Section 18
Systems of trigonometric equations

Systems of trigonometric equations can be divided into two large types:

a) those in which it is relatively easy to eliminate one of the unknowns by
expressing it in terms of other variables from any equation of the system;

0) those in which the trigonometric system can be reduced to a system of
algebraic equations in which trigonometric functions are taken as new variables.

When solving systems of trigonometric equations, as well as when solving
trigonometric equations with one variable, one should try to carry out such
identical transformations in which one or more equations break down into simple
equations with two variables, for example, cos(2x+3y)=1, crg(x—y)=+/3 etc.

Let us illustrate the above with examples..
Solve system of equations:

{\/sinx -cosy =0, 1

2sin”* x—cos2y—2=0. (2)

Solution:
Equation (1) implies that sinx>0.
If sinx=0, 0-cosy=0- identity.
If sinx >0, then it follows from equation (1) that cosy =0.
Thus, the original system turns into a combination of two systems:

- i sinx =0, _ sinx =0,
sinx =0, %)
0—cos2y—-2=0. —cos2y=2.
2sin” x—cos2y—2=0.
‘ cosy =0, cosy =0,
cosy =0, sinx >0, . . 2
2sin” x—cos2y—2=0, |{2sin"x—-2=0,
2sinx—cos2y—-2=0. | | . .
L sinx > 0. sinx > 0.
cosy=0 Ty Z
cosy =0, y=5% cosy =0, cosy =0, Y=L nes.
2sin?x=2. |2 12%92X 5 V1_cos2r=2. |cos2x=~1.

Answer: (%+ 7k %+7mj kneZ.

3+2-cos(x—y): B2 x .Cosz.x—y_ksinz(x—y).

2

x=%+7zk, neZz.

2 2

Solution:

Lower the degree of the cosine:

3+2-cosz(x—y):m.

2

3+2-cosz(x—y):m'1+cos(x—y)+sin2(x—y)_

2

2

1+cos(2-x_y
2

2

j+sin2(x—y).

b

2

2

2




2

3+2-cos*(x—y)=3+2x—x" -(1+cos(x — y))+sin*(x— y);

3+2-cos’(x—y)=v3+2x—x? -(1+cos(x - y))—sin*(x— y)=0;
1-sin®(x—y)+2+2cos(x — y)—v/3+2x—x? +cos(x — y)-/3+2x—x* =0;
cos?(x—y)+2—3+2x—x’ +cos(x—y)-(2—\/3+2x—x2 ): 0;

cosz(x—y)+(2— 3+2x—x ) (1-cos(x—y))=0.

Let's introduce new variables:

cos(x—y)=t, 2—v3+2x—x* =a, then > +a-(1-1)=0, > +a—at=0, t* —at+a=0- this
is a quadratic equation with respect to 7 it has roots when D=4’ —4a>0, a(a—4)>0.

.. . . >0, <0,
This inequality is possible when a or 4
a—42>0. a—4<0.

a>0, a<0,
—>a=4 —>a<0.
a>4. a<d4.

Hence, the equation > —ar +a =0 has roots at a e (o0; 0]U[4; + ).
Inthat @ =2—+v3+2x—x> =2—/- (x> =2x=3)= 2=/ ((x* = 2x+1)+1-3) =
=2 (=10 —4)=2-Ja—(x—1).

2-2-4<a<2. a=0.
2—4—(x-1 =0. 22 =\/4—(x—1)"; 4=4—(x—-1); (x=1) =0, x-1=0, x=1

Then the equation: cos®(x— y)+ (2 —v/3+2x —x? ) (1-cos(x—y))=0 takes the form:

cos’(1-)=0, cos’(y—1)=0; y—1=%+7m, neZ. y:1+%+7m, neZ.

Answer: (l; 1+%+7m} neZ.

ctgx+sin2y =sin2x,
{25iny-sin(x+y): COSX.
Solution:
We transform the second equation of the system by applying the transformation
formula for the product of trigonometric functions:
)=2. cos(y—x—y)—cos(y+x+y)

2sin y-sin(x+y)= 5 = cos(—x)—cos(x+2y)=cosx —cos(x+2y).

cosx —cos(x+2y)=cosx, cosx—cosx=cos(x+2y); cos(x+2y)=0, x+2y:%+7zk;

x:%—2y+7zk, keZ.

Substitute the x values into the first equation of the system:
ctg(z— 2yj +sin2y =sin 2(1— 2yj;

2 2
1g2y+sin2y = sin(7r - 4y);
tg2y+sin2y =sin4y;
sin2y
cos2y

+sin2y—sin4y:0|-cos2y;



sin2y+sin2y—2sin2y-cos2y-cos2y =0;
sin2y-(l+cosZy—200s2 2y):0.
sin2y-(1+cosZy—cos2y—cos2y):O;

=Ty Z
sin2y =0, {2y:7zn,neZ, YT oA, e s,

I—cos2y=0.

sin 2y(1—cos2y)=0
cos2y=1.

2y =2m, y=%+n.

A pa 7 Vs
Answer: | —+m; —=n | | =+m;, —=+n|
2 2 2 2

tgx—tgy=—2\/§,
oy E
Y 3

Solution
We transform the first equation of the system:
sinx siny sin x - COS y —COS X - Sin y_ sm(x y)
- =-243; -243; = —24/3;
COSX COSYy COSX-COS ) COSX-COS Y
)= 253 cos(x+y)—2kcos(x y).

sin(x—y)——Z\/g cosx-cos y; sin(x—y

sin(x —y)= —3- (cos(x + y)+cos(x— y))

Let us substitute from the second equation of the system the values: x—y = %:

sin% = —\E(cos(x +y)+cos %), % = —\/g(cos(x +y)+ %) : (— \/5)

b

cos(x+y)+%=—%; cos(x+y)=—1; x+y=7+2m, neZ

Consider the system of equations:

X+y=m+2nk,
.7
4 3

2y:2Tﬂ+2k7r|:2 y:§+kﬂ',keZ.

X+y=m+2nk,

+ T
xX—y==—
773

2= ok x= 2Tk
3 3

Answer: (2% +kr; %+ k;rj, keZ.

.x+y . x—y 1
sin -sin =—,
2 2 2

COSX-COSy = 5

Solution:



4

Converting the product of sines into a sum, we get the equation:
1 COS(H_y_uj_COS(H_uuj V2. sy —cosx= .

2 2 2 2 2 2

The original system is equivalent to such a system:

oS y —cosx =+/2,
1 Letthe cosx=a,cosy=0.
COSx-C08 Y =~

b—a:ﬁ, b=a+\/§, b=a+\/§,

a-b:—l. a-(a+\/§):—l. a’+a 2+l=0.
2 2 2

V2

D:2—4%:O; (a+ﬁ)2=o; a=-"=;

Then

b:a+f:_ﬂ+fzﬂzﬁ; .

2 2
0SX=———; COSy=——.
2 2 2 2 2

x:i?’?ﬁ+27zm, meZ, y=i%+27m, necz.
Answer: (i%+2ﬂm; i%+27znj, meZ, neZ.

1
cosm-cos;zyzz,

tgnx -tgmy = 3.
Solution:

1
COS /X - COS 71y = —,

. . Multiply:
sin7zx - sin zzy _3 ply
COSmX COS 7y '
w.cosm.cosﬂy:l.(_3);
COS 71X - COS 71y 4

sin7zx-sin7zy=—z.

Consider a system equivalent to the original:

1
COS7IX - COS 71y = —,

- 4 Subtract and add:
sin 7zx - sin 7y = T

cosmc-cos;zy—sinﬂx-sinﬂy:%+%,

cosmc-cos;zy+sin7m-sin7zy=%—%.

cos(7zx+7zy):l, o+ ny =2kr, r x+y =2k,
COS(7DC—7{)/)=—%. 7zx—7zy:i2Tﬂ+27m. T x—y=27z>§. keZ neZ



Add and subtract:
2x=2k+27r+%|:2 x=k+n+l,y=k—n—l; x:k+n—l; x:k—n+l.
3 3 3 3 3

Answer: (k+n+l;k—n—lj, (k+n—l;k—n+lj.
3 3 3 3

sinx—siny:%,

COSX—COSy = 5
Solution:
Let us transform the differences of the functions of the same name into products:
200sx+y-sinx_y:l, 1
2 2
x+y ox-y ﬁ

—2sin -sin . (2
2 2 2 )

Dividing the second equation by the first, we get:

x+y x+y 7«
t =\/§, =—+kr, keZ.
£, 2 3

Consider two cases:

a) k =2n, even number, then x+Ty =%+ 2m,ne’Z.

Substitute the value x+Ty = % +2s/m into equation (1):

2cos£-sinx_y:l, 2-l-sinx_y |
3 2 2 2 2

2

sinx_y:l, x_y:(—1)"arcsinl+7m:(—l)"-£+7m,neZ.
2 22 2 6
Then there is such a system of equations:
xX+y 7w
x+y:£+k7;, A kr, x+y=£+k7r, 2
2 3 2 3 2 3
x_y:(—l)"-£+7zn. X—y:(_S_ﬂj+7m' XV ST o 2
2 6 2 6 2 3
x+y:2T7[+2k7z, x+y:2T7z+2k7r,
+ p—
107 107
X—y=——+2m. X—y=——~+2m
3 3
127 2 :—8—7Z+2k7z—27zn
2x =254 2+ 2m, |2 Y= ’
X:27Z'+k7l'+7l7’l, y:—iﬂ'-{-ﬂ'(k—n)’

x=27z+7x(k+n), 4
x:ﬂ(2+k+n). y=7r(§+k—n}

0) k=2n+1, k- odd number.



Answer: (72'(2-!—/(-‘:—7’1); ﬂ(—§+k—nj], (7?”+27z(n+k); 37”+27z(n—k)j.
cosx:cosy:cosz=5:4:3,
Xxty+z=2
y >

Solution:
Let the k — proportionality coefficient, then cosx =5k, cosy =4k, coz=3k, k=#0. (A)

From the equation x+y+z :% we have x+y 2%—2.
. . T
sin(x+ )= s1n(5 - zj =C0S2Z.
T . . T
y+z =55 sin(y +z)= sm[z—xj = COSX.

T . .| 7T
xX+z =5—y, sm(z+x)=Sm(E—J/j=COSy-

There is such a system of equations:

sin(x + y) =C0Sz, [sinx-cosy+cosx-siny=cosz,

sin(y +z)=cosx, {sin y-cosz+cosy-sinz=cosx,

sin(z +x)=cosy. |sinz-cosx+cosz-sinx=cos y.

Using relation A, we obtain the system of equations:

4k -sin x + 5k -sin y =3k,

3k -sin y +4k -sin z = 5k, We divide each equation of the system into & :
Sk -sinz 43k -sin x = 4k.

4sinx+5sin y =3, sinx =a,
3sin y +4sinz =5, We denote siny =b,
S5sinz+3sinx =4. sinz =c.
g o375 3b+4c =5,
4a+5b=3, 4 20¢+9—15b =16.
3b+4c=5, <3b+4c=5, 3bides |5
Sc+3a=4, 3-5b +ae=5}
et —— =44 1200-155=7.
156+ 20c =25, 32 8 9
+ c=—=—=0,8; 156+20-0,8=25; 15=25-16=9, b=—=0,6.
—156+20c=1. 40 10 15

40c = 32.
3-5-06 3-3
a= = =

4 4

0.




sinx =0, xX=m, neZ’.
siny=0,6, y= (— 1)'” arcsin 0,6 + zzm, me Z.
sinz=08.  z=(-1) arcsin 0,8 + 7k, k € Z.
Answer: (727’1; (— l)m arcsin 0,6 + zm; (— l)k arcsin 0,8 + kﬂl neZ, meZ, kelZ.

cosx-cos2y+siny-cos2x+2cosx =1, Q)
cos2x+3cos2y+8sin y=8+4sinx-cosy. (2)
Solution:

Perform some identity transformations of the equation (2):
coszx—sinzx+3-(coszy—sin2y)+8siny:8+4sinx-cosy;
l—sinzx—sinzx+3(0052y—1+0052y)+8siny:8+4sinx-cosy;
1-2sin® x +6cos” y —3 +8sin y =8+ 4sinx-cos y;

—2sin® x—4sinx-cos y —2cos’ y+8cos’ y+8sinx—10=0 | (-1)
2sin” x +4sin x-cos y +2cos’ y—8cos’ y —8sinx +10 = 0;

Z(Sin2 x +2sin x-cos y + cos’ )/)—S(I—Sin2 y)—85inx+10 =0;
2-(sinx+cosy) —8+8sin® y —8sinx+10=0]:2
(sinx+cosy)2+4sin2y—4siny+l:O;

(sinx+cos y)* +(2sin y —1) = 0;

This equality is possible only if sinx+cosy=0 (3) and 2siny-1=0—siny= %

We transform the equation (1):
COSX- (0052 y —sin’ y)—i— sin y - (0052 x —sin’ x)+ 2cosx=1;
cosx-(l—sin2 y —sin® y)+sin y - (cos® x —1 + cos’ x)+2cosx =1;

cosx-(l—2sin2y)+siny-(200s2x—1)+2cosx:1;

Substitute in this equation sin y = %:

2
cosx-[l—Z-(%) ]+%-(2coszx—l)+2cosx=1;
1 1 5
cosx- 1—5 +E-(2cos x—1)+2cosx—1=0;

%cosx+%(2cos2x—1)+2cosx—1 =0;

cos’ x+2,5cosx—1,5=0; cosx| <1.
D=625+6=1225; cosx= # =-3 does not satisfy the condition |cosx|<1.
cosxzﬂzl; x=£+2k7z; x=-2 4 2kx.

2 2 3 3

From the found values, select those that satisfy the equation (3):
x=£+27m, y :5—ﬂ+27m, x=—§+2kﬂ', y:%+2kﬂ'.

3
Answer: (% +2m; 5?” + 27mj, (—% + 2k %Jr 2k7zj, neZ keZ



Self-study assignments:

x—y——Z
6 Answer: ”+k—”,£ L2 ,keZ.
. . 3 6 2 3 2
sinx-sin y = —.
4
3
+y==
Ty 4’ Answer: k+i;—k+l, k+i; —k+g.
12 3 12 3
tgmx —tgmy = 2.
X+y—§ ju ju
Answer: [— +km; =—— k;rj.
1 6 6
tgx-tgyzg.

3cosx+cosy=2,
g Y= Answer: (2kz; 7+2nz), keZ, neZ.

sin y =5sin x.

sinx:siny:sinz=4:3:5,
Y Answer:

sinx-cos2y+siny-cos2x+siny =1,
Y r r= Answer:
2cos2x+8cosx-cosy+7=4siny.

(——arccos— 2k+nj7z 2km — arccos%; 7m+2] keZ, ne”.

( —+7zn 2k—n+1)ﬂ—(—1)n'gj, keZ neZ.
cosx-~cos2x =0,

Answer: [Z 2k +1) Z(6m+1 j k.meZ.
2sin2x—cos[2y—§jzo. 4( ) 6( )

T
X+y=—,
6 Answer:

5(sin 2x +sin2y)=2- (1 +cos”(x - y))

(%(4/{ +1) —%(121« + 1)), (%(12/{ 1) %(1 —4k)j, keZ.

Sr

Ty Answer: | Z(2k+1), Z(6k-1)|, ke Z.
. . 2 6
sin 2x = 2sin y.
sinx-cosy = l
g Answer:
sin COSX =—
. 4

(%m(k_m); §+7z(k+m)j, (_%m(k_m); ng(mm)j, kme?.



X—y=——,
3 Answer: (% 6k+1j, keZ.

2 s 2 1
cos” e —sin” 2o = .

x+y=2
y 4’

| Answer: (arctg% + 7k; arctg% - 7ij, keZ.
1gx-1gy = g

{\E-sinx =sin y,

Answer: (i%wzk; i%Jrﬂmj, k,meZ.

\/E-cosx:\/g-cosy.

4. (3 -\4x —x* -sin’ X-l-Ty +2cos(x + y)j =13+4cos’(x+y) Answer:

(2; iz?ﬁ—2+27zkj, keZ.



