin 20° sin 20° sin 20°

Answer: 4.

To find g , if tg(a —%) -

AW

Solution:
toa —ta
sa—ig 4 tga-—1

1+tga-% I+iga

We transform the expression tg(a — —j =

Using the condition, we have 8% -3

l+tga 4
By the main property of proportion, we obtain the equality 4-(tge—1)=3-(1+1g0));
dtga—4=3+3ge;, dtgo—3gn=3+4

tga = 7. Answer: 7.

Self-study assignments:

Simplify expressions:

4.40 0,125 —cos” o +cos’ . Answer: %cos 4.
4.41 cos36°-cos72°. Answer: %
442 1- cos(% - 37zj —cos’ % +sin’ %. Answer: 1.

sin2«a
443 ———. Answer: 2cosa.
Sin o
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4.44 sza. Answer: sina.
2cosa
4.45 sin 100 . Answer: 2sin50°.
cos50°
o =2 o
4.46 €530 ersm 18 Answer: 1.
cos” 18°
Prove that:
4.47 tga +2tg2a + 4ctgda = ctga.
4.48 cosa -cos2a-cosda - cos8a = m
16-sina
4.49 sin10°-sin50° -sin 70° = é
4.50 Given: sina =0,8, 0°(a(90°.
Calculate:
4.51 sin2a. Answer: 0,96.
4.52 cos2a. Answer: — 0,28.
4.53 tg2a. Answer: —%.
4.54 ctg2a. Answer: —l.
24
4.55 sin15°-cos15° Answer: %
4.56 12sin15°-sin105°. Answer: 3.
4.57 6cos75°-cos15°. Answer: 1,5.
4.58 15sin165°-cos15° Answer: 3,75.

4.59 3sin*30° +8cos’30°.  Answer: 6,75.
4.60 2cos>45° + 6sin’ 45°.  Answer: 2+2+/2 .

4.61 151g157° -1g427°. Answer: 15.
4.62 15c0s120°-1g315° Answer: 7,5.
4.63 sin15°-cos75° + cos15°-sin 75°. Answer: 1.

V3

4.64 cos75°-cos15°+sin75°-sin15°, Answer: -

4.65 (sinx +cosx)’ —1

: Answer: 1.

sin 2x
4.66 2cosda +2sinda - tg2a. Answer: 2.
4.67 L+sm2a 2 Answer: 1.

1+cos2a (1+1tga)

Half Argument Trigonometric Functions

. l-cosa o 1+ cosa o l-cosa o 1+ cosa
sm—==+,/[——; cOS—=%,——; g—=%,——; ctg—=%|—.
2 2 2 2 2 1+ cosa 2 l-cosa
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Given: sina zi—i, 450°(a(540°. To find sin%.

Solution:

Finding Limits for Arguments % and %: 450%(a(540°: 2,

(04
1—cos—
122,5°<ﬁ<135°. sin& = + 2 2 _ second quarter angle, sin3>0, then
4 4 2 4 4
a
1—cos—
. a 2
SIn— = .
4 2

To find cos— find cosa: cosa =+41-sin’ a, a— second quarter angle, because

24 376 _ 7 a l+cosa «

cosa(0, cosa=—,[1- ——. cos—== ==
25 625 625 25 2 2 2
P T s 1 [9

third quarter angle cos—(0. cos—=— S~ S LA ) I,
2 2 2 25 2 25

1+§
sinZ =1 —2 = /§_1:\/E=i: 245 :2\/5 Answer: 2\/_
4 2 52 Vs J5 545 5

Calculate: ctg7°30'. Solution:
We calculate: cos(2 . 7030’) =cosl5° = cos(60° - 45") =c0s60°-cos45° +sin 60° - sin 45° =

:l.£+£.£:\/§+\/g, then ctg7°30' = /1+coslS _
2 2 2 2 4 1—cosl5°

4
[ faeaads ﬁ'(ﬁ
PR N A o e il

4 \5'(\/5_ )

\/2\/5+1+\/_ \/\/§+1+\/§:\/\/§+\/§+1 :\/(\/§+\/§+1).(\/§+\/§+1) _
22-1-43 VV8-1-v3 \VV8-(3+1) V(W8-(3+1)(V8+3+1)

\/(\/§+\/§+1 ‘\/§+ 3+1‘ \/§+\/§+1:\/§+\/§+1:\/§+\/§+1:
(V8f -(V3+1f " J8-3-23-1 Aa-23 Ja-if W3-
(\/§+\/§+1)-(\/§+1)_\/_4+3+\/§+ 8+\/§+1_2\/g+4+2\/§+\/§:

B S
2\/€+2\/§+4+2\/_ =6 +/3+42+2. Binnosias:v6 ++/3 ++/2 +2.

Simplify expressmn. 1+2sin’ @ +cos2a.  Solution:
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1+ 2sin’* @ + cos2a = cos® @ +sin” & + 2sin” & + cos” o —sin” o =
=2cos’a+2sin*a=2- (cos2 a + sin? a)z 2. Bignosins: 2.
Calculate: ¢¢112°30". Thus, as the angle 112°30’ — second quarter angle, then

tg112°30/(0, tg112°30’:—\/1_C08225 :_\/1—“’5(180 +45 ):_\/1+cos45

1+ c0s225° 1+cos(180°+45°)  V1—cosds®

__\/2+x/5__\/(2+ﬁ)-(2+ﬁ) L) _ 2 2ip
S V2-v2 Vl-v2)-e+v2) V42 2 2

Answer: —

2442
>

Calculate: sin* = +sin® 3z +sin* R +sin* 7—” Solution:
16 16 16 16
Using the reduction formulas, we have:
sin® = + sin* 3 +sin* R +sin* Iz _ sin* = + sin* 3 +cos’ 3 +eost Z =
16 16 16 16 16 16 16

—|sin* Z +cos* Z 4 2sin? E - cos? Z -
16 16 16

2
+ (sin4 3—7[+ cos’ 4z + 2sin? 3 cos’ 37 2sin’ 37 cos’ 3—”) = (sin2 2+ cos? 1) -
16 16 16 16 16 16 16 16
2
—2sin?> ~ . cos —+(sm23—”+cos23—ﬂj —25in23—ﬂ-cos23—”:1—25in21-0052£+
16 16 16 16 16 16 16

2 2
+1—2sin23—7[-cos2 37T—2—l sin| 2 - z —l sinﬂ 2 3—” :2—lsin2£—lsin23—ﬂ—
16 16 2 16 2 16 16 2 8 2 8

—2—l +sm23—7[ :2—1- sin’ +cos — 2—l 1=1,5.
2 8 8 8 2

8 2
Answer: 1,5.
Self-study assignments:
Calculate:
4.68 sinl15°. Answer: 0,5-4/2 - /3.
4.69 cos15°. Answer: 2 1.
4.70 t222°30'. Answer: 2 -1,
4.71 sin75°. Answer: o
26
4.72 cos75° Answer: —L.
26
4.73 tg75°. Answer: -5.
4.74 ctg75°. Answer: —%.
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4.75 cos’ % +cos’ 5?7[ +cos’ 3z +cos’ %Z Answer: 1,5.
Given: sina = 0,8, 90°(a(180°. To find:

4.76 sin%. Answer: ,/0,8.

4.77 cos%. Answer: ,/0,2.

4.78 tg%. Answer: 2.

4.79 ctg%. Answer: %

Expression of trigonometric functions in

terms of the tangent of a half argument

2tgg 1-1tg° @ 2tgg
Slnga = 2 ; CoOSa = 2, tga = ;
l—i-tg2g 1+tg2g l—tgzg
2 2 2
Given: tgg:l. To find x=-_2Sm%
2 2 4-3cosa
Solution:
2
1 1_@ 3 )4 88
sinazzzzllzé ﬂ, cosa = 22:% é,then x= 54 51
W e 203 AN 4-3> 417 2
2 4 4 2 4 5 5
8
Answer: —.
11
Given: ctgaz%. To find: cos4a.
Solution:
2
1—(—3j _2
tga:L:l:& 1P2a= 2th; = 2'32——§:—§; cosda = 4 5= 16
ctga 1 l-tg’a 1-3 8 4 1 9
3 16
Answer: l.
25
Given: tg2 o = 4. Calculate: sin4 a + cos4a - ctg2a.
Solution:
_ 2 A2
sin4a = 2ig2a _ 2°4 :i; cos405:1 ‘g 2a _1-4 :—1—5; ctg2a =——

1+1g’2a 1+4> 17 1+1g’2a 1+4> 17
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8 15) 1 8 15 32-15 17 1 . . 1
Then: — + L= = =—=—. Biamnosigs:—.
17 4 17 68 68 68 4 4

17

Self-study assignments:

4.80 Given: tg% =0,5. To find sin* @ —cos* @. Answer: l.

To find:
4.81 sin4a, if tg2a =3. Answer: 0,6.
4.82 cosda, if tg2a =8. Answer: —%.
. . a 4
4.83 sina, 1f th: 0,5. Answer: 5
. a 3
4.84 cosa, if tg3=0,5. Answer: 3
. a 4
4.85 tga, if thZ 0,5. Answer: 3
. a 3
4.86 ciga, if thZ 0,5. Answer: 7

4.87 sina +cosa, if tg% =3. Answer:—0,2.

4.88 sina +cosa, if tg% =3. Answer: 1,4.

Convert the products of sines and cosines by

the sum

sina - cos ff = sin(a —ﬂ);— sin(a + ,6‘).
cosa - cos f = cos(a - 'B); cos(a + ,6‘).
sin-sin B = cos(a — ,6‘); cos(a + ﬂ).
A lot of trigonometric exercises are solved using these formulas.
Prove identity: — —2sin70° =1.

2sin10°

Solution:
- cos(lO0 - 70°)— cos(10° + 70°)
| —2sin70°:1_4'sm,10 -sin 70 _ . 2 _
LS = 2sin10° 2sin10° 2sin10°
1 0
_ 1-2-c0s60°—cos80° 1_2'5+2'00580 _2cos80° . _
2sin10° 2sin10° 2cos80° o

Identity proved.
Prove that: sina-sin7a —sin 3¢ - sin5a = —sin 2« - sin 4a.
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Solution:
cos(a—Ta)— cos(a +70a) 3 cos(3a—5a) - cos(3a + 5 )
2 2
LS=-= cosba —cos8a  cos2a —cos8a _ cosb6a —cos8a —cos2a + cos8a _ cosba —cos2a _
2 2 2 2
. ba+2a . 6a-2a
—2sin -sin . .
= 5 2 __ sm4aism2a =—sin2q -sinda = n.u.
L.S. =R.S. (Left side = Right side)
Show that the magnitude of the expression:
cos® B+ cos’(a + fB)—2cosa - cos B - cos(a + B) does not depend on the angle g.
Solution:

cos® B+ cos’(a+ f8)—2cosa - cos B -cos(a + B) = cos” B +cos’(a + ) -2 Cos(a”Lﬂ)erCOS(a—ﬁ)x

x cos(a + ) = cos® B +cos®(a + f3)— (cos(er + )+ cos(ax — B))- cos(ax + 5) = cos® B + cos*(a + B) -
_cosz(a+ﬂ)—cos(a—ﬁ).cos(aJrﬂ):Cosz'B_COS(O!—,B—a—ﬂ)+cos(a—,[;’+a+,6’):

sing -sin7a —sin3a¢ - sinda =

2
—cos’ B - cos(— 2,6’)+ cos2a _1+cos2f cos2f+cos2a _1+cos2f—cos2f —cos2a _
2 2 2 2

_L-cos2a _ 2o He samesxuts Bix .
Convert to sum: cos” x - cos 3x.

Solution:
cos” x-cos3x = % -cos3x = %cos3x + Cos2x - cos3x = % -cos3x +%cos2x -cos3x =
1 cos3x + L cos2x ~3x)+ cod2x +3x) _L cos3x + L (cosx +cos5x)= L cos3x + 1 cosx + 1 cos5x.

2 2 2 2 4 2 4 4

Simplify: sin4°-sin86° —cos2°-sin6° + 0,5 sin 4°.

Solution:
sin4°-sin86° —cos2°-sin6° + 0,5-sin4° =sin4°-cos4° —cos2°-sin6° + 0,5-sin4° = lsin 8° —

_sm(2 6 )+sm( —6 )+lsin4°:lsin8°—lsin8°—lsin4°+lsin4°:0.
2 2 2 2 2

2
Answer: 0.
117z 3z . Sz . 2n 1 s
COS—— - COS— — SIn— - SIn — — —COS —.
26 56 21 21 2 4
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(117[ 37rj 117z 37
cos| — +— |+cos—— — ——

117z 3z . 57 . 27 1 T 56 56 56 56
COS——-COS———SIm—-SiImM—— —COS— = — —
26 56 21 21 2 4 2
St 2« St 2x T T Y/ yin
cCOS———|—COS| — + — e e - -
_( 21 21) (21 21)_1.Q_COS4+COS7_COS7 COS3_£_
2 2 2 2 2 4
Q+cos£—cos£+l V241
L2 T A2 A2 241 V21
2 4 2 4 4 4 4
Answer: l.
Calculate: sin20°-sin40° - sin 60° - sin 80°.
Solution:

We calculate the product:
Gn20° . sin 40°  C0s20°=40°) = cos(20°+40°) _ c0s20°~cos60° _1( oo 1)1 oo 1
2 2 2 2) 2 4

Then:
V3 V3

l c0s20° —l ﬁ -sin80° =——-c0s20°-sin80° ——sin80° = ﬁ .| sin80°-c0s20° —lsin80° =
2 4) 2 4 8 4 2

B .(sin(80°+20°)+sin(80°—20°) 1 -sin80°j V3
2

=—". lsinl 00° +sin60° — lsin80° =

- g : (sinlOO" +§ —sin80°j - % : (sin(%" +10°)+§ —sin(90° —10°)j - g -(cosl 0° +§ —cole°j -

_3 Binnosins 3
16 16

Self-study assignments:

4.89 Prove identity: 4sina - sin(60° - a)- sin(60° + a) = sin3a.
Calculate:

4.90 cos5°-cos55°-cos65° Answer: %(\/€+ \/5)

4.91 1g20°-1g40°-1g60°-1g80°.  Answer: 3.

4.92 2c0s20°-cos40°—cos20°. Answer: 0,5.

4.93 sin2x +2 sin(75° — x)- cos(75° + x) Answer: 0,5.
4.94 cos® 5° +cos* 1° —cos6° - cos 4°. Answer: 1.
4.95 cos20°-sin50° - cos 80°. Answer: 0,125.
Convert to sum:

4.96 sin10°-cos8°-cos6°. Answer: (sin 24° +sin12° + sin 8° —sin 4°)

4.97 cos3x-cos5x-cos7. Answer: —(cos15x + cos5x + cos 9x + cos x).

= =
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4.98 sinx-sin2x-sin3x-sin4x.  Answer: é(l +cos10x — cos8x — cos 6x ).

4.99 8sin’ x-cosx. Answer: 2sin2x —sin4ux.

Conversion of the sum and difference of the
trigonometric functions of the same name

sina+sinﬂ:2sina;'g-cosa;'g. Sina—sinﬂ=2sina;'g-cosa;ﬂ.

cosa+cos,6’:2cosa+ﬂ-cosa;ﬂ. cosa—cosﬂ:—Zsina;ﬂ-sina;'g.

gt gp = S0@tB) (aiz} (ﬂiz} ar—igh =SB (aiﬂ} (ﬂiﬂ}
cosa-cos B 2 2 cosa-cosf 2 2

ctga +ctgf = % (a # k7z), (,B #* m7r). ctgt—ctgﬁzsm (a;tkﬂ), (ﬂ?&mﬂ).

It is advisable to include in this group of formulas also such:
a-sina+b-sinf =r-sinla +¢),

/ a
WhCI‘C r= a2+b2, Cosgozﬁ,
a”+b

b
Va® + b’ .
Convert to product, or share: 1+sina +cosa.
Solution:

sing =

. . a . a a a a .«
1+sma+cosa:(l+cosa)+sma:20052E+2sm—-cosz=2cosz-(cosz+sm5j:

7_7_{_7 77777
=2cosZ |sin| Z - & |+sinZ |=2c0s L 2sin2—2 2 .cos 22 2 _2¢0sZ.2-5in " x
2 2 2 2 2 2 2 2 4
xcog| =< :4cosg-£-cos r. e =2\/5-cosg-cos z_2)
4 2 2 4 2 2 4 2

2
Answer: 242 - cosZ. cos(z — zj )
2 4 2

\/5—2-sina=2-[g—sinaJ:2-(sin60°—sina):2-2-sin60 2_0[-00560 ta

—4. sin(30° - ﬁj : (cos 30° + Zj.
2 2

Answer: 4- sin(30° - %j . (cos 30° + %j

W |~

3sinx +4cosx =+/3” +4° -sin(x + )= 5-sin(x + @), 1€ cosgozg, sin(o=§, tgp =

wilwlun |~

4 . 4
Q= arctgg. Answer: 5sin+| arctg 3/
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1 3 .
2| —-cosa+— -sina
cosa++/3-sina |2 2

cosa—+/3-sina 2(1 J3 j © c0s60°-cosar —sin60°-sina

_ €c0s60°-cosa +sin60°-sina

—.cosa——-sina
2 2

cos|60° — a . . cos|60° — o
= . Bigmosinb: )
cos|60° + o cosl60° +
) ) ) A B C o
Prove that sin A+sin B+sinC = 4cos§ . COSE . COSE, ne LA+ /B + ZC =180°.

Solution:
Because the:

A+Bj . A+B  A+B
=2sin

C=180"— (A+B), 10 sinC=sin(180°— (A+B)) =si{ A+ B) =sir( — cos——.
L.S.=
sinA+sinB+2sinA+B-cosA+B:2sinA+B-cosA_B+2sinA+B-cosA+B:
2 2 2 2 2
A_ B 4 B
:2sinA+B- cosA_B+cosA+B :2sinALB-2-cos2 2 2 2 -cosé—é—é—éz
2 2 2 2 2 2 2 2

2
:4sinA+B-cos£-cos —é :4-sinw-cos£-cos£:4-sin 90°—£ -é-coséz
2 2 2 2 2 2 2) 2 2

A B
=4coS—-COS— - COS— = n.y. A4. = n.u.

Turn into a work:

/4 V4
——a+pf ——a-
sina+cosﬂ:co{%—aj+cosﬂ:2cos2 5 -cos2 =2co{£—z+£j-co{£—g—£ .

In a similar way, they turn into the product of the expression:
sin@ —cos ff; cosa tsin .

) 1 ) 1 T . ) T
sina+cosa =+2 | —=-sina+—=cosa |=+/2 -(cos—-sma+sm—-cosaj =42 -sm(aJr—j.
[\/2 V2 j 4 4 4

In the same way, they turn into the product of the expression: sin« —cosa;

cosa tsina.
Consider a way to transform such an expression into a product:
l-cos2a 1+cos2f _1-cos2a—1-cos2f (cos2a +cos2f3)

2 2 2 2 -
S 2a+2p - COS 2a ; 25 _ —cos(a + f3)-cos(a — B).
This method is suitable for converting such expressions into a product.:
sin® o —sin® B; cos’ a —cos® B; cos’ a —sin® f.
Let us reduce to a form convenient for logarithm such an expression:
T

Z_a
l+sing=1+cos Z—a|=2cos? 2 =2¢0s?| Z-%]|
2 2 4 2

sin® o —cos” S =

:—1-2-00
2
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Similarly, they turn into a product of expression: 1-sina; sina —1.
Let's consider some more ways to convert trigonometric expressions to product or
fraction:

. . T . T . T . T
sin— sina-cos— +cosa -sin— sm(a + j 2 sm(a + j
4 4 4 4 4

tga+1= sina + = = - _
r T
cosa cos COS - COS — Q-cosa V2 cosa
. T
sm(a+4j
g4
cosa

Similarly converted expression: tga -1, 1 +iga, ctga +1, 1+ ciga.
T

1 s at’ a-= a a
2cosa+1=2{cosa+—|=2|cosa+—|=2-2cos 3 - COS 3 =4cos| —+—|-cos| ——— |.
2 3 2 2 2 6 2 6

In the same way transformed expression: 1+ 2sina ;

\/Ecos at 1;\/5 +2sina;2cosa * \/3_

l-cos2a _6—-4+4cos2a
2 2

s s
- —+ 2 — =2« = -

=2/ cos—+cos2a |=2-2cos 3 - COS 3 =4cos| —+a |-cos| ——a |.
3 2 2 6 6

In the same way transformed expression: 3—4cos «; 4sin’ a—1;4cos’ a —1.

3tg’a—1= 3-(tg2a—%j = 3-(tg2a—tg2%j = 3-(tga—tg%j-(tga+tg%) =

. Vi ) Vi . T\ . T ) T\ . T
sin| & — — sin| o +— 3-sinf @ —— |-sin| a + — 3-sinj @ —— |-sin| @ + —
s ( 6) . ( 6) _ ( 6) ( 6)2 ( 6) ( 6)2

2

T T 3

COSQ -COS— COS -COS— 2 V3 Z.cos’a
6 6 cos“a-| — 4

. TY . T
4.sinj ¢ —— |-sin| @ + —
_ ( 6j ( 6j

cos’ a
1g’a—-3; ctg’a—3; 3ctg’a—1.
Given: «, B, y — sharp corners and tga+1gB+tgy =1ga-tgf-tgy.
Prove that o+ B+y=180.

3-4sin‘a=3-4 :1+2cos2a:2-(%+0052aj:

Tak caMmo MO>kHaA MEPCTBOPUTHU BUPA3HU :

Solution:
Because: rga +tgfB +tgy =tga-tgf - tgy, TO tga +1tgf +1tgy —tga - tgf - tgy =0,
tga +1tgf + (tg}/ —tga-tgf- tg;/) =0, tga+tgf+1tgy- (1 —tga- tgﬂ) = 0|: gy - (tga + tg,b’) #0,
tga +tgf N tg}/-(l—tga-tgﬂ)zo 1 N l-tga-tgf
igy-(iga+igf) 1gy-(ga+igh)  igy  iga+igh
sin(y + o + f) :Oj{sin(a+ﬂ+y):0,
siny -sin(a + ) siny-sin(aJrﬂ);tO.

=0, ctgy + ctg(a + ,6’) =0,

a+ f+y=0°ab6o180°.
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It follows from the condition that

0°(a(90°,
+0°(£(90°,

0(7(90°

0% a+ B+ y(270°,

a+ f+y=180°,

Given:

a+ B +y=180°sina :sin B:sin fy =2:3:4.3HAUTH : cos a, cos f3,COS .

Solution:

Let & be the coefficient of proportionality, then:

Sina = 2k,sin B = 3k,siny = 4k .

By the condition of the task « + g+ y = 7, then sin(a + 8) =sin((z - 7)),

sin(a + B)=siny.

Similarly sin(f + y)=sina, sin(a+y)=sing.

Q.E.D. (“quod erat demonstrandum™ - thus it has been demonstrated).

sina -cos f+cosa-sin f =siny, 2k -cos B+ 3k -cosa =4k,
sin #-cosy +cosf-siny =sinq, 3k-cosy+4k-cos =2k, |:k#0
sina -cosy +cosa -siny = sin f3, 4k -cosa + 2k -cosy = 3k.
Let us solve such a system of three equations with three variables:
2cosﬂ+3cosa:4,—>cosa=w,
3cosy +4cos =2,
3cosy +4cosff =2, cosyz%
4cosa+2cosy =3, 4—2cosf
4 2008y =3 %-(4—2cosﬂ)+§-(2—4cosﬂ)=3|-3.

4-(4-2cosB)+2-(2-4cosB)=9, 16-8cosfi+4—8cosf =9,

20—-16cos =9, 16cos f=20-9, cosﬂz%.
2_4.2 2_2 _3 ! 4_2.2 4_1§ 2§ 21 91
cosy = 16 _ 4_-_4__ " cosa= 16 _ 8_ 8_8 _~2
3 3 3 4 3 3 3 3 24

Answer: cosazz; cosﬂzﬂ; cosy:—l.
8 16 4

Self-study assignments:
cos(a - B)

4.100 Turn into a work: tga +ctg.  Answer: =2,
cosa-sin ff

. . s i .
4.101 Given: 0<a<2, 0(,6’(2, 0(;/(2,

cos2a +cos2ff+cos2y =—1—-4-cosa-cos f-cosy.
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Prove that a + g +y = 7.

4.102 Given: %”@4“%, sin(a - Ej _2

3 5
To find: cosa. Answer: cosa = — V3 I/O?-F 2 )
Calculate:

4.103 c0s20°-cos40°-cos60°-cos80°.  Answer: %

4.104 cosz-cos4—7z-coss—7z. Answer: l
7 7 7 8

4.105 Given: > a _ 2,2.  Prove that cos2a =0,6.

S o

4.106 Prove that ctg% = m.

sin
4107 ctg & = 3%
2 l-cosa
Given: 4.108 540°(a(630°. tga :%. To find tg%. Answer: 1_;/%.
4.109 sina +cosa :?, O(a(%. To find tg%. Answer: ﬁ3_2.
Present as a work:
4.110 sin16° + sin 40°. Answer: 2-sin28°-cos12°.
4.111 sin20° —sin 40°. Answer: —+/3-sin10°.
4.112 cos20° —cos30°. Answer: 2 -sin25°-sin5°.
4.113 cos15° + cos45°. Answer: /3 -cos15°
4.114 tg2x + tgx. Answer: ﬂ.
COS X - COS2Xx
4.115 1g3x —tgx. Answer: &.
coS3x-cosx
4.116 cos18° —sin22° Answer: 2sin25°-cos47°
4.117 cos50° +sin 80°. Answer: /3 - cos’.
4.118 cosa +sina. Answer: +/2 - cos(a - 45°)
4.119 tg4x + ctg2x. Answer: clg2x :
cosdx
4.120sin” x —sin’ y. Answer: sin(x + y)-sin(x — y).
4.121 1+2cosx. Answer: 4cos(30°+0,5x)- cos 30° - 0,5x.
4.122 cos2a —cosda —cosba +cos8a. Answer: —4cosSx -sin 2x - sin x.
4.123 3—+/3-ctg2x. Answer: 2 V3 S,m(zx 30 )
sin2x
. 2 _
4.124 4sin” 5x -3 Answer: —1.

4cos’5x—1
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Some information about the inverse
trigonometric functions

Suppose there is a function y = f(x) with scope X and many meanings V.
If you express x through y, that is x = ¢ (y) and in this formula swap the domain of
definition and the set of values, then we get the function y = ¢(x), which is called
the inverse of this function y = f(x).

The inverse function of the function y =sinx, called arcsine,

y = arcsin x.

The inverse function of the function y = cosx, called arccosine, y = arccos x.
The inverse function of the function y = rgx, called arctangent,

y = arctgx.

The inverse function of the function y = czgx, called arc cotangent,

Y = arccigx.

Some important properties of inverse trigonometric functions:
sin(arcsin x)=x i cos(arccos x)=x mpn —1<x<1;
1g (arctgx ): x 1 ctg (arcctgx )= X Opu x € R;

arcsin (sin x)= X mpu - r

IA

x < Z;
2

arccos (cos x)=x mpn 0< x < 7;

arctg (tgx )= X Tpu - %(x(%;

arcctg (ctgx )= x mpu O(xr;

arcsin (— x)=—arcsin X (—leSl);
arccos (—x)=7z—arccos X (—Istl);
arcsin (— x)=—arcsin X (—leSl);

arctg (- x): —arctgx (— oo x(+0 ),
arcctg (- x)= 7 — arcctgx ~ (— oo x(+o0 ),
Next, we derive such formulas:

arcsin x = arccos V1 - x> mpu  0{x(l;
N mpu  0(x(1;
V1= x?

arcsin x = arcctg —— npu  0{x(l;

arcsin x = arctg

arccos x = arcsin V1 — x° mpu  O0(x(l;

A= x? 1= x?
arccos x = arctg ——— = arctg ——— nupu  0(x(1;
X X
X
arccos x = arcctg ———= npu  0(x(l;
N1 - x?
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arctgx = arcsin n  0(x{+wo ;

arctgx = arccos pu  O(x{(+o ;

X
— 1w
V1 + x?

1
—— 1
V1 + x?
arctgx = arcctg L mpu  0{x {400 ;

x

arcctgx = arcsin pu  O0(x{+o ;

arcctgx = arccos mpu  0{x{+w ;

1
——
V1 + x?
_*
V1 + x?
arcctgx = arctg L mpu  0{x (400 ;

x

. 7T
arcsin x + arccos x = 5 mpu —1<x <15

V2
arctgx + arcctgx = > npu x € R.

Let us show the application of these formulas to the solution of some exercises on
the properties of inverse trigonometric functions.

Calculate: sin[arccos(— %D - arctg(— %}

Solution:

As known arccos(— l) =7 - arccos(lj; arctg(— Lj = —arctg(i}
2 2 NG} NE)
sin(arccos(— lD — arctg(— Lj = Sil’l(ﬂ' —arccos lj + arctg € = sin[ﬂ T zj =
2 V3 2 V3 36

Then:
Y4 . Vs .o 1 . . 1
=sin— =sin| 7 — — |=sin— = —. Bignosian: —.
6 6 6 2 2
Calculate: tg[arcsin(— %) + arccos(— %) + arctgl].
Solution:

. 3 . 1 1 T
arcsin| ——— | = —arcsin—;  arccos| —— | =& —arccos —; arctgl =—;
2 2 2 2 4

. V3 1 V4 T T —4r+ 127 —-4rx+ 37
tg| arcsin| — — | +arccos| —— |+arctgl |=tg| ——+ 71 —-——+—|=1g =
2 2 3 3 4 12

=1 lﬂ_t
812 g

T T

rox) B3ty el (Bl 342341

(?+Zj_l_tgﬂ_tgﬂ_1—J§-1_(1—J§)(1+J§)_ 1-3 =+ 3)
3 °4

Answer: — (2 +3 )

Prove that: sin(% - arccos %j =

N | —

Solution:
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sin l-arccosl =sin 1z —sinZ=—. L.S.=R.S.
2 2 6

Prove that: sin(arccos x)=/1—-x>.
Solution:

Let the arccosx =, then x =cosa, 0<a<r.

With basic trigonometric identities sin’ o +cos’ @ =1, we have

sina =1-cos’ @; sina =+1-cos’ a;
sin(arccos x)=+v1-x*. JLu.=wu.

X

Prove: ctg(arccos) = :
1-x’

Solution:

cos o
Let the arccos x = o, then x = cosa. Because the ctga = , and

sin @
sina = 4/1-cos’ &, then

sina =+/1-x*. In this way, cte(arccos x)=———, Q.E.D.
| A N

Prove that: sin(arcctgx) =

1
NI
Solution:

Let the arcctgx = a, then Ka(z, x = ctga.

As known —— =l+ciga, sif a= —,
sin” & l+ctga
. . 1 1
SN = ————. sm(arcctgx) = = .
J1+ctg’a Jl+cgia  J1+x°
Q.E.D.

Calculate: cos(arcsin(— %D

Solution:

2
cos arcsin(— lj = cos(— arcsin lj = COS arcsinl =cosa =+/1—-sina =,|1- (lj = 1/1 - l =
3 3 U2 433 3 9

= \/g = % 2. Bigmosins:

Calculate: tg(arccos(— %D

(SR )

Solution:
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1
Jl—cos’ & _ 1_2

tg(arccos(— %)J = tg(ﬂ' — arccos %) =—ig arccosl =—liga =—

142 g4 cosa 1
« 4
V15
=—+:— 15. BiamoBine: —+/15.
4
Calculate:
Solution:

. . . . 1 1 1 5
sm(arctg(— 2))= sm(7r —arctg2) = sm(cfrgtg2] =sina = = =—=—
\/1+ctg2a Jiv2r W55

P «

Answer: —.

Calculate: sin| arcsin El + arcsin 12 )
13 13

Solution:
sin| arcsiniJrarcsinE :sin(a+,8):sina-cosﬂ+cosa-sinﬂ:i-i+£-2=25+144:1
142 83 142 43 13 13 13 13 169
a B
—zﬁasz, sina:i. —ES,BS%, sinﬂ:%.

2 2 13
2
cosa =+/1-sin’* a :1/1—(%j = 1—%:—

2
cos f=+/1—sin’ B = 1—(%) :i. Answer: 1.

13

Calculate: tg(arctg% —arctg %)
Solution:

1 1 _
1g| arctg——arctg— | = M _

12732 1234 |1+iga-1gB
a B

N | —
- -

1

1 1 P 7T 4
arctg—=a, I1go=—, ——<a<-—. = = =
2 27 2 2 R

2 4

+

| =
0| -

B

O | o

O | o

1 1 T T 2
arctg—=f3, tgf=—, ——< fB<—. Answer: =.
gy=h 8= —5<h< 9

Calculate: sin(2 arcsin %)

Solution:
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) 1 ) )
sin| 2arcsin— |=sin2a =2sina -cosa =

u2 s’
1 1 =z 7 1 443 83
arcsm——a sma—— ——<a<l—; =2 ——= .
2 2’ 7 7 49
cosa=+1l-sina = [1- %

\/t \/7 4\/_ Answer: %

Imagine arcsmg in the form of arccosine.

Solution:

Let the arcsin% =q, then

sma—%, 0<a<5 cosa =+/1—sin a—‘/l— ‘/ -— 1/

3 4
o = arccos 3 then arcsin 5" = arccosg. Answer: arccos g

T . .
Express 3 arcsin 0,2 4yepe3  arccosine.

Solution:

. 7 7 .
From formula arcsin x + arccos x = 5 we have: arccosx = 5 arcsin x, then

T .
5 —arcsin 0,2 = arccos 0,2. Answer: arccos 0,2.

. .9 4 . 84
Is equality correct: arcsin 0 arccos il arcsin — ?
Solution:
0<arcsini<£; 0<arccosi<£|x(—l), 0>—arccosi>—£, —£<—arccosi<0.
41 2 5 2 5 2 2 5

Add term-by-term inequalities of the same content:

_|_

.9
0 <arcsin—< —,

s 4
— — < —arccos—< 0.
2 5

T .9 4 r
— — < arcsin — — arccos — < 5

0< arcsini < Z|><(— 1) 0< —arcsinﬁ > —Z;—> ~re —arcsinﬁ <0.
205 2 205 2
The left and right sides of the original equality are contained in the interval

[—%; %} In this interval, the function y =sinx increases.
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Calculate the sine of the left-hand side of the equality:

: . 9 4 : ) )
sin| arcsin — — arccos — | = sm(a - ,8) =sin-cos f—cosa-sin ff =

142 81 142 85
a B
arcsmi—a sma—i, O<a<—, arccos%—/? cosﬂ:i, O<ﬂ<%.

2
cosa =+/1—sin’ a—wfl— 41 40' sin B = +/1 —cos®

sin| — arcsin — | = —sin| arcsin — | = ———.
( 205} ( 205}

EE

205
i'i_ﬂé_ 36 _120__ 84
41 5 41 5 205 205 205
Answer: equality is true.
: 9 4
Present as arcsine: arctg m + arccos 5
Solution:

9 9
0<—<1; arctg0< arctg— < arctgl,
40 & g40 &

NG

—<1,

Add term-by-term inequalities:

0 < arct i<£
&40 '

4

4 2 4 r
arccos1 < arccosg < arccos 7, 0 < arccos g < Z

0 <arct i<Z arct i—05 toz—i O<a<Z
40 "% 20" C BT '
0<arccosi<z arccosizﬂ, cosﬂzi, 0<,B<£.
5 5 4
9 4
0 < arctg — + arccos — < —
40 5 2
2 2
As known ——=1+cig’a =1+ 12 :1+t;ga; sin’ o = tgo; ;
sin” & 1g°a 1g°a l+tg°ax
9
sino = ga  _ 40 9 40 9‘
\/l—i—tga \/ (9)2 T40 41 4l
1+ —
/160
cosa =,[1—
41 1681
9 4 40 3 156
sma+ =sina-cosf+cosa-sinff=—-—+—-—= .
'B d p 415 415 205

9 4 . 156
arctg — + arccos — = arcsin ——.
40 5 205

What is the angle arcsin% + arcsin%. ?

. 156
Answer: arcsin —.
205

Solution:
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.1l oz
0 < arcsin— < —
+ 3 2

b

.3
0 <arcsin— < —
4 2

.1 .3
0 < arcsin 5 + arcsin Z < 7.

In the interval (0; ) function y = cosx decreases.

We calculate: cos arcsinl + arcsin 3 = cos(a + ,B) =cosa-cosff—sina-sin B =
U283 u2s4

a B
1 1 b 242 V7 13 2414-3
arcsin—=q, sina=—, O0<a<-—. = =
3 3’ 2 3 4 34 12
.3 ) 3 Vs
arcsin—=f, simnf=—, 0<pf<—.
4 p p 4 p 2

cosa =+/1—sin’ a=, 1— 1 1/ — \/g 2\/>
cos = ‘/1— 2 Answer: %

Calculate: arcsin(sin(— D
Solution:

(. ( = : . (. T r
arcsin| sin| — = | | = arcsin| —sin = | = —arcsin| sin = | = -=. Answer: — =.
( ( 7 D ( 7 j ( 7 j 7 7

Calculate: arccos(cos g 72'}

2y

Solution:
6 T T T T
arccos| cCos— o | = arccos| cos| 7 + — = arccos| cos| — — = arccos| cos— | =—.
R G | C | R R B
Answer: %
Calculate: arctdig(-3010))
Solution:

arctdtg(~3010)) = arctg~ 1g(16- 180° +130°)) = arctg— 1g130°) = —arctgltg 30°) = —arctgltg(130° —18°)) =
= —arctg(tg(— 50°)) = —arctg(— tg5 0°) = arctg(th 0°) =50°.
Answer: 50°.

Self-study assignments:

Calculate:

4.125 cos(arcctg(— \/§)+ arctg(— \/§)+ arcsin %) Answer: —0,5.



4.126 sin(arccos 0,6).

4.127 tg(arcsin x).

4.128 cos(arctgx).
4.129 cos

arctg(

arcsin

4.130 ctg

4.131 cos(arcctg(

12

4.132 cos(arcsm(
13

4.133 cos(arcctg % + arcctg(— %D Answer:

4.134 sin(2arctg3).

Answer:

Answer:

Answer:
Answer:
Answer:
Answer: —

+ arcsin —j

Answer:

4.135 sin(2arctg 1.1 arccos Ej
2 2 4

4.136 cos(% arcsin % - 2arcctg(— %D Answer:

4.137 tg(2 arcsin éj
4.138 sin(2 arcsin %)

4.139 arcsin(sin 11 ﬁj.
10

Answer:

Answer:

Answer:

0,8.
X
1-x? .
1
1+ x°
2
J13
~JI15.
74113
113
Answer: Q.
65
_16
65
Answer: E—i
5 20
245
5
42
7
42
5
_
10
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4.140 arcsin(coszj. Answer: 7—”
9 18

4.141 arccos(sin(— ZD Answer: 9—”
7 14

4.142 2arctgl + arctgl. Answer: Z.
4 23 7

4.143 sin 2arctgl —1g larcsinE . Answer: l
2 2 12 5
. . 4 3
Imagine:  4.144 aresin as arccos. Answer: arecos .
. 12 5
4.145 aresin as arcctg. Answer: arccth.
4 ) .4
4.146 arctg— as arcsin. Answer: arcsin—.
3 5
V2 2 . .2
4.147 - T arecos through arcsin. Answer: arcsin 7
1 1 I 1
Prove: 4.148 garctgl + Zarccos 5= Earctg\/g.

4.149 arccosl + arccos| — 1 = arccos| — 13 )
2 7 14

1 1 32
4.150 2arcte —+ arcte — = arctg ——.
g 5 g 4 g 43



