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Section 6 
Irrational equations 

Irrational are equations in which the variable is under the root sign. 
In the school curriculum, they are solved only in the set of real numbers.. 
To solve an irrational equation, it is necessary by means of identical 

transformations to reduce it to a rational. This is achieved by raising both sides of 
the equation to a power, or by introducing a new variable. Since when raising both 
sides of the equation to an even power, the appearance of extraneous roots is 
possible, then to "filter" them, it is advisable to substitute all the found values of 
the roots in the original equation.  

Consider some methods for solving irrational equations, namely:    
1). The introduction of a new variable; 
2). Applying abbreviated multiplication formulas; 
3). Introduction of conjugate expressions; 
4). Subtraction of the common factor in parentheses. 

Solve the equation: .115  xx  
Solution: 

Square both sides of the equation: ;1215 2  xxx  ;0232  xx    
By the theorem of Vieta: .2   ;1 21  xx    
Check: if ,1x  then ;11115    .22      
1  root of the equation. If ,2x  то ;12125    .33   
2  root of the equation.  

Answer: 1; 2. 
Solve the equation: .3535 xx   

Solution: 
Raise both sides of the square: ;3535 xx    ;3535  xx   ;88 x   .1x  
Check: ;135315     22  true equality.  
1  root of the equation. 

Answer: 1. 
Solve the equation: .023426  xxx  

Solution: 
.023426  xxx  Let's raise both parts to a square:   

;2343426226  xxxxx       ;234262510  xxxx   

  ;342622510  xxxx     ;34262310  xxx    
Squaring both sides of the equation again:      ;3426495481 2  xxxx   

 ;681824495481 22  xxxxx   ;02432729695481 22  xxxxx    
 ;5:0155015 2  xx   ;03103 2  xx   ;86436100 2D   

;
3
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6
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
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6
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2 


x   Check: if ,

3

1
x  то .02

3

1
3

3

1
42

3

1
6   

Well then 
3

1  extraneous root.   
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If ,3x  then ;023334236    3  root of the equation.  
Answer: 3. 
Solve the equation: .133 33  xx  

Solution: 
Let's write the formula for the sum of cubes in this form: 
   ;333 3332233 baabbababbaaba    
Let us raise both sides of the equation to a cube and apply the above identity: 

  ;13 33 33 33 3333  xxxxxx       ;113336 3  xx   

;593 3 2  x    

We raise both sides of the equation in a cube:    ;125927 2  x   ;
27

125
9 2 

 x   

;
27

125
92 x   ;

27

1252432 
x   ;

39

2316

27

3682




x    .69
9

4
2 x  

Answer: ;69
9

4
   .69

9

4
 

Solve the equation      5 6 6х .663 х  
Solution: 

Let's introduce a new variable   .6  ,6  ,6 2322
66 tхtхtх   

Then the original equation will have the form t .0652  t   

Its roots by Vieta's theorem t ;21  t .32  Then   ;26  ,26 66
66  хх    ;646 x   

;664 x   ;70x  

  ;36   ;36 66
66  xx   ;7296 x   ;6729 x   .735x   

Check: If ,70x  then ;10256456705 66    ;10646646670 33   
.1010   

70  root of the equation. If ,735x  then ;1535729567355 66    
.1569672966735 33    735      .1515  root of the equation. 

Answer: .735  ;70  

Solve the equation : .78231523 22  хххх  
Solution: 

We denote .8231523 22 Aхххх    
We multiply the original equation and the just formed:   
    Aхххххххх 782315238231523 2222  ; 

  ;78231523 22 Axxxx    ;78231523 22 Axxxx    .1    ;77  AA  

Let us solve the following system of equations 










.18231523

,78231523

22

22

хххх

хххх
  

Adding these equations, we get ;2:815232 2  xx    .41523 2  xx  

Let's square both sides of the equation ;161523 2  xx     

;16124    ;0123 2  Dxx    ;
3

1

6

2

6

42
1 


x    .1

6

42
2 


x  

Verification shows that both found numbers satisfy the equation.  
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Answer: .1   ;
3

1
  

There are many irrational equations, the Solution of which is greatly simplified 
when the radical expression is factorized with the subsequent removal of the 
common factor outside the brackets. For example, solve the equation: 

.1544321572 222  хххххх  
Solution: 

.01544321572 222  хххххх   Expand each of radicands 
,1572 2  хх   ,32 2 хх     .1544 2  хх   For the first and third polynomials, we apply 

the factorization formula for a square trinomial:    ,21
2 xxxxacbxax   

where 1x  and  2x  the roots of this trinomial. 

,16912049152472 D   ;5
4

137

22

1697
1 







x   ,
2

3

4

137
2 


x  then 

     .5325
2

3
21572 2 






  xxxxxx  ,256151616 D   

;
2

5

8

20

8

164
1 


x   ,

2

3

8

12

8

164
2 


x   then 

   .5232
2

5
2

2

3
2

2

5

2

3
41544 2 






 






 






 






  xxxxxxxx   

 .3232 2  xxxx  The equation takes the form: 
          .0523232532  xxxxxx  

;0523232532  xxxxxx     ;052532  xxxx  
,032 x  or   ;0525  xxx    

;032 x            ;525  xxx    
;5,1x     Let's square both sides of the equation:    ;52525  xxxxx    

  ;052  xx    













.0

,5
    

0

,05

x

x

x

x
 

Verification shows that for 0x  the first and third radicals have no meaning, and 
the numbers 5,1  and 5  satisfy the equation. 
Answer: .5,1  ;5   
The solution of equations with mutually inverse quantities is reduced after 
introducing a new variable to the quadratic equation.  

Solve the equation:  .2
5

3

3

5
33 








x

x

x

x  

Solution: 

R.O.V.V.:    .5  ;3  xx  We denote ,
3

5
3 t

x

x



  then  ;

1

5

3
3

tx

x



   ;2

1


t
t   

;0
122




t

tt    




















.0

,1
    

.0

,01
    

.0

,012 22

t

t

t

t

t

tt
   ;1

3

5
3 




x

x   ;1
3

5





x

x    

;35  xx    ;35  xx    .1    ;22  xx   
Verification shows that 1 satisfies the original equation.  
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Answer: 1. 
Sometimes it is useful to replace an irrational equation with a system of equations. 
Solve the equation: .7218232  xx   

Solution: 
;2:1872232  xx    .   9723 Axx    

Having solved the system of inequalities, we find R.O.V.V. of equation. 

 







.07

,023

х

х
       








.7

,23

х

х
     











.7

;
3

2

x

х
   





 ;

3

2
 domain of equation.  

We introduce new variables, namely: .0   ,23  mmx    .0   ,7  nnx  
Raising both sides in the square, we get:  ;37     ;23 22  nxmx    

 
22 323 nm   

   























.02318813

;9
    
.02393

;9
     
.233

;9
22222 2

mmm

mn

mm

mn

nm

nm
  

m ;51   m ;222   n ;4591    n .132292   
Back to the substitution: .9  ;273   ;2523  ;523  хххх   n=−13− extraneous 
root because it does not satisfy the condition n .0  A direct check shows that the 
number 9 − root of the equation.             
Answer:9.        
Often there are such irrational equations, for the solution of which it is sufficient to 
replace only one of several radicals with a new variable. Solve the equation:   

.6623  хх  
Solution: 

R.O.V.V.: .6   ,06  xx  Let's introduce a new variable ,23 yx   then  

,2 3yx    ,23  yx   ,8626 33  yyx   ,683  yy   .683 yy     
After squaring both sides of the equation, we get: ;12368 23 yyy    

.0281223  yyy   
Free term divisors of equation: 

 .28  ;14  ,7  ,4  ,2  ,128   If ,2y  то .02824482821222 23   
 2y  root of the equation. 

        281223  yyy    2y   
       23 2yy           142  yy  

             
yy

yy

2

12
2

2



  

                      
2814

2814




y

y
 

                            0. 
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The equation 0142  yy  has no real roots, because its discriminant is negative.  

,223 x  ,82 x  .10x  Direct verification shows that 10 is the root of the 
equation.  
Let us show another, in our opinion, a unique way to solve irrational equations of 
the above type: .12243 xx     

Solution: 
We introduce the following notation: 

21
3 12    ;24 yxyx    тоді  .21 yy   Raising the first equality to a cube, the 
second to a square and taking into account the third equality, we obtain the system 
of equations: 















.

,12

,24

21

2
2

3
1

yy

xy

xy

   

,243
2  xy  

xy  122
2  

.036   ,36 2
2

2
2

2
2

3
2  yyyy  

  36  ,18  ,12  ,9  ,6  ,4  ,3  ,2  ,1  free term divisors of equation.  
Substituting them sequentially into the equation, we make sure that the number 3 is 
its root:  .0369273633 23   

362
2

3
2  yy  

               362
2

3
2  yy   32 y   

               2
2

3
2 3yy         124 2

2
2  yy  

                       
2

2
2

2
2

124

364

yy

y



  

                                           
3612

3612

2

2




y

y
 

                                         0. 
,0124 2

2
2  yy   .   ,04816 2  yD    

In the second equality instead of 2y  substitute the number 3: 
.3   ,912   ,312  xxx  

Number 3 satisfies the original equation.  
Answer: 3. 
In some equations, it is useful to transfer only one term from one part to another, 
but such that the sums of the coefficients of the variables in both sides of the 
equation are the same.         
Solve the equation: .22475318  хххх     

Solution: 
;53472218  хххх  8+2=10;   7+3=10.     

After squaring both sides of the equation, we have:    
8х+1−2         ;535347247222218  ххххххх     
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10х−1−2        ;534721102218  ххххх  

2        ;534722218  хххх   

       ;53472218  хххх         ;53472218  хххх  
16х ;201235212216 22  ххххх  5х ;01892  х   5х ;01892  х     
D=81+360=441;    

х ;2,1
10

219
1 


   х .3

10

219
2 


   

By direct verification, we make sure that only the number 3 is the root of the 
original equation.         
Answer: 3.  
I would like to acquaint those working with the "Workshop on solving problems in 
elementary mathematics" with an original way of solving irrational equations of 

this kind  .1168143  хххх   
Solution: 

Let's introduce a new variable ух 1 ,  у .0      ;1 22
ух   х−1=у ;2  х=у .12   

Then this equation will have the form:  
;1681431 22  уууу     

;1962442  уууу    

    ;132 22  уу                                      

2у + 3у  =1. 

We equate the submodular differences to zero, solve the resulting equations and, 
taking into account the inequality у 0  we denote the found roots of the equation 
on the number line:  
у−2=0;  у=2.      
у−3=0;  у=3.   
On  2;0   y 2 ,0  and therefore   ;222 yyу   ,03 y   

and therefore   ;333 yyу   

Equation (1) takes the form: ;132  yy   ;2   ;42  yy    2;02 . 
The equation has no roots on this interval. On the interval  3;2   

;22  ,02  yyy     .333   ,03 yyyy    ,132  yy   11   for 

any value of the variable у с  .3;2  ;312  x   ;914  x   ;105  x    .10;5x  
On  ;;3    .22   ;02  yyy   .33   ;03  yyy   ;132  yy   ;62 y   

 .;33    ;3 y  3 – root of the equation (1). .10    ;91   ;31  xxx   
Thus, the solutions to this equation are  (line segment)  .10;5  
Answer:  .10;5  
The method of solving equations of this type is of great interest: 

.0
2

12310 23





x

xxx  

Solution: 
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The condition of equality of the fraction to zero implies the following 

system:










.02

;012310 23

х

ххх
 

It is easy to see that ,0x  and therefore we divide both sides of the equation by 3x  
followed by the introduction of a new variable.  10х ;:0123 323 ххх         

0
123

10
32


ххх
. Introducing a new variable ;

1
y

x
    10−3у−2у 032  у ;     

у 01032 23  уу  (1).    .10  ;5  ;2  ;110   If ,2y  then 
      ;0106881023222 23    0=0; It means that  2y  root of the 

equation (1). .
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у 0542  у ; D=16−20=−4 ;0  y  in area of R. 
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Prove that the equation 622 4 44  xxxx  has a single positive root and 
find it. 

Solution: 

Let's introduce a new variable: ;24 4 txx    .2 24 txx    
The original equation has the form: .062  tt  By Vieta's theorem: .2   ;3 21  tt   

.   ,324 4  xxx   ;224 4  xx   ;0216    ;162 44  xxxx   
      ;0244 22  xxx    
        ;02422 2  xxxx          .01422 2  xxx    

 
Find negative divisors of the number 9:  .9  ;3  ;1    
If ,1x  then       .09421914121 23   
If ,3x  then   .09121827   
If ,9x  then .0936162729    

Check: if ,2x  то ;62422222222 4 444 44   .66   
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Answer:  2x  single positive root. 

Self-study assignments: 
Solve the equation:     
6.1 .5720  хх     Answer: 4; 11. 
6.2 01243  хх    Answer: 4. 

6.3 .33325 22  хххх   Answer:2. 
6.4 .
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6.5 .12 xxx       Answer: 1. 

6.6 .12 xxx       Answer: 1. 

6.7 .1193 3  xx      Answer: .3  ;2  
6.8 .5216  xxx    Answer: 3. 

6.9 .123232262 22  xxxx    Answer: .5,3  ;2  

6.10 .
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6.11 .63
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xx
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    Answer: .  

6.12 .32 4 38 5 xxx       Answer: 0; 1. 

6.13 .11124113 22  xxxx    Answer: 1; 2. 

6.14    
.
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    Answer: 2; 9. 
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13481   

6.16 .2132132 33  xx    Answer: .7  ;7  
6.17 .23662 44  xx     Answer: .2  ;58  
6.18 .3314 44  xx     Answer: .2  ;13  

6.19 .21515 4 22  xxxx    Answer: .1  

6.20 .128264 22  xxxx    Answer: 2. 

6.21 .2152153 22  xxxx   Answer: .5  ;0   

6.22 .1635223132 2  xxxxx    Answer: 3. 
6.23 .288 44  xx      Answer: 8. 

6.24 .
3
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33





 xxxx

    Answer: 64. 

6.25 .221682 22  xxxx    Answer: .1  ;1  
6.26 .11642 2  xxxx    Answer: 3. 

6.27         .37272 33 23 2  xxxx    Answer: .1  ;6  
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6.28   .01212  xxxx    Answer: .
2
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
  

6.29    
,ba

bxax

bxbxaxax
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
   if .ba    Answer: .
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6.30 .3
3

3





xx

xx        Answer: 64. 

6.31 .313  xx       Answer: 7. 
6.32 .114271 33  xx      Answer: 1. 

6.33 .221682 22  xxxx     Answer:    .;10;2 x  

6.34 .114312  xxxx    Answer:    .2;01; x  
6.35 .288 44  xx       Answer: 8. 


