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Section 5 
Rational equations 

Let us recall some of the basic mathematical concepts for this section.. 
A function is a correspondence between two sets X and Y, in which each 

element of the set X corresponds to only one element of the set Y. 
          The fact that a given function is written as: у = f  x , x  argument, y – 
function, f – conformity law.  
 The domain of the function - is the set of values of the argument for which 
the function is meaningful. The area of definition is indicated by Д(у ).  

   .   ;              ,1412108 23  уДxxxy  

 The value of the argument at which the value of the function is equal to zero 
is called the root, or zero of the function. Function        2112  xxxxxy  
has five zeros or five roots: .2     ;1    ;0    ;1     ;2  xxxxx   

Function  xf  is called paired if for all values of the argument x belonging to 
its domain of definition, the equality:    .xfxf   
Function    83 24 xxxf  paired function, because 
       ,8383 2424 xfxxxxxf   
   .xfxf    

 The graph of an even function is symmetric about the ordinate axis.  
Function  xf  is called odd if for all values of the argument х, belonging to its 
domain of definition, the equality:    .xfxf    
The plot of an odd function is symmetric about the origin.  
 Functions can be even, odd and general, that is, those that do not belong to 
either even or odd.  
 Functions are classified into two large groups: algebraic and non-algebraic, 
that is, transcendental.  

A function is called algebraic if a finite number of algebraic operations are 
performed on its argument (addition, subtraction, multiplication, division, 
exponentiation and extraction of a root with a natural exponent.  
 Equality with the variable whose value you want to find is called the 
equation. 
 Algebraic equations are divided into rational and irrational. 
Rational algebraic equations are those in which algebraic operations are performed 
on the argument, except for the extraction of the root. All other algebraic equations 
are called irrational. 

For example: 





65
12

4
2

x
x

x

x
 rational equation, and the equation 

x
xx

4
66 44   is irrational. The value of the argument, for which equal value 

is transformed into the correct numerical equality, is called the root of the equation.  
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A whole rational equation is an equation of the form   ,0xF  де  xF  

whole rational degree function п.  
 When choosing equations for solving, the dominant place should be given to 
those of them that are solved after school hours and during the period of pre-
university training, from those sections of elementary mathematics, in-depth study, 
which is supposed to be a program in mathematics for students of higher 
educational institutions.  
 We will show several ways to solve entire rational equations of higher 
second degree. If the equation is reduced and its terms are arranged in descending 
degrees, then it can be solved in this way: .0524108 234  xxxx  

Solution: 
1). We are looking for the divisors of the free term of the equation, that is, the 
numbers 5. This: –1; 1; –5; 5. 
2). The one of these four numbers that turns the left side of the equation to zero, we 
count it as the root. This is the number 1, since 

.0242452410815124110181 234     
3). We divide the left side of this equation into a binomial х – 1:  

524108 234  xxxx  1x  
34 xx           5199 23  xxx  

 
       

23

23

99

109

xx

xx



  

 

               
xx

xx

1919

2419
2

2



  

                       
55

55




x

x  

                               0. 
4). Looking for whole roots of the equation 05199 23  xxx  the previous way. 

 5    ;1  free term divisors and only number –5 is the root of this equation, 
therefore: 

5199 23  xxx         5x  
23 5xx       142  xx  

 
       

xx

xx

204

194
2

2



  

 

               
5

5




x

x  

                       0. 
5). We solve the quadratic equation .0142  xx  
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.52

,52
2

524

2

204

,02044

2

1

2













x

x

Д

 

Answer: .1   ;52   ;5 2   ;5   
This method is suitable when at least one of the roots of the equation is a divisor of 
its free term and the first coefficient is equal to one. If the first coefficient of the 
equation is different from unity, then sometimes you can use this technique.  
Find the rational roots of the equation: 4х .0938 234  xxx   

Solution: 

                     ;036262242

;036122242

  ;209384

234

223344

2234







xxxx

xxxx

xxxx

 Introducing a replacement ,2 yx   then 

the equation becomes: 03664 234  yyyy .  
Let's use the previous method:  36.    18;    12;    9;    6;    4;    3;   2;   ;136   
Since all the coefficients of this equation are positive, the roots must be sought 
among the negative divisors of the number 36, that is, among the numbers: −1; −2; 
−3; −4; −6;−9;−12;−18;−36. 
We denote  .3664 234 yFyyyy       
Testing negative divisors 36:               ,0361611411 234 F   

it means that у= –1 – is not a root of the equation. 
             ,0361243216362622422 234 F   

it means that у= –2 – is not a root of the equation.  
             ,01261263618910881363633433 234 F  

it means that у= –3 – is the root of the equation.   
3664 234  yyyy         3y  

34 3yy               12223  yyy  
 

       
23

23

3yy

yy



  

 

               
yy

yy

62

62
2

2




 

                       
3612

3612




y

y
 

                                0. 

Returning to the replacement у=2х, find х = 
2

y ;   5,1
2

3
x  root 

equations. The equation 012223  yyy  has no whole roots when none of the 
divisors of 12 turns it into a true numerical equality. 
Answer:  –1,5.  
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Solve the equation 4х  353 х 0; 

 Solution:                                 
4х  353 х 0 2  

8х ;06103  х  
502625 3  xx    

 
  013055

01305125
3

3





xx

xx
 

 Replacement .5 yx   
01303  yy  

 5y  the root of the equation, since 
0130553  .  

2 ;062533  хх  
  ;06252 3  хх  Replacement 
2х=у; 

у ;0653  у  
1303  yy     5y  

23 5yy           2652  yy  
 

       
yy

yy

255

5
2

2



  

 

               
13026

13026




y

y
 

                          0. 
The equation  02652 yy  has no 
real roots, because .010425 D   
Well then, .1    ,55  xx  
Answer: 1

Free member divisors: 
.6  3;   2;  ;1   We are convinced by 

direct test that 
 1y  the root of this equation, 

because .061513   Then: 
653  yy     1y  

23 yy           62  yy        
       yy 52   
       yy 2  
 

           
66

66




y

y
 

                 0       
062  yy – has no real roots, since 

023241 D .  
Well then .5,0     ;12  xx  
Answer: 0,5. 

 
        
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
From the set of rational equations, it is advisable to single out symmetric 
equations, that is, of this form:  

.0... 01
2

2
2

2
1

10   axaxaxaxaxa nnn  
When solving symmetric equations, the following sequence should be followed: 
1). If the exponent of the equation is even, that is, ,2kn   then when divided by ,kx  
that is on х to a power half as much as the exponent of the equation, we obtain an 
equation equivalent to the given one, which is subsequently solved by the 
substitution method.  
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2) if the exponent of the equation is not even, that is 12  kn  first you need to find 
at least one root by direct test х1.  
Then solve this equation as the previous ones.  

.01284545812 2345  xxxxx  
Solution:  

This is a symmetric equation with an odd exponent, and by direct testing we come 
to the conclusion that  1x  one of the roots of this equation → 

          .0121814514518112 2345   
 

1284545812 2345  xxxxx              1x  
45 1212 xx                               12441412 234  xxxx  

 
       

34

34

44

454

xx

xx



                                    

                                                          ;:012441412 2234 хxxxx                      

               
23

23

4141

4541

x

xx



                        ;0
124

41412
2

2 
хх

хх  

                       
xx

xx

44

84
2

2



                     ;041
4

4
12

12 2
2 






 






 

x
x

x
x  

                               
1212

1212




x

x                ;041
1

4
1

12 2
2 






 






 

x
x

x
x  

                                         0. 

We denote .
1

t
x

x   Let us square both sides of this equality: 

,2
1

      ;
11

2      ;
1 2

2
22

2
22

2







  t

x
xt

xx
xxt

x
x  then the equation will have 

the form:   ;065412      ;04142412     ;0414212 222  tttttt  

  .
2

5

24

564
    ;

6

13

24

52

24

564
      ;563136312016654124 21

22 





 ttD  

Let us solve such a set of equations:  

      

.0

,02152

.0

,06136

       

.0

,2,01
2

5

.0

,601
6

13

      
.

2

51

,
6

131

2

2

2

2






































































x

xx

x

xx

x

xx

x

xx

x
x

x
x

      

We solve each equation totality.  

 .1            2;
4

35
                             ;

3

2

12

8

12

513

;
2

1

4

35
                              ;

2

3

12

18

12

513

;3916252245          ;52514416966413

542

31

2222



















xxx

xx

DD
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Answer: 1.    ;2     ;
2

1
     ;

3

2
    ;

2

3
  

 
Self-study assignments: 

Solve the equation:  
5.1. ;0123 x     Answer: .4  

5.2. ;05
2

1
x     Answer: .10  

5.3.  ;3247562 xxx     Answer: .1  

5.4.  
;12

5

525,12

3

8

2

23









x

xxx    Answer: .2  

5.5. ;06 2 x     Answer: .0  
5.6. ;819 2 x     Answer: .3   ;3  

5.7. ;3
27

2


x      Answer: .9   ;9  

5.8. ;0362 x     Answer: .6   ;6  
5.9. ;055 2  x     Answer: .1   ;1  
5.10. ;0322 2 x     Answer: .  
5.11. ;092  xx     Answer: .9   ;0  
5.12. ;072 2  xx     Answer: .5,3   ;0   
5.13. ;01682  xx    Answer: .4  
5.14. ;0127 2  xx    Answer: .4   ;3  

5.15. ;0443 2  xx    Answer: .2   ;
3

2
  

5.16. ;0276 23  xxx    Answer: .
2

1
   ;

3

2
   ;1   

5.17. ;012223 234  xxxx    Answer: .1   ;
3

1
  

5.18. ;036610102 234  xxxx    Answer: .3  

5.19. ;05,25,45,135,123 234  xxxx   Answer: .5   ;
2

1
   ;

3

1
   ;1  

5.20. ;4624114 2345 xxxxx     Answer: .6   ;1   ;2  

5.21. ;61722146 5432 xxxxx      Answer: .32   ;32   ;
3

1
   ;

2

1
   ;1   

5.22. ;0143164 234  xxxx      Answer: .32   ;32   ;
2

1
   ;

2

1
  

5.23. ;63562356 432 xxxx      Answer: .
3

1
   ;3   ;

2

1
   ;2  

5.24. ;9292 342 xxxx      Answer: .
2

215-
   ;

2

215   
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There are many equations for which the most rational solution is to 
introduce a new variable. In this case, it is necessary to include as many members 
as possible in the substitution.  
    .01422232 222  xxxx    

Solution: 
Substitution ,32 2 txx   then .32 2  txx  This equation will have the form:  

    .0242        ;014102        ;01452         ;014232 2222  tttttttt  
By Vieta's theorem: .4      ;6 21  tt  Let us solve such a set of equations:  









































.
2

1

4

31

,1
4

31
     ,0981

,    ,0721

         ,012

,092
       

,432

,632

2

12

2

2

2

x

xD

xD

xx

xx

xx

xx
 

Answer: .
2

1
     ;1  

Solve the equation:         9423212  xxxx . 
Solution: 

Let's multiply the first and fourth and second and third factors:  
               ;09672472      ;96342482 2222  xxxxxxxxxx  

   
.9       ;1       ;0910

;0910       ;0946       .672      ;672

21
2

22





tttt

tttttxxtxx
 









































.
4

737
    ;

4

737
      ,732449

4

37
    ;5,2

4

37
      ,94049

         
.0372

,0572
         
.9672

,1672

43

21

2

2

2

2

xxD

xxD

xx

xx

xx

xx

Answer: .
4

737
     ;

4

737
    ;1    ;5,2


  

Let's solve a more complicated equation:     .413313 42222 xxxxxx   
Solution: 

Direct substitution shows that  0x  is not the root of this equation, and therefore 
,04 x  we divide both sides of the equation by 

 
;

413
3

13
        :

4

4

4

2
2

4

22
4

x

x

x

xx
x

x

xx
x 




     .04
13

3
13

2

22

2

2











 
x

xx

x

xx  

Substitution ,
13

2

2

t
x

xx


  then the equation takes the form: ,0432  tt  

.1     ;4 21  tt  Then we solve the set of equations:  
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




































































.
3

1
    .013

.
10

293
   ,

10

293

,29209

     ,0135
     

.013

,0413
     

.01
13

,04
13

      

.1
13

,4
13

3

21

2

22

22

2

2

2

2

2

2

2

2

2

2

xx

xx

D

xx

xxx

xxx

x
x

xx

x
x

xx

x

xx

x

xx

 

Answer:   
10

293
   ,

10

293
21





 xx , .

3

1
 3 x  

In equations of higher degrees of the form   1008 44  xx  replacement is made 
somewhat unusual.  

Solution: 
    .10080 44  xx  Looking for the arithmetic mean of numbers 0 and 8:  

  4
2

80


 . Replacement .4 tx  Then the equation is reduced to the form:  

             
    ;100168168

;10044    ;10044    ;100844
2222

22224444





tttt

tttttt
  

.020696       ;2:01005121922

;100256321625664256321625664
2424

23242324





tttt

tttttttttt
 

We introduce a new variable ,2 zt   then 
;83928249216206496    ;020696 22  Dzz  

.209848        ;209848
2

839296
2 


 ZZ  

Let's solve the set of equations: 




















.а тому   ,209848

 R,множині в   ,
      

209848

,209848
2

2

t

t

t

t
  

Answer: the equation has no real roots.  
Solving equations of the type: 0144  xx  is reduced to the addition and 
subtraction of expressions that will make it possible to select the squares of 
binomials with the subsequent application of the formula for the difference of 
squares.  

Solution: 

          ;0121     ;012212      ;0114212 2222224224  xxxxxxxxxx

 
      .0121121 22  xxxx  





















.02244242     ,0212

;  ,04242     ,0122
      

0221

,0221
2

2

2

2

Dxx

xDxx

xx

xx
 

.
2

2242
     ;

2

2242
21





 xx  

Answer: 
2

2242 
,    

2

2242 
. 
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Self-study assignments: 
Solve Equations: 
5.25. .309119 23  ххx       Answer:−7;  −3;  1.                                                
5.26. х 4 х   .04232 23  xx      Answer: 1.   2;  ;1  ;2   

5.27.   .324533 23 xxx        Answer: 3.  ;
3

2
  ;

3

2
  

5.28.  .25,02459 342  xxxx      Answer: .
2

1
   

5.29.         .192174  xxxx      Answer: .
2

855
    ;

2

855
    ;

2

55
    ;

2

55   

5.30.     .15484 2222 xxxxxx     Answer: .53    ;53    ;2    

5.31.     .132827 333  xxx     Answer: .
3

2
    ;

2

1
    ;3   

5.32. .144  xx      Answer: .2242
2

1
   ;2242

2

1





 





   

5.33.     .1653 44  xx       Answer: −3;  −5. 

5.34.     .6442 66  xx       Answer: 2;  4;  .32   ;32    ;
2

1
    ;

2

1
  

5.35. .0143164 234  xxxx
 

.40
9

81
2

2
2 




x

x
x    Answer: .

2

192
    ;

2

192   

5.35.      .124231 55  xxx     Answer: .0    ;1   ;2   

Equations of the form  
 

 
 

 
  ,0...

2

2

1

1 
xG

xP

xG

xP

xG

xP

m

m  где P    .,...xP,x 21   

     ,  ,  , 21 xGxGxPm … 
 xGm  entire rational functions, it is called a rational equation. The classical 

scheme for solving rational equations is as follows: 
1) the right side of the equation is turned to zero; 
2) on the left side reduce all fractions to a common denominator; 
3) after reducing such terms, the condition of equality of the fraction to zero is 

used, that is, a system is formed from the equation and the inequality; 
4) check whether the roots of the resulting equation have been found that 

satisfy the inequality of the system. 

For example .
2

1

4

82

2

1
2 x

x

x

x

x

x










   

Solution: 
 

;0
4

82

2

1

2

1
2













x

x

x

x

x

x        ;0
22

822222 22





xx

xxxxxxx        ;0
22

88





xx

x    

   
 

     













,   ;22  ;22  ;

.2  ;21   ,1                                                 ,88
     
,022

,088

x

xxx

xx

x
 

Answer: .1  
In our opinion, this method of solving rational equations rather leads to the goal: 



10 
 

1) establish R.O.V.V. equations; 
2) both sides of the equation are multiplied by the common denominator of 

the fractions of the equation; 
3) solve the whole rational equation; 
4) check the belonging of the found roots R.O.V.V. 

Solve the equation: .
25

15

102

3

5

2
22 





 хххх

 

Solution: 
We find R.O.V.V. equations: 

 

    
























































.5

,5

,0

     

5

,5

,5

,5

,0

     

,055

,102

,05

     

,025

,0102

,05

2

2

x

x

x

x

x

x

x

x

xx

x

xx

x

x

xx

 

R.O.V.V.        .   ;55   ;00   ;55   ;   
Common denominator of fractions    .552  xxx  
We multiply both sides of the equation by a common denominator:  

         ,552
55

15

52

3

5

2









xxx

xxxxx
       ;2155354 xxxx     

;30153204 2 xxxx     ;020113 2  xx   ;19361240121 2D    

;
3

4

6

8

6

1911
1 


x    ;5

6

1911
2 


x   ...5 ЗДО   ...

3

4
ЗДО  Answer: .

3

4
  

To go to a whole rational equation, this method makes it possible: 
1) find R.O.V.V. equations; 
2) reduce the harder part of the equation to a common denominator; 
3) using the main property of proportion, we obtain the whole rational 

equation. 

Solve the equation .
4

1

2

1

4

1





 xx
 

Solution: 
Reducing the left side of the equation to a common denominator, we find R.O.V.V. 

   
       ,

4

1

42

4121





xx

xx
   














2

,4
     

02

,04

x

x

x

x
 

R.O.V.V.:      .  ;44  ;22  ;                .
4

1

24

2
    ;

4

1

24

42








xxxx

xx  

By the main property of proportion, we have     ,42124  xx    
,088422  xxx    ,062  xx    ,01 x   .62 x  The numbers 0 and 6 belong to 

R.O.V.V.  
Answer: 0;  6. 
There are such rational equations, for the solution of which it is necessary to apply 
not quite traditional methods:  

.0
1

4
48

1

2
5

1

2
20

2

222




























x

x

x

x

x

x   
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Solution:  
R.O.V.V.:      ,  ;11  ;11  ;    

   
    0

11

22
48

1

2
5

1

2
20

22




























xx

xx

x

x

x

x  

.0
1

2
5

1

2

1

2
48

1

2
20

22
































x

x

x

x

x

x

x

x   

A quadratic equation was formed with respect to .
1

2




x

х  We denote ,
1

2
y

x

х



  then 

we will have such a quadratic equation:  

;0
1

2
5

1

2
4820

2
2 
















x

x
y

x

x
y   

  ;
1

2
52

1

2
52

1

2
2704

1

2
400

1

2
2304

1

2
5204

1

2
48

22

2

22222















































































x

x

x

x

x

x

x

x

x

x

x

x

x

x
D  

20
1

2
26

1

2
24

202
1

2
52

1

2
48

1



















 x

x

x

x

x

x

x

x

Y ;     .
20

1

2
26

1

2
24

2








 x

x

x

x

Y  

Back to the substitution:  

 
.

1

2

10

1

1

2

;
1

2

2

5

1

2

      

1

2

20

2

1

2

;
1

2

20

50

1

2

      

20
1

2
26

1

2
24

1

2

;
20

1

2
26

1

2
24

1

2


























































































x

x

x

x
x

x

x

x

x

x

x

x
x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

 

Using the main property of proportion: 
       
       

   
   




























































.3
6

711
    ;

3

2

6

711
   ,49634121

;  ,0147481
       

06113

;01497

.3:018339

;01497
       

23203010

;10155462

.221210

;225222
      

211210

;215122

21
2

2

2

2

22

22

2

22

xxD

xD

xx

xx

xx

xx

xxxx

xxxx

xxxхх

xxxxxx

xxхх

xxхх

 

Answer: 
3

2 ; 3. 

Of no less interest is the solution of such an equation: 
.012233   xxxxxx  

Solution: 

Getting rid of negative exponents:  ;0
111

2
2

3
3 

xx
xx

x
x    

R.O.V.V.:    .   ;00   ;   grouping the terms of the equation: 

;0
111

2
2

3
3 






 






 






 

x
x

x
x

x
x   
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Replacement ;
1

   .
1 2

2

y
x

xy
x

x 





    

;
11

3
1

3
1

    .2
1

    ;
11

2 3
3

2
23

3
2

2
22

2
2 y

xx
x

x
xx

x
xy

x
xy

xx
xx 













   

.3
1

3
1

33
1 333

3
3 yy

x
xy

x
xy

x
x 






    

Formed a third degree equation: 
        ;0121   ;022   ;023 22323  yyyyyyyyyy  

    ;021 2  yy  This equation is equivalent to such a set of equations: 

   






























































.2
1

,2
1

,1
1

    

2

,2

,1

   

2

,2

,1

    
022

,1
      

02

,01
2

x
x

x

x
x

x

x
x

x

y

y

y

y

y

y

yy

y

y

y
 















.  ,042    ,012

;  ,042    ,012

;  ,041    ,01

2

2

2

xDxx

xDxx

xDxx

        Answer: .  

 
The following exercise is solved somewhat specifically. 
At what values of A, B and C is the correct equality: 

 
?

11223

5
23

2













x

С

х

В

х

А

хх

х  

Solution: 
Reduce the right-hand side of the equality to a common denominator and transform 
it:  

 
       

   
     

       
   

   
   

   
       

.
23

222

2422

222

122

222

12

222

12

222

12

22112

12

1221

112

3

2

223

2

2

2

2

2

2

22

2

22

2

2

2














































xx

CBAxCABxCA

xxxxx

CBAxCABxCA

xxx

CBAxCABxCA

xх

CBAxCABxCA

xх

CCxCxBBxAAxАx

xх

xxxCxBxxА

xх

xxCxBxА

x

С

х

В

х

А

 Поменяем местами левую и правую часть этого равенства: 
   

.
23

5

23

222
3

2

3

2








xx

x

xx

CBAxCABxCA
  

Since these fractions are equal, their denominators are equal, then the numerators 
are also equal. The coefficients for equal degrees of variables are also equal, that 
is,: 
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 
















































)3(  .532

)2(  ,023

(1)  ,1

     

.5231

,022

,1

     

.5221

,012

,1

     

.522

,02

,1

CB

CB

CA

BC

CCB

CA

CBC

CCB

CA

CBA

CAB

CA

 

Add equations (2) and (3):   







1532

 23

CB

CB
             .0   ,03     ;232  CCC  

              .2
3

6
    ,63  BB       .1    ,101  AA  

Answer: А=1,  В=2,  С=0. 
A clever approach to solving equations like:   

2

4

3

6

4

8

2

4

3

6

4

8
















 xxxxxx
  We consider the following method: 

Solution: 
Let us find the range of admissible values of the equation:   







































.2

,3

,4

,2

,3

,4

        

.02

,03

,04

,02

,03

,04  

x

x

x

x

x

x

x

x

x

x

x

x

    We collect all the terms of the equation on the left side. 

.0
2

4

3

6

2

4

3

6

4

8

2

4

3

6

4

8























 xxxxxxxx
  

Let us group by two those terms of the equation whose denominators are the 
conjugate expressions: 

.0
2

4

2

4

3

6

3

6

4

8

4

8






































 xxxxxx
  

Each pair of expressions in brackets is reduced to a common denominator: 

;0
4

8484

9

186186

16

328328
222














x

xx

x

xx

x

xx    

 4:0
4

16

9

36

16

64
222











xxx

; ;0
4

4

9

9

16

16
222








 xxx

 

Let's introduce a new variable: .2 yx   Then ;0
4

4

9

9

16

16








 yyy
 

We use the condition of equality of the fraction to zero:  
           

     






.04916

,0916441694916

yyy

yyyyyy
 

      ;01441694641649369416 222  yyyyyyyyy  
;05761004576180957620816 222  yyyyyyyy        

;0192242  yy    ;2164841633641344768576 D  

,021412     ,021412
2

2182
21 


 yy     

Back to the substitution:  ;     214122  xx        ;214122 x  

;3212122141 x       ;32122 x  
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Answer: ;3212122141 x       .32122 x  

A little bit not so begins the solutions are very similar to the previous equation. 

 .0
1

45

72

308

32

1310

4

174

















x

x

x

x

x

x

x

x  

Solution: 

R.O.V.V.: 















.1

,5,3

,5,1

,4

x

x

x

x

       Let's perform such transformations:  

,0
1

155

72

2288

32

21510

4

1164

















x

x

x

x

x

x

x

x  

       
,0

1

155

72

2288

32

21510

4

1164


















x

x

x

x

x

x

x

x  

       
,0

1

1

1

15

72

2

72

724

32

2

32

325

4

1

4

44





























xx

x

xx

x

xx

x

xx

x  

After reduction we get: ,0
1

1
5

72

2
4

32

2
5

4

1
4 













xxxx
 

,
72

2

1

1

4

1

32

2










 xxxx
          

   
   

    ,
172

12172

432

32142








xx

xx

xx

xx  

        ,
172

2272

432

3282








xx

xx

xx

xx               ,5:
172

5

432

5









xxxx

 

        .172

1

432

1




 xxxx
 By the main property of the proportion, we have: 

        ,432172  xxxx       ,123827722 22  xxxxxx  
.5,2      ,52     ,712119  xxxx     Answer: .5,2  

Solve the equation: .2
32

15

82

24
2323





 xxx

x

xxx

x  

Solution: 
From the analysis of equations design shows that ,0x  therefore, the numerator 
and denominator of each of the fractions can be divided by х, that is: 

,232

15

82

24

2323


x

xxx
x

x

x
xxx

x

x

  .2
32

15

82

24
22





 xxxx

   

We introduce a new variable: 
;532      ;5582      ;82 222  yxxyxxyxx   

Then the equation takes the form: ;2
5

1524





yy
   














.5

,0
       
,05

,0

y

y

y

y
   

 
  .2

5

15524





yy

yy     

    ;1021512024       ;5215524 2 yyyyyyyy      ;01202 2  yy   

;319619601 2D     .
2

15

4

30

4

311
     ;8

4

32

4

311
21 








 yy   



15 
 

Returning to the replacement, we get: 




















.151642

,02
       

2

15
82

,882

2

2

2

2

xx

xx

xx

xx
 

 
       

.
2

662

,
2

662

,2

,0

       

4

2644

,
4

2644

,2

,0

      

26424816

,02

,0

       
03142

,02
2

































































x

x

x

x

x

x

x

x

D

x

x

xx

xx
 

Answer: .
2

662
     ,

2

662
    ,2    ,0





 xxxx  

Solve the equation: x
 

.5
2

4
2

2
2 





x

x  

Solution: 
Analysis of this equation shows that R.O.V.V. there is: 
        ;00  ;22  ; .  
On the left side of the equation, select the complete square of the binomial: 

 
,5

2

2
2

2

4

2

2
2 2

2
2 










x

x
x

x

x

x

x
xx      ,5

2

4

2

2 22















x

x

x

x
x      

,5
2

4

2

22 222















x

x

x

xxx      .05
2

4

2

222












 x

x

x

x   Substitution: .
2

2

y
x

x



  

We have the equation: ,0542  yy  by Vieta's theorem: .1    ,5 21  yy    
Returning to the substitution, we have a set of equations:  

 

О.Д.З.      .2

О.Д.З.   ,1

;  ,04025

        
,02

,0105
       

.1
2

,5
2

2

12

2

2

2






































x

x

xD

xx

xx

x

x

x

x

  Answer: −1;   2. 

Solve the equation: .23
2

6
4

2
2 






 

x
x

x
x  

Solution: 
R.O.V.V.: .0x  We single out the square of the binomial: 

;23
2

6
2

2
42

2 2
2 






 

x
x

x
x

xx
xx  

;0234
2

6
2

2







 






 

x
x

x
x       .027

2
6

2
2







 






 

x
x

x
x   

Substitution: .
2

y
x

x    The resulting quadratic equation: ,02762  yy  we solve 

by Vieta's theorem. .3      ,9 21  yy   
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































.2

,1
    .023

.73881    ,029

       

.3
2

,9
2

2

12

2

x

x
xx

Dxx

x
x

x
x

       .
2

739
    ;

2

739
43





 xx  

Answer:   ;11 x   ;22 x       .
2

739
    ;

2

739
43





 xx  

Solve the equation: .
116

6114





x

x
x  

Solution: 

R.O.V.V.: .
6

11
x     ;0611116      ;611116 454  xxxxxx     

We will establish by test that −1 the root of this equation.  
611116 45  xxx     1x  

45 66 xx      61717176 234  xxxx  
 
       

34

4

1717

1117

xx

xx



                                    

                                                                              

               
23

23

1717

1117

xx

xx



                         

                       
xx

xx

1717

1117
2

2



                      

                               
66

66




x

x                 

                                         0. 
A symmetric equation was formed: ;:061717176 2234 xxxxx   

;0
617

17176
2

2 
xx

xx  ;017
17

17
6

6
2

2 





 






 

x
x

x
x  .017

1
17

1
6 2

2 





 






 

x
x

x
x  

Replacement: ;01717126    ;2
1

    ;
11

2     ,
1 22

2
22

2
2  ttt

x
xt

xx
xxt

x
x  

;13169120289   .05176 22  Dtt    ;
3

1

12

4

12

1317
1 


t    ;

2

5

12

30

12

1317
2 


t  

 
 























































...2
4

35

...
2

1

4

35

      ,61625     .0252

;  ,0361       ,033

       
.0522

,033
       

.
2

51

,
3

11

2

1
2

2

2

2

ЗДОx

ЗДОx
Dxx

xDxx

xx

xx

x
x

x
x

 

Answer: .2   ;
2

1
   ;1  
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Two-term equations 
A whole rational equation of the form Ах ,0Bn де А 0 і В ,0  It called 

binomial. To solve the two-term equation, it is necessary to make the following 

replacement: .n

A

B
tx    

For example, 3 ,0168  х  .
3

2

3

2

3

16

3

16
88

8 4

8

8

8









ttt

tx   

Then this equation takes the form: 

.01    ,01616    ,016
3

163
     ,016

3

2
3 88

8
8

8












 tt

tt   

This equation, and hence the original one, has no real roots. 
Answer: .   

Trinomial equation 
A whole rational equation of the form: ,0n2n  CxBxA  де   ,0A  

,0   ,0  CB  such an equation is called three-term. By introducing a new variable 
tx n   reduced to a square. For example, ,021635 36  xx  is solved as follows: 

replacement tx 3  leads to the quadratic equation: .0216352  tt  By Vieta's 
theorem, we have: .27   ,8 21  tt  Returning to the replacement, we obtain a set of 
equations:  

  
  
































.0933

,0422
     
.273

,02
    
.027

,08
     
.27

,8
2

2

33

33

3

3

3

3

xxx

xxx

x

x

x

x

x

x
    

                                                             
















.093

,03
      
.042

,02
22 xx

x

xx

x
 








.3

,2

x

x
       Equations 0422  xx  та 0932  xx , have no real roots.  

Answer: 2 і 3. 

Self-study assignments: 
Solve Equations:  

5.36. .
1

4

3

12








x

x

x

x       Answer: .1   ;11  

5.37.     .21

63

2

2

1

3








 xx

x

x

x

x

x     Answer: .3  

5.38. .
4

42

1

1

3

92

2

22 22
















x

x

x

xx

x

x

x

xx    Answer: .35,05,2   ;35,05,2   ;0   

5.39.    .1

2

1

1

1

2
2 








xxxxx

x     Answer: .2  

5.40. .
5

1

5

1

3

1

3

1

xxxx 









    Answer: .17  ;17   ;0   
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5.41.  .24

1

1

1

3

13
2

22













xx

xx

x

xx
x    Answer: .

3

1
2   ;

3

2
1  

5.42.    
   

   
   

   
   .425

31

585

92

8613

752

649

53












xx

xx

xx

xx

xx

xx   Answer: .35,05,2   ;0   

5.43.  
    .

5

9

11

1
22

22





xx

xx     Answer: .
2

1
   ;2  

5.44.  
.16

1

1
5

5





x

x      Answer: .
3

1
   ;1  

5.45. .
1710

10173





x

x
x      Answer: .

2

1
   ;2  

5.46. .
72

73

6

75
2

22







xx

xx

x

xx    Answer: .7   ;1  

5.47. 
 

.7
3

9
2

2
2 




x

x
x     Answer: .135,05,0    ;135,05,0   

5.48. .
8

2
23

23

xx
xx


     Answer: .2   ;1  

5.49. .47
412

124
2

2 
xx

xx    Answer: .
4

10511
   ;

4

10511
   2;   ;

2

1   

5.50.       .0
32

4

45

1

5

3
2








 xxxxxx

    Answer: .
2

175
    ;

2

175
   ;

2

75
   ;

2

75   

5.51.    
.

12

1

1

1

2

1
2





 xxx
    Answer: .1   ;3  

Diophantine equations 
Diophantine equations are often encountered among algebraic equations 

with rational coefficients. Convenient for their recognition is the concept of a 
system of Diophantine equations: it is such a system of algebraic equations with 
rational coefficients, which contains more variables than the equations themselves. 
Following this logic, we can say that a Diophantine equation is an algebraic 
equation with rational coefficients, in which there are more than one variable. 
Following this logic, we can say that a Diophantine equation is an algebraic 
equation with rational coefficients, in which there are more than one variable: 

1). Express one variable through another; 
2). Select the value of the second variable so that the first variable takes 

integer values. 
 
 
Find all integer solutions to an equation: 

.13715  yx  
Solution: 

.
7

1
22

7

1
2

7
2

7

13

7

15

7

1315
     ;13157







x
x

x
x

xx
yxy   
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Analysis of this expression shows that y  takes integer values when an expression 

is an integer ,
7

1x  that is, when ,71 kx   де .zk   ,17  kx  then the equation 

will have the form:   .4152214
7

7
2172  kkk

k
ky   

Answer:    .   ;415   ;17 zkkk   
Find all non-negative integer solutions of the equation:   .19848419  yx  

Solution: 
Imagine the number 1984  as a sum of two terms, one of which is a multiple of a 
number 19, and the second – 84.  8419001984   and over a given Diophantine 
equation implement changes that allow it to find all integer solutions: 

,8419008419  yx  ,8484190019  yx    ,848410019  yx  

   
.

84

100
191

84

10019

84

84
   ,100198484







xx
yxy   

This expression is integer when 100x  multiples 84, that is, kx 84100  , where 
,zk   from here:  

,10084  kx  then ,
84

84
191

k
y   .191 ky      zkkk   ,191   ;84100  all integer 

solutions of the equation. To find non-negative integer solutions of this equation, 
we solve the following system of inequalities: 




























.
19

1

,
84

100

    
.119

,10084
     

.0191

,010084

k

k

k

k

k

k
 Because the ,zk   then the solutions of 

this system:  .0  ;1k  Substituting these values k в into the expression of all 
whole solutions, we get positive integer solutions:  

    ;1191  ;184100    .20  ;16  
   .1  ;100    ;0191   ;084100    Answer:  ,20  ;16   .1  ;100  

There are often problems whose solution is based on Diophantine equations:  
Find all positive 3-digit numbers, which, when divided by 37, gives a remainder of 
2, and when divided by 11, a remainder of 5.  

Solution: 
Let the x  required number. According to the problem statement, it can be written 
as: 237  kx  and ,511  mx  where Nk   and .Nm   
Since the task is about the same number x, then you can write the Diophantine 
equation: 237511  km  express т through k: ,523711  km  ,33711  km  

,
11

34
3

11

3

11

4
3

11

337 





k
k

k
k

k
m  this expression takes on integer values when 

,1134 pk   where zp , then: 

.
4

1
13

4

1

4
13

4

1
1

4
3

4

311
  ,3114









 




p
p

p
p

p
p

p
kpk   
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This expression takes on integer values when ,41 qp   where .zq  ,14  qp  

then  
.211

4

8
11

4

3

4

11

4

411

4

31411






 qq

qq
k  

  .72407274407221137  qqqx   72407qx  formula for all positive 
numbers satisfying the conditions of the problem. From this set of numbers, you 
need to select only three digits:  

at 1q   we have ;335721407 x   
at 2q   we have ;742722407 x  
at 3q   we have  1149723407x  four digit number.   

Answer: 335; 742. 
 
The second way to solve Diophantine equations can be called the way of factoring 
the left side of the equation. It lies in the fact that:  
   1). Make the right side of the equation an integer; 
   2). The left side of the equation is factorized; 
   3). Replace the resulting equation with a set of systems of 
simple equations. 
For example, solve the equation in integers: .19912  yxxy  

Solution: 
Members containing variables move the left side .19912  yxxy  
Add to both sides of the equation the number 2, and then factor its left side: 
    ;199322  xyxy      ;199322  xxy       .      199312 Ayx     Since 
the number 1993 – is simple, then it can be represented as a product in only two 
ways: 199311993   and   199311993  . On the set of integers, the Diophantine 
equation (A) is equivalent to a set of such systems of equations:  

























































































.0

,1991

.1992

,1

.2

,1995

.1994

,3

       

.11

,19932

.19931

,12

.11

,19932

.19931

,12

y

x

y

x

y

x

y

x

y

x

y

x

y

x

y

x

        

Answer: (3; 1994),  (1995; 2),  (1; −1992),  (1991; 0). 
Find the goals of solving an equation: .06113163  yxxy   

Solution: 
We multiply both sides of the equation by 3:   .018339489  yxxy   
Add to both sides of the equation the number 25:   ;2520839489  yxxy   
        ;25133161333    ;2520848399  xxyxyxy        ;25163133  yx  
This equation is equivalent to a set of such systems of equations: 
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









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


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
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
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


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



















































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
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
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






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
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






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











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





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












.7

,6

.
3

11

,
3

2

.
3

17

,
3

38

.
3

41

,
3

14

.5

,4

.3

,4

        

.213

,183

.113

,23

.173

,383

.413

,143

.153

,123

.33

,123

       

.5163

,5133

.5163

,5133

.1163

,25133

.25163

,1133

.1163

,25133

.25163

,1133
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x
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zx
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x

y

x

y

x

y

x
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x

y

x

y
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y

x

y

x

y

x

 

Answer: (−4;  3),  (4;  −5),  (−6;  −7). 
The third way to solve Diophantine equations is called localization. Its essence lies 
in the fact that using the features of the equation, they localize the set on which its 
values can be contained and then find them by direct verification. 
Solve an equation in whole numbers:  .34553 22  yx   

Solution: 
Expression 3х 02  for all values х. Then 5у .3452  Dividing both sides of the 
inequality by 5, we get у 2 .80,690.69  уу  Because the 3х 2  is divisible by 
3 and 345 is divisible by 3, then 5у 2  is divisible by 3, that is у 2  is divisible by 3 
and therefore divisible by 3. In between  8  ;0   у= 6  ;3  ;0 .  
Substituting in equation instead of the original values of y:  0; 3; 6. :0y     

   ;345053 2 x  
:3     ;115    ;115    ;3:345     ;3453 222  yzxxxx      ;345353 22 x    

;100    ;3:300     ;453453 222  xxx     ,101 x   .102 x   
Let's get two solutions (10; 3), (−10; 3).  
Combining signs in these solutions there will be two more solutions (10; −3), (−10; 
−3).   
Answer:  (10; 3), (−10; 3), (10; −3), (−10; −3).  
 
Solve the equation: x+y=x xy2 +y 2   

Solution: 
Let us perform identical transformations over this equation: x xy2 +y yx 2 = 0;  
Let us group some terms of the equation:   ;022  yyxxyx    

  .01 22  yyxyx  
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A quadratic equation is formed with respect to x.  
It has real roots when its discriminant is inherent, that is 

    ;0141 22  yyyD   ;04412 22  yyyy   
−3у у62 +1 ;0 3у 162  у   ;4813436  ;0  D  

;
3

323

6

346

6

486
1








y   ;

3

323

6

346

6

486
2








y   

Interval of localization: .
3

323
   ;

3

323







    

Entire solutions of inequality: 0,1; 2.  
Substituting the found values of y into the original equation, we find the 
corresponding values of x:      

  .1    ;0    ;0     ;0001      :0 21
22  xxxxxxy  (0; 0), (1; 0). 

.2    ;0    ;02      :1 43
2  xxxxy  (0; 1), (2; 1). 

.2    ;1    ;023    ;0243      :2 65
22  xxxxxxy  (1; 2), (2; 2). 

Answer: (0; 0), (1; 0), (0; 1), (2; 1), (1; 2), (2; 2). 

Solve the equation: ;
7

3
22





yxyx

yx    

Solution: 
R.O.V.V.:  .0   ;0  yx  By the main property of the progression, we have:  

   ;73 22 yxyxyx    ;077333 22  yxyxyx       ;073733 22  yyxxyx  
  073733 22  yyxyx ;    

This equation has real roots when: .0D  
    ;0733473 22  yyyD    ;0843649429 22  yyyy    

 ;1049126279 22  yyy    .04912627 2  yy  
  .588362116852921587649274158761 D     

 
;

9

58821

54

588216

54

5886126
1








y    .

9

58821
2


y   

Interval of localization: .
9

58821
   ;

9

58821







    

Integers from this interval  .5  4;  3;  2;  ;1y   

Substituting them into the original equation: ,
7

3

1

1
      :1

2






xx

x
y    

,077333 2  xxx   .04103 2  xx   ,14848100 D   .   ; 21 zxzx   

;
7

3

42

2
     :2

2






xx

x
y   ;1471263 2  xxx   .02133 2  xx   

;19324169 D   .   ; 43 zxzx    :3y    ;
7

3

93

3
2





xx

x   ;2172793 2  xxx  

.06163 2  xx   ;18472256 D   .   ; 65 zxzx    ;
7

3

164

4
    :4

2






xx

x
y    

;28748123 2  xxx    .020193 2 x  
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;121240361 D   ;
3

4

6

8

6

1119
1 zx 


   ;5

9

1119
2 zx 


   (5; 4). 

;
7

3

255

5
     :5

2






xx

x
y    ;35775153 2  xxx    .040223 2  xx  

;4480484 D    .
3

10

6

222
1 zx 


    .4

6

24

6

222
2 zx 


  

Diophantine equation has only two integer solutions: (5; 4),  (4; 5). 
Answer: (5; 4),  (4; 5). 
We have considered only three ways to solve Diophantine equations. In fact, there 
are much more of them. Systems of Diophantine equations can be solved in the 
above three ways. 

Solve a system of equations in integers: 






.3

,1222

xyz

zyx
 

Solution: 
The left side of the first equation of the system can be transformed as follows: 

      
      .22

222
22

22222222222

yzzyxzyxyzzyx

yzzyxyzyzzyxzyxzyx




 

Identical transformation of the second equation of the system ,3 xyz  дает 
.3 yzx  

Taking into account these factors, the original system of equations can be replaced 

by a system equivalent to it, that is, 
   







.3

,1233

zyx

yzzyyzzyyz
  

;12966  yzyx      ;0433  yzyz       ;15933  yzzy   
;5933  yzzy       ;5933  zyyz       ;5333  zzy       .533  yz  

A system of Diophantine equations was formed: 
  






.3

,533

zyx

zy
(А).   

The first equation of this system is equivalent to such a set of systems: 

























































































.2

,2

.2

,2

.4

,8

.8

,4

        

.13

,53

.53

,13

.13

,53

.53

,13

z

y

z

y

z

y

z

y

z

y

z

y

z

y

z

y

    

Substituting the found values of y and z into the second equation of system (A), we 
obtain the corresponding values of x:  х=4+8−3=9           (9; 4; 8), 
       х=8+4−3=9 (9; 8; 4), 
       х=2−2−3=−3        (−3; 2; −2), 
       х=−2+2−3=−3      (−3; −2; 2). 
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Answer: (−3; −2; 2),  (−3; 2; −2),   (9; 8; 4),  (9; 4; 8). 
Many problems are solved using Diophantine equations much easier than 
traditional methods.. 
The sum of the house numbers of one block on one side of the street is 235. 
Specify house numbers for this quarter. 

Solution: 
Since the number 235 is odd, the house numbers of this quarter are expressed 
odd numbers. Let the number of the first house be expressed by the number ,12 x  
and the last .12   y  calculate the sum of the first n odd natural numbers 
1+3+5+…+(2п−1). This series is an arithmetic progression with the first term 11 a , 

difference 2d  and the number of members п. Its sum  
,

2

12 1 n
nda

Sn 


   

   .  
2

222

2

1212 2 Ann
n

n
n

Sn 





  

If on the one hand nahodytsya's houses, it s According Amount (А) .2x   
If there are y houses, then their sum ,2y  and the difference  23522 xy  

Diophantine equation. 12 x  та 12 y  “ generators ” odd numbers, functions 
from variables x and y. Equation      235xyxy  is equivalent to such a set of 
systems of equations: 



















































































































.21265

,26
         
.5

,522
       

.5

,47

.21

,26
        
.2647

,26
       
.47

,522
       
.47

,5

1171181

,118
         

.1

,2362
      

.1

,235

.117

,118
    
.118235

,118
     
.235

,2362
      
.235

,1

Nx

y

yx

y

xy

xy

x

y

x

y

yx

y

xy

xy

Nx

y

xy

y

xy

xy

x

y

x

y

xy

y

xy

xy

 

Find the value of the argument, you can find the corresponding values of the 
function .43121212 x  Since the house numbers are an arithmetic 
progression with a difference of 2, their next four numbers are: 43+2=45, 45+2=47, 
47+2=49, 49+2=51. 
Answer: can be one house with a room 235, or five houses with rooms: 43, 45, 47, 
49, 51. 
Exercise: There are nuts in two boxes. If you transfer 100 nuts from the first to the 
second, then the second box will contain twice as many nuts as the first. If, on the 
contrary, transfer several nuts from the other box to the first, then the first will 
have 6 times more than the second.  
What is the smallest number of nuts possible in the first box? 
How many nuts in this case are in the second box? 

Solution: 
Let the х – number of nuts in the first box, у – number of nuts in the second box, 
z  number of nuts transferred from the second box to the first, then  100x  nuts 
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became in the first box after they took from it 100 nuts.  100y  nuts became in 
the second box after 100 nuts were transferred into it.  
According to the condition of the problem, we compose the equation 

   .1   1001002  yx  
 zy   nuts became in the second box when they took z  nuts.  
 zx   nuts became in the first box when they put it in z  nuts.  
According to the condition of the problem, we compose the equation 

   .2   6 zxzy   
The values of the variables must satisfy equations (1) and (2), and therefore they 

must satisfy such a system of Diophantine equations: 
 
 






.6

,1001002

zxzy

yx
  

    
66

,1002002







zxzy

yx
  






.630026

,3002

zxzx

xy
      








.6180012

,3002

zxzx

xy
 








.1800711

,3002

zx

xy
         








.7180011

,3002

zx

xy
                   











.
11

7

11

1800

,3002

z
x

xy
 











.
11

7

11

7
163

,3002

z
x

xy
       












.
11

17
163

,3002

z
x

xy
              












.
11

1
7163

,3002

z
x

xy
 

From the second equation of the system it follows that the smallest integer value of 

x is the number that is formed when ,1
11

1


z  that is, when ,111 z  ,111z   

.10z   
Wherein .17017163 x  170 – smallest integer number of nuts in the first basket. 
Number of nuts in the second basket .403003403001702 y  
Answer: 170 nuts, 40 nuts.  

Self-study assignments: 
Find all integer solutions to an equation: 
5.52. .200120001999  yx    Answer:   .  ,19992   ;12000 zkkk   
5.53. .203  yxxy     Answer:          .2  ;18  ;14  ;2  ;20  ;0  ;4  ;16   
5.54. .7456 22  yx     Answer:          .2  ;3  ;2  ;3  ;2  ;3  ;2  ;3   
Find all non-negative integer solutions of equations:  
5.55. .19999919  yx     Answer:  .1  ;100  
5.56. .yxxyx      Answer:    .2  ;2   ;0  ;0  
5.57. .49319 xyyx      Answer:          .5  ;465   ;19  ;31   ;152  ;24   ;28  ;28   ;0  ;0  
Solve the system of equations in natural numbers:  

5.58. 
 








.2

,3
2

333

zyx

xyzzyx
   Answer: (2; 1; 1). 

5.59. 








.3

,3
333 zyx

zyx
       Answer: (1; 1; 1),  4  ;4  ;5 ,   4  ;5  ;4  ,   .5  ;4  ;4   
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5.60. 







.95

,94

yzx

zxy
              Answer:  .94  ;0  ;95  

Solve tasks: 
5.61. Find a two-digit number that is twice the product of its digits.      
Answer: 36. 
5.62. What is the largest number of chess sets for 5 and 8 hryvnia can be purchased 
for 103 hryvnias.?  
Answer: 1 set for 8 UAH. and 19 sets of 5 UAH each, 20 sets in total. 
5.63. The mass of 100 weights, which are in one pile, is equal to 500 grams. It is 
known that there are only 1 gram, 10 gram and 50 gram weights. 
How many weights of each mass are combined? 
Answer: 60, 39 and 1. 
5.64. Petka is 3 years older than Kolka, and 6 years for Vaska. The product of the 
ages of Tarasik and Kolka is 9 more than the product of the ages of Petka and 
Vaska. 
How old is Petka older than Tarasik? 
Answer: older by 3 years. 


