Section 25
Integral

Integral is the sum of antiderivatives.

b
J' f(x)dx=F(b)-F(a), F(b)-F(a)- increase in antiderivative.

F(b)—-F(a)=F(x)

b [ fode=F)|!
[f(x)dx=F(®b)-F(@)  Newton-Leibniz formula.

b
J' f(x)dx— formula for calculating the area of a curved figure.

a

Table integrals

Sk-dx =kx+C, k- number, C- constant of integration.
Sdx=x+c,

n+l

Sx"dx =~ +C, (n=-1).
n+1
dx
S—==2Jx+C.
Jx
S@=1n|x|+c.
X
Se'dx=e" +C.
Sa'dx="4C, (a>0, a*1).

Ina
Isindx:—cosx+C.

Icosdx =sinx+C.
Itgxdx = —1n|cos x| +C.
I ctgxdx = 1n|sin x| +C.

.[ —dx =1gx+C.
cos” x

.[ ——dx =—ctgx +C.
sin” x

-[1 dxz =arctgx+C.
+Xx

dx 1
I —~=—In
1-x 2
JL
V1=x?

dx 3
Im—lnx+\/x +a’

1+x

1-x

+C.

=arcsinx+C.

+C.
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Three rules for finding the integral:
1. j k- f(x)dx=k- j F(x)dx.

2. [(f ) +p(0))dx =[ £ (x)dx+ [ p(x)dx.

3. j f(/oc)alx:l j £ (kx)dx.
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Calculating the areas of shapes using a
definite integral

When calculating the areas of figures using the integral, it is appropriate to adhere
to the following sequence of actions (steps):

1) create a system of equations from the conditions of the problem and solve it;

2) taking into account the conditions of the problem and the found solutions of the

system of equations, perform sketches of the graphs of the functions encountered
in the problem.

3) using a sketch to set which of the functions is decreasing (and the covering
sketch on top) and which is negative (graph below);

4) define the boundaries of integration;

5) calculate the value of the integral.

A task. Calculate the area of a shape bounded by lines y=x* and y=x".
Solution:
y=x’,
{ y=x.

x*=x2,

x'—x?=0,

x*(x-1)=0,

x, =0, x-1=0, x, =1.

» =0,

v, =1

0 and 1 - integration limits.

(0;0) u (1;1) - intersection points of function graphs.
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When the figure is fully or partially located below the abscissa axis, then you can
swap the limits of integration or put the "-" sign in front of the integral to the
interval in which the figure is below the OX axis.
Both of these methods are not without their drawbacks. In this situation, you can
use the following method: carry out a parallel transfer of the figure, the area of
which must be calculated along the OY axis to such a distance that the figure is
completely located above the OX axis.
Such a transformation of the plane means that the functions data in the conditions
of the problem are replaced by other functions formed by adding functions of the
same number to the data.
A task. Calculate the area of a shape bounded by lines y=-2x, x=2, y=0.
Solution:

y=-2x, —2x=0,

y=0, x =0, 0and?2 - integration limits.

x=2. x, =2.

y,=0; y,=-2-2=-4. (0; 0), (2; —4)— system solutions.

y=—2x435 Y
& s yess It is necessary to calculate the area of the
K triangle OAB, which is located under the
5 OX axis.
2 Add to both functions y=0 and y=-2x

y number 5: we get new functions
— =0+5=5;, y=-2x+5.
2 Ai 45678 > 7 Y

Let us construct graphs of these functions

j and find the area of the triangle KMN equal
1 g to the area of the triangle OA4B. Integration

limits are preserved.

2 2
S kv =.[5dx—j(—2x+5)dx:5-x
0

0

2 2
42 xdx-5x; =2-%\§ =2>-0% =4 (k6.00)
0

Answer: 4 (square unit).
A task. Calculate the area of a shape bounded by lines y =3x-x*, y=0, x=4.

Solution:
y=3x-x>, 3x—x>=0, 3—x=0, ¥, =3-0-0°=0,
y=0, x(3-x)=0, x,=3, y,=3-3-3"=0,
x=4. x, =0. ;=4 y,=3.4-4"=-4,

0(0;0);, 4(3;0) B(4;,—4)
We find the coordinates of the vertex of the parabola:



me-l o3 s a- y(m)=3-15-1,5" =4,5-2,25=2,25.
2a  2-(-1)

(1,5; 2,25). Lowest point of a shape - B (4;-4).

Perform a parallel transfer of the figure 4 units up.

N

134

124

114
104

SA,DNMK =Sk +SA]BN17
3 3 2 3
S ik =I|).(3x—x2 +4)dx =J0.4dx :3.%‘3 —%‘3+4x‘3 —4x‘3 -

=%-(9—0)—%-(27—0)+4-(3—0)—4-(3—0)=277—9+12—12 =13,5-9=4,5(xB.0x1)

SNAID :j(4—(3x—x2))dx::4[(4—3x+x2)dx:}4dx—j3xd+]‘.xzdx:4x‘;‘ —3-%2“3‘ +%3‘§ =
3 3 3 3 3

4. (4=3)=2.(16-9)+ 1. (64—27) =421, 3T 12163+ 74 86763 23 ;5
2 3 2 3 6 6 6 6

1 5 3+5 8 2 1
SA]DNMK :454'36:7T:7g:8€:8§(KB.0I{)

Answer: 8% (kB.0n)

The text of the augmented problem.

Calculate the area of a shape: y=4-x*; y= —%x—l, y= %x—l.
Solution:

We find the limits of integration:

1
A2 4—x*=—"x-1
y=4-x7, X T 8-2x"+x+2=0, 2x’-x-10=0,

y:—Ex—l 4_x2+1x+1:0|.2 ~2x*+x+10=0 D=1+80=8l.
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F{-25,-225) w25 -2.25)
2,5 3 )
5= [ (625 Jix = (@25)‘ —x?j s = (15,625 - 15’3625 J _ (—15,625 _%&5} _
-2,5

31,25 31,25

=31,25~- = 15,625 (x6.00)

S, =Sunc :%-Alc1 -OD, =%-(2,5 +2,5)-1,25=2,5-1,25=3,125.
S, =15,625-3,125=12,5(x6.00)
Calculate the area of a shape bounded by lines:
x==-2, x=2, y=4—x2, 2y=—x-2, 2y=x-2.
Solution:

Move the ABCD figure one unit up along the OY axis.

A figure formed 4,B,C,D,.

We consider the area of the desired figure as the sum of the areas of the figures
AB,0 and OBC,
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‘ p 3 2
N R S S

-2 -2

=0—(—_—8+1+12J=6l (k6.00)
3 3

2 1 2 1 x3 x2
SOBICl :I(S_xz —[—;+1j}dx=][—x2 —Ex+6xjdx:(—?—q+6x}g =

0 0

:_§_1+12:—52+12:6l (K@.O())
3 3 3

S, =64+6--122.
373 73

Answer: 12%.

Find the area of the figure bounded by lines y =—x*+4x-3, y=—x>+6x-5,
y=3x-15.
Solution:
We find the limits of integration:
y=—x"+6x-5 —x'+6x-5=—x"+4x-3,
{y:—x2 +4x-3. 6x—4x=-3+5, 2x=2.

x=1 . . .
0 intersection point of two parabolas.

=

{y:—x2+6x—5, —x2+6x-5=3x-15, —x>+6x-5-3x+15=0,

y=3x-15. —x>+3x+10=0. x*=3x-10=0.
3T 4, 347 _10_

D=9+40=49, ' 2 2 T 7?2 2 7 intersection points of a straight
y =-21. y,=0

line with a parabola y =—-x* +6x-5.

{yz—x2+4x—3, —x? +4x-3=3x-15,

y=3x-15. —x’+x+12=0. ¥’ —x+12=0.

x =4 x,=-3, . . . . . .

intersection points of a straight line with a parabola
n=-3.y,=-25
y=-x"+4x-3.

Let's sketch.
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We find the coordinates of the vertices of the parabolas:
6
- =3,

-2
=-x’+4x-3. -4
Move the ABCDE figure up along the ordinate axis by 3 units.

—x’+6x-5+3=-x"+6x-2.

5 3 2
Sunc =j(—x2+6x—2—3)dx=(—x?+6i—5x)‘f :—%+3-25—25—[—%+3-1—5j:

Xy =

Yo=-9+18-5=4, (3;4)
yo=—4+8-3=1.(2;1)

y=-—x>+6x-5,

2.

1 2

:—E+50+1—3+5=—ﬁ+52:—411+52:103(Kg.oa)
3 3 3 3 3

— x> +4x-3+3=—x"+4x.

h : 1 1
SAlmlEl =J1'(_x2 +4x-3 x:(—%+2x2—3xj‘f :—9+18—9—[—§+2—3jIIE(KG.O())

S, scr = 10%—1%: 9%(;«;.00)

4 3
Sion :I(3+x2—4x)dx=(3x+%—4J‘§ =(12+%—2-16)—(9+9—2-9):1%(1«3.00)
3

5 5 2
S, = [ (3=3x+15=3)dx = [ (15— 3x)dx :(m-%j\j :[75—7—25j—(60-24):

4 4

:371—36:11(1«;.00)
2 2

s, =0 il il o2 Lo 43 15 (ke00)
373 2 32 6 6
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Self-study assignments

Answer: 0,4.
Answer: 0.

Answer: —2.
Answer: -81.
Answer: —20.
Answer: 11.

Answer: —6.
Answer: 89,5.
Answer: 2=.

Answer: % (e

Answer: 0.

Answer:

Answer: -2.

Answer:

Answer:

Answer:

Answer

10

—24.

47,5.

: %(16\/5—3\/5)
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3 1 V2
ctg®2xdx. Answer: ————.
l 8 23 12
4
Calculate the area of a shape bounded by lines:
a) y=-x"-2x+3 and y=1-x. Answer: 4,5(x6.00)

0) 2y=x*+x-6 and 2y =—x"+3x+6. Answer: 20%(1(‘6.00)

1) x=0, y=0, y=sinx. Answer: 2 (k6.00)

2) x=0, x=4,y=0,y=3x"-6. Answer: 24(xs.00)
3) y=0, y=2x"+3x-9, Answer: 30% (r6.00)
4) y=x"+6x+5, y=0. Answer: 10% (r6.00)

5) y=0, y=x’—6x"+11x-6.  Answer: 0,5(k6.00)
6) y=0, y=(x+2), y=4—x.  Answer: 10§(K6.00)

Calculate integrals:

4 2 3[

jidx. Answer: 12f—33i/5.

0 Jx 5 77
6-2

) .
J' — +sin x {dx. Answer: )
cos’ x 2

0

For function f(x)=x*-2x+1 find that original F(x), the graph of which passes
through the point M(2;1).

Answer: F(x)= %x3 — X +x+ %
Calculate the area of a shape bounded by lines y =x* - 6x+5 and coordinate axes.
Answer: 2%(%.00).

Calculate the area of a shape bounded by lines y=x*+2x-2 and y =x.
Answer: 4,5 (x6.00).



