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Section 12 
Systems of equations 

Two or more equations with n variables form a system when you need to find their 
general solutions. 
The solution of a system of equations with n variables is such an ordered n 
numbers, which transforms each equation into the correct numerical equality. 
To solve a system of equations means to find the set of all its solutions or to show 
that it has no solutions. 
A system that has solutions is called joint, and not having solutions is called 
incompatible or contradictory. 
The fact that the given system is written using curly brackets written to the left of 
the column of equations. 
System of equations (А) are called a consequence of the system (В), if all system 
solutions (В) are solutions of the system (А).  
This fact is written like this: .AB   
Two systems of equations called tantamount or equivalent if each of them is a 
consequence of the other. .AB   
Two systems are said to be equivalent if they both have no solutions. 
There are three traditional ways to solve systems of two equations: 

1) substitution method; 
2) algebraic addition method; 
3) comparison method.  

The essence of this method lies in the fact that the systems express the same 
variable from both equations, for example y through x. Form a third equation in the 
variable x and solve it. Find the value of another variable. Write in response. 








)2( .32

)1( ,6323 22

yx

yxyxyx
 

Solution: 
Let's solve this system by substitution. From equation (2) we have: 

.32  xy  
Substitute the values into the equation (1): 

  ,6)32(3232)32(3 22  xxxxxx  
,6962912496 222  xxxxxxx  

 10652  xx  

.0652  xx  By Vieta's theorem:   
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Answer:    .3 ;3  ,1 ;2  
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Solution: 
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From equation (1), we express the variable y through x: ;8 xy  
Substitute the value of y in equation (2): 

  ,158  xx  ,0158 2  xx  .01582  xx  
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
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
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Answer:    .3- ;5  ,5- ;3  
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
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Solution: 
Let us square both sides of equation (2): 
  ,222  yx  42 22  yxyx  (3). 
Subtract equation (1) from (3): 

 
Consider the system of equations (2): (4): 
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
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Answer:    .3 ;5  ,5- ;3  



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

)2(  21

)1(  ,4022
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Solution: 
Raise both sides of the equation (2) in the square: 











.441

,40
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 
 









.441

,40
22

22

yx

yx
  

Based on Vieta's theorem, we compose an auxiliary equation: 
.0441402  tt  By Vieta's theorem: .49  ,9 21  tt  
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
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.9
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,9
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2

2

2

2

2

2

2

2

y

x

y

x

y

x

y

x

 





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

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

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Answer:    .3  ;7  ,3  ;7   
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
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

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)1(  ,8022
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Solution: 
Multiply equation (2) by 2: 642 xy  (3). 
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Add the equations (1) and (3): 









642

 ,8022

xy

yx
 

;1442 22  yxyx  
  ;1442  yx  

  .1222  yx  
;12 yx   

Because the ,012   то .1212   

.12 yx  (4)  

 

Subtract the equation (1)–(3): 









642

 ,8022

xy

yx
 

;1442 22  yxyx  
  ;422  yx  

  .422  yx  
;4 yx   

Because the ,04   то .44   

4 yx  (5). 

 
From equations (4) and (5) we form the system: 











.4

,12

yx

yx
 By the properties of the modulus of a number, we have: 








.4

,12



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yx
 With this combination will create a set of four systems of equations: 
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
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
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
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

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
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8;162     
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4
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





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
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
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
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Answer:          .4 ;8 ,8 ;4 ,4 ;8 ,8 ;4   

)2( 0332

)1(  ,02445124152
22

22





yxyxyx

yxyxyx
 

Solution: 
We write equation (2) as square with respect to x: 

    ;0233 22  yyxxyx   )3( ;0233 22  yyxyx   

   
       .1313129

9189812962343
2222

22222





yyyy

yyyyyyyyyD
 

      
;23

2
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2

333

2
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2

133 2

1 y
yyyyyyy

x 











  
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.
2

2

2

333
2 y

yyy
x 


  

According to the formula of decomposition quadratic polynomial factoring 
   21

2 xxxxacbxax    factorize the left side of the equation (3): 
     ;23233 22 yxyxyyxyx   

    .023  yxyx  This equation is equivalent to two equations:  
0 yx  і .032  yx  

The original system of equations is equivalent to the set of two equations: 

























.032

,02445124152

.0

,02445124152

22

22

yx

yxyxyx

yx

yxyxyx

 

We solve each system of equations of the set by the method of substitution: 

     
























.02445231242315232

,23

.02445124152

,

22

222

yyyyyy

yx

xxxxx

xy

  

 
























.0244524364304541292

,23

.)3(:024339

,

222

2

yyyyyyy
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
















.0244524364304582418

,23

.08113

,
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2

yyyyyyy
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






































































.1

,1
  

1

,5
  

04242

,23

.
3

8

6

16

,
3

8

  
1

6

511

,1
  ,2596121  

08113

,

4

4

3

3

2

2

2

1

1

2

y

x

y

x

y

yx

x

y

x

y
D
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Answer:      .1 ;5 ,
3

8
 ;

3

8
 ,1 ;1 






  











)2(  .5

)1(  ,5
3

3

yxy

yxx
 

Solution: 
Add equations (1) and (2): 
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  )3(  6

;66
33

33

yxyx

yxyx




  

Subtract equations (1) and (2): 

  ).4(  4

;44
33

33

yxyx

yxyx




 

Consider the system of equations (3) and (4).  
Let us apply to its solution the formulas for the sum and difference of cubes: 

 
 

     
     



















.04

,06
  

4

,6
22

22

33

33

yxyxyxyx

yxyxyxyx

yxyx

yxyx
 

   
   









.04

,06
22

22

yxyxyx

yxyxyx
 

This system of equations is equivalent to a set of four systems of equations: 

 
















































































































































04

,06
              

04

,06

.2

,2
  
,2

,2
  

.4

,
 
.04

,
  
.04

,0

.6

,6
  
.6

,6
  
.06

,
  
.06

,
 
.06

,0

.0

,0
  
.0

,02
 
.0

,0

22

22

22

22

5

5

4

4

222222

3

3

2

2

222222

1

1

yxyx

yxyx

yxyx

yxyx

y

x

y

x

y

yx

yyy

yx

yxyx

yx

y

x

y

x

y

yx

yxx

yx

yxyx

yx

y

x

yx

x

yx

yx

 

    
)5(  5

01022
22

22





yx

yx
                   

)6(  22     

,022




xy

xy
 

Let us form a system of equations (5) and (6): 







.22

,522

xy

yx
  

We add and subtract the equation of this system and form a new system of 
equations: 

 
 

   
   





























.077

,033
  
.07

,03
  
.42

,32
2

2

22

22

yxyx

yxyx

yx

yx

yxyx

yxyx
 

The latter system is equivalent to the set of four systems of equations: 
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

























































.07

,03

.07

,03

.07

,03

.07

,03

yx

yx

yx

yx

yx

yx

yx

yx

   

 
 

 
 

 
 








































37
2

1

,37
2

1

37
2

1

,73
2

1

73
2

1

,73
2

1

8

8

7

7

6

6

y

x

y

x

y

x

 

          
 

 













.37
2

1

,73
2

1

9

9

y

x
 

Answer: 

         

.
2

37
  ;

2

73
  ,

2

37
  ;

2

37
  ,

2

37
  ;

2

73

,
2

73
  ;

2

73
  ,2  ;2  ,2  ;2  ,6  ;6  ,6  ;6  ,0  ;0








 








 







 








 


  











.1732

,1123
22

22

yxyx

yxyx
 

Solution: 
We introduce a new variable .ytx   Then the system is reduced to the following: 

   
    




















.1732

,1123
  

.1732

,1123
2222

2222

22

22

ytyyt

ytyyt

ytyyty

ytyyty
 

 
 









.1732

,11123
22

22

tty

tty
 

Because the ,0y  then we separate the left and right sides of the equations of the 
last system: 

 
  ;

17

11

32

123
  

17

11

32

123
2

2

22

22









tt

tt

tty

tty  

Applying the main property of proportion, we get: 
   321112317 22  tttt  ;332211173451 22  tttt  

4:0161240 2  tt  .04310 2  tt  ,1691609 D  

;
5

4

20

16

20

133
1 


t  .

2

1

20

10

20

133
2 


t  

Substitute the value 
5

4
1 t  into the equation   .173222  tty  

,173
5

4
2

5

4
2

2 























y  ,173

5

8

25

16
 2 






  y  ;17

25

7540162 


y  

;17
25

512 y  ;
25

51
:172 y  ;

3

25

51

25

1

172 y  ;
3

35

3

5
1 y  .

3

35
2 y  
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Back to replacement :tyx   

;
3

34

3

35

5

4
1 








x  .

3

34

3

35

5

4
2 x  

Substituting the value of 
2

1
2 t  into the equation   ,11123 22  tty  we get: 

,111
2

1
2

2

1
3

2
2 

















y   ;112

4

32 





 y  ;4

11

4

1

11

4

3
2:112 y  

;23 y  .23 y  

;1
2

1
23 x  .12

2

1
4 x  

Answer: ,3
3

5
  ;

3

34
  ,3

3

5
-  ;

3

34

















    .2 ;1 ,2 ;1   











.7

,8
22

22

xyyx

yxyx
 

Solution: 
Let's replace ,uyx   and .vyx   
  .2  ,2  , 22222222 vuyxuyxyxuyx   
The original system takes the form: 






















.7

,82

72

,82
2

2

2

2

vu

vuu

vvu

uvu
  

We solve this system by the substitution method. 
;72  uv    ,872 22  uuu  ,8142 22  uuu   ,1062  uu  

.062  uu  
By Vieta's theorem, we have: ,31 u  .22 u  Then ;2732

1 v    .372 2
2 v  

Let's solve a set of systems of equations: 

























.2

,3

.3

,2

xy

yx

xy

yx

 
 

 























.23

,3

.32

,2

xx

xy

xx

xy

 


























.023

,3

.032

,2

2

2

xx

xy

xx

xy

 


























.023

,3

.032

,2

2

2

xx

xy

xx

xy

 

























.2  ;1

,3

.1  ;3

,2

43

21

xx

xy

xx

xy

  Answer:         .1  ;2  ,2  ;1  ,3  ;1  ,1  ;3   

Let us show some methods for solving systems that include irrational equations: 













.3

,
2

xy

yy

x
x

 

Solution: 
Here it is advisable to look for the range of admissible values of the system: 
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










0

,0

y

y

x

ДЗН. область друга це  
.0

,0

а ДЗН, область перша це нехай
.0

,0
















y

x

y

x

 

Let us solve this system in the first range of admissible values of the system: 
We transform the first equation of the system by multiplying both sides of it by y 
here  :0y  

,
2

y
yy

y

y

x
x   ,02  xyxy    .02

2
 xyxy  

Let's introduce a new variable: 
,txy   .022  tt  

By the theorem of Vieta: 
;21 t  .12 t   

,2xy  ,2xy  .xy  

.11  xyxy  











)2(  .10014

)1( ,5,2 633

yx

xyyx
 

Solution: 
Range of valid values: ,0x  .0y  ,6 23 xx   ,6 23 yx   .:5,2 666 26 2 xyxyyx   

;5,26

2

6

2


xy

y

xy

x  .05,266 
x

y

y

x  We denote ,6 t
y

x
  then ;05,2

1


t
t  








0

.5,125,2425,6  ,015,2 22

t

Dtt
 

;
2

1

2

5,15,2
1 


t  .2

2

5,15,2
2 


t  ;

2

1
6 

y

x  ;
2

1
6









y

x  ;
64

1


y

x  xy 64  (3). 

yx
y

x

y

x
64  ,2  ,2 6

6   (4). 

We form a set of two systems of equations: 

























.10014

,64

.10014

,64

yx

yx

yx

xy

 

























.1001464

,64

.1006414

,64

yy

yx

xx

xy

 

























.10050

,64

.100895

,64

y

yx

x

xy

 




























0 .2

0 ,128
  
.2

50

100

,264

.   
895

100

,64

y

x

y

x

ОДЗНx

xy

 

Answer:  .2 ;128  



















)2( 20

)1( ,
6

xy

yxyx

yx
yx

 

Solution: 
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We transform    
 

,
22

2 yx

yx

yx

yxyx

yx

yx











  then equation (1) becomes: 

,
622

yxyx

yx
yx







  if ,0 yx  то .yxyx   

 ,622

yx
yxyx

yx
yx 







  .062222  yxyx  We denote .22 tyx   

,062  tt  ,31 t  .22 t  

;322  yx  







20

,922

xy

yx
 222  yx    ;

20

x
y   

,9
20

2
2 








x
x  ,09

400
2

2 
x

x  










0

,04009
2

24

x

xx
 ,2 mx   .040092  mm  

,411681400481 2D  ;16
2

32

2

419
1 


m  ;25

2

419
2 


m  

.     162  xx  ,252 x  ;51 x  ;52 x  ;4
5

20
1 


y  .4

5

20
2 y  

0 yx    .01)4(5   Means, (5; 4). 

If ,0 yx  то ).( yxyx   Then ;0
6

)(

22









yxyx

yx
yx  

;062222  yxyx  ;22 lyx   ,062  ll  .2  ;3 21  ll  

,322  yx  ,2  22  yx  422  yx  







.20

,422

xy

yx
 ,

20

x
y   ,04

400
2

2 
x

x  










.0

,04004
2

24

x

xx
 ,2 nx   ,040042  nn  

,1616160016 D  ;
2

16164
  ,0

2

16164
21





 nn  ,

2

161642 
x  

;10122
2

16164
1 


x  ;101222 x  .

10122

20
2


y  

Answer: (5; 4), .
10122

20
   ;10122 












  

A system of equations was formed:  







.1

,3

xy

xy
  






.13

,3

xx

xy
 








.013

,3
2xx

xy
 








.013

,3
2 xx

xy
 

;01349 D  ;
2

133
1


x  .

2

133
2


x  

;
2

133

2

133
31





y  .

2

133

2

133
32





y  
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As 
2

133  і 
2

133  do not belong to the first range of valid values, in which this 

system is solved, and 
2

133  and 
2

133
 belonging to it, then the solution to the 

system is a pair of numbers .
2

133
  ;

2

133







    

Let us simplify the first equation of the system into the second range of valid 
values: 

,
2

y
yyy

yx
x 




  ,02  xyxy  а тому   ,02
2

 xyxy  ,txy   ,02  tt  

.2  ;1 21  tt  .  ,1  xyxy  .4  ,2  xyxy  We have such a system: 

  
































043

,3

43

,3

43

,3

4

,3
22 xx

xy

xx

xy

xx

xy

xy

xy
 








1  ;4

,3

xx

xy
 







143

,4

y

x
 







.413

,1

y

x
 

Pair (1; 4) does not belong to the second range of valid values, and therefore the 
solution to the system is the pair (-1; -4).  

Answer:  .1  ;4  ,
2

133
  ;

2

133








   











.072

,0953

yx

yx
 

Solution: 
Let's solve this system in each of the four range of valid values: 

І). 







.0

,0

y

x
 

.

.

yy

xx




 








5072

,0953

yx

yx
 






35510

,953

yx

yx
 

         ;2613 x  
           2x  

3  ,698 ,9523  yyy  does not satisfy the condition .0y  
In this range of valid values the system has no solutions. 











.1

,8
2

2

xyyy

xyxx
 

Solution: 
Replacement .0  ,  ytyx  

 










1

,8
2

2

ytyyy

ytytyty
 










1

,8

22

222

tyyy

tytyyt
 










.1

,8
2

22

tyyy

tytyyt
 

If ,0y  then yy    











.1

,82
22

22

tyy

tyty
 

.1

,8
22

222





tyy

ttyyt
 

 
  .11

,8
2

22





ty

tty
 ,8

1

2





t

ttt   
,8

1





t

ttt  
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 
,8

1

1





t

ttt   
,8

1

1





t

ttt  
.42

.2       ,8
2

2





t

ttt  Exponentiation :
3

2  











1

,4
2 xyyy

yx
 










014

,4
2 yyyy

yx









012

,04
22 yy

y
 








.01

,04
2y

yx
 







1

,14

y

x
 

.1

,4




y

x
 

If ,0y  then yy   і 










1

,8
22

222

tyy

ttyyt
  

  ,
1

8

12

22





ty

ttty   
,8

1

1




t

ttt  

.  ,8  ttt  
Answer: (4; 1). 

ІІ).  
























5 72

,953
  
.

,
  

0

,0

yx

yx

yy

xx

y

x
 









35510

,953

yx

yx
 

      ;447  x  

;0
7

44

7

44





x  ;95
7

44
3  y  ;

7

195

7

132
95


y  .0

7

39

5,7

195
5:

7

195
y  







 

7

39
  ;

7

44 Solving a system of equations. 

ІІІ). 

























5 072

,953
  

.

,
  

0

,0

yx

yx

yy

xx

y

x
 









35510

,953

yx

yx
 

            ;267 x  


7

26
x  does not satisfy the condition ,0x  and therefore the system in this region 

of admissible values of solutions does not have. 

IV).  
























5 72

,953
  
.

,
  

0

,0

yx

yx

yy

xx

y

x
 









35510

,953

yx

yx
 

      ;2613  x  




 2
13

26
x  range of valid values.  3  ;722 yy  range of valid values. 

Answer: .
7

39
  ;

7

44






   

 

 












)2(  125

)1(  ,255,0

7

yx

yxxy

yx

yx
 

Solution: 
We transform the first equation of the system: 

  ,22
2

1
5,0 1 yxxy

xy
xy 


 






    ,2: 252 yxyxyxyx    .5 yx  

Substitute this value into the equation (2): 

;1255 7 
 yx

 .55 37 
 yx

 Since the exponential function is monotonic, we have: 

213
7




yx
yx  We form a new system of equations: 
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






.5

.21

yx

yx
 

.13

,262




x

x
 

.8

,2113




y

y
 

Answer:  .8  ;13  

 
 









)2(  644

)1(  ,2
1

x

x

yx

yx  

Solution: 
Raise the equation (1) to the power x: 

  ,2
1

x
x

xyx 





   .2 xyx   Then the equation (2) will look like ;442 3 xx  

  ,222
322  xx  ,22 63 x  ,63 x  ,2x  .2222 y  

Answer:  .2  ;2  

 







 

.365

,3273
2

12

yx

yxx

 

Solution: 

 







 

.365

,3273

2

12

yx

yxx

 










.65

,33 13312

yx

yxx

 


























3 65

,235

3 65

,235

yx

yx

yx

yx

 

























18315

,235

18315

,235

yx

yx

yx

yx

 















.235

,1620

235

,2020

yx

x

yx

x

 



































3

8,052

,8,0

3

152

,1

y

x

y

x

 
















.2

,8,0

1

,1

y

x

y

x

 

Answer:    .2 ;8,0 ,1 ;1   
Systems of logarithmic equations are solved in the same ways as systems of 
algebraic equations. 










2log

,100lg

x

x

y

y

 
)2(

)1(
 

Solution: 
.1 ,0 ,0  yyx  

Let us logarithm Eq. (1) with base 10: 
,100lglglg  xy  .2lglg  xy  

By the definition of the logarithm of a number from equation (2), we have: 
.2yx   

Let's solve the system of equations: 








2lglg

,2

xy

yx
 










2lglg

,
2

2

yy

yx
 










2lg2

,
2

2

y

yx
 










1lg

,
2

2

y

yx
  

This system of equations is equivalent to such a set of equations: 
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




















































;10

,100

;10

,

  

;1lg

,

;1lg

,

2

2

1
1

2

2

2

y

x

y

yx

y

yx

y

yx

  Answer:    .10 ;100 ,1,0 ;01,0  

   









.8

,6

6 23

3

yxyx

yxyx
  

)2(

)1(
 

Solution: 
We transform the second equation of the system: 

           33 26 26 36 23 yxyxyxyxyxyxyxyx  

If ,0 yx  то  yxyx       =   ;1 33 yxyxyxyx   

If ,0 yx  то .33 yxyxyxyx   

The original system of equations is transformed into a set of systems: 
































;8

,6

;8

,6

3

3

3

3

yxyx

yxyx

yxyx

yxyx

 

  

























086

,6

86

,6

8

,6

 , ,0 ,yx

2

3 тоді a Нехай

tt

tl

tt

tl

lt

lt

lyxtt

 

0862  tt  By Vieta's theorem, we have: .4 ,2 21  tt  
.246  ;426 21  ll  
































2

,4

4

,2

3

3

yx

yx

yx

yx

 

























8

,16

64

,4

yx

yx

yx

yx

 

12

,242

.34

,682

2

1






x

x

x

x

 

























12

,812

34

,344

1

1

1

1

x

y

x

y

 




























12

,4

.
34

,30

1

1

1

1 0 умова явиконуєтьс не

x

y

x

y
yx

   

We solve the second set of system: 

  





























.086

,6
  

086

,6
  

86

,6
  

8

,6
22 tt

tl

tt

tl

tt

tl

lt

lt
 

174683236 D  ;173
2

1726
1 


t  ;1732 t  

.173  ;173 21  ll  
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






























,173

,173

,173

,173

3

3

yx

yx

yx

yx

  
 





















1717103172727

,17626

17733179327

,171769
3

yx

yx

yx

yx

 





















171912

,171378

1744180

,17626

y

x

yx

yx

 

.171912 ,1719103

,174476 ,17382062

2

1





yx

yx
 

Answer:      .171912  ;171978  ,174476  ;1719103  ,4  ;12   

















.019532

,
4

1

3

3

2

1

zyx

zyx
 

Solution: 

We denote .
4

1

3

3

2

1 








zyx
t  From here: .12  ,12  txxt  

,33  ,33  tyyt  .14  ,14  tzzt  
      ,019145333122  ttt  

,0195209924  ttt  ,077  t  ;1t  
;3112 x  ;0313 y  .5114 z  

Answer:  .5 ;0 ;3  









.162

,4
2zxy

zyx
 

Solution: 
Let us square the first equation and subtract the second equation: 












162

16222
2

222

zxy

yzxzxyzyx
 

   ,0222 222  yzxzzyx                 ,022 2222  zyzyzxzx  
    .022  zyzx   
This equality is possible only when 
  02  zx  і   02  zy  

0 zx  0 zy  
;zx   .zy   

Substituting these values into the first equation of the original system, we obtain:  
,4 zzz  .4z   

;41 x  .4y  
Answer:  .4 ;4 ;4   
The method of solving such a system of equations deserves special attention: 

 













.125

,5
2

12

2

2

y

y

x

x
 

Solution: 
Let us logarithm each of the equations of the system with base 5: 
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 
 









.125loglog2

,loglog12

55
2

55
2

xy

xxy
 
 
 









.3log2

,1log12

5
2

5
2

xy

xy
 

)2(

)1(
 .0x  

Divide equation (2) by (1): 
 
  ;

1

3

log12

log2

5
2

5
2





xy

xy  ;
1

3

12

2
2

2





y

y    ,3122 22  yy  ,362 22  yy  ,55 2  y  

,12 y  .1  ;1 21  yy  
  ,5112 2

x  ,51 x  ,5112 2

x  .52 x  
Answer:    .1 ;5 ,1 ;5   
 











.1243

,632
yx

yx

 

Solution: 











.3243

,3232
2yx

yx

 Let us logarithm both equations with base 10: 

   
   









.32lg23lg

,32lg32lg
22 yx

yx

 







.3lg2lg22lg23lg

,3lg2lg3lg2lg

yx

yx
 

We solve this system by the substitution method:  
from the first equation, we express y in terms of x and substitute it into the second 
equation of the system: 

,2lg3lg2lg3lg xy   .
3lg

2lg3lg2lg x
y


  

Then the second equation will have the form: 

,3lg3lg2lg22lg
3lg

2lg3lg2lg
23lg 




x
x  

;3lg3lg2lg22lg23lg2lg22lg23lg 2222  xx  

  ;2lg23lg2lg23lg 2222 x  ;
2lg23lg

2lg23lg
22

22




x  .1x  

Value 1x  we substitute in the first equation of the original system of equations: 

,6321  y  ,
2

6
3 y  ,33 y  .1y  

Answer:  .1 ;1  
 

   







.1loglog

,log2log2
22

22

22

yxyxyx

yxy
 

Solution: 
.2log1  ;4log2 22   

Range of valid values: 













.0

,0

,0

22 yxyx

yx

y

 

The system takes the form: 
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 
   









.2logloglog

,loglog4log

2
22

22

2
222

yxyxyx

yxy
  

We will potentiate both equations of the system: 

 

   











2

,
4

22

2

yxyxyx

yx
y  

 












2

.0   ,
4

33

2

yx

yyx
y  

We introduce a variable .txy   The system takes the form: 

 
 









.2

,4
33

2

txx

txxtx
 

 










.2

,24
333

2222

txx

txtxxtx
  

  ;
1

21

2

4
33

23

tx

tttx




   
  ;1

1
2

2

2

ttt

tt




  

;
1

2
2

2

tt

tt




  ;222 22 tttt   ;02232 22  tttt  ;0232  tt  

;11 t  .22 t   
.1  ;1  ;22  ;2  ;  ,1 3333  xxxxxxyxy  

Then .1y    (1; 1) - solution of the system of equations. 

  ;28  ;22  ,2 3333  xxxxxy  ;29 3 x  ;
2

93 x  ;
3

6

39

32

9

2 3

33 



x  .
3

623

2 y  

Answer:   .
3

62
 ;

3

6
 ,1 ;1

33









 










.15

,110515 2

xy

y xx

 

Solution: 

,1 0y  
















.15

,010515
  

.15

, 2010515 2

xy

xx

xy

yy xx

 

,4924012002601 2D  ;2,0
10

4051
1 


x  .10

10

4951
2 


x  

;75
2,0

15
1 y  .5,1

10

15
2 y  

Answer:    .51, ;10 ,75 ;2,0  

 









.642

,2
2y

y

x

x
 
 
 2

1
 

Solution: 
0x  as the basis of the exponential function. 

We transform the equation (2): 
  ,642

2

yx    ,22 6
2

yx  ,22 622

 yy x    .22 62


yyy x  Taking into account equality (1), 

we have: 
,222 62

 yy  ,22 62

 yy  ,62  yy  .062  yy  
By Vieta's theorem: ,31 y  .22 y  

,23 x  ;2
1

3


x
 ;

2

13 x  ;
2

4

8

4

2

1 3

33
1 x  ,22 x   



17 
 

 2x  It does not satisfy the condition .0x  
.22 x  

Answer:  .2 ;2 ,3 ;
2

43









  

 








12loglog3

5,2log

xyy

xxy

y

xy

 
)2(

)1(
 

Solution: 

Range of valid values: 












.2

,0

,0

xy

y

x

  

Let us logarithm equation (1) with base 3: 
  ;loglog 5,2

3
log

3 xxy xy   
,loglog5,2logloglog 3333 yxxxy y   

  ;loglog5,2loglogloglog 3333
2

3 yxyxxy y   

  ;0loglog5,2loglog
log

log
log 3333

3

32
3  yxyx

y

x
y  

     ;loglog:0logloglog5,2log 33333
2

3 yxxyxy   

.0
log

log
5,2

log

log

3

3

3

3 
y

x

x

y  We denote ,
log

log

3

3 t
x

y
  then ,0

1
25 

t
t








0

,015,22

t

tt
  

.25,2425,6 D  

.2
2

5,15,2
  ;

2

1

2

5,15,2
21 





 tt  






























.loglog

,loglog
  
.log2log

,log2log
  

.2
log

log

,
2

1

log

log

2
33

2
33

33

33

3

3

3

3

xy

yx

xy

yx

x

y

x

y

 










.

,
2

2

xy

yx
 

In equation (2) of the original system, we pass to the base of logarithms 3: 
 

,1
log

2log
log

3

3
3 




y

xy
y    .32  ,12log3  xyxy  

If ,2yx   то ,032 2  yy  032 2  yy  
,023241 D  .y  

If ,2xy   то 1  ,032 1
2  xxx  does not satisfy the condition .0x  .32 x  

.933232  xy  
Answer:  .9 ;3  

 










.2lglglg

,1lg 2

xy

yx
 

Solution: 
Range of valid values:  
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












.0

,0

,0

x

y

yx

 










.lg2lglg

,1lg

xy

yx
 .0 yx  

 









.2lglg

,10

xy

yx
 








.2

,10

xy

yx
 

























.2

,10

.2

,10

xy

yx

xy

yx

 






.2

,102

xy

xx
 







.2

,103

xy

x
 














.
3

20

,
3

10

y

x
 







.2

,102

xy

xx
 







.20

,10

y

x
 







.20

,10

y

x
 

Answer:  .20 ;10 ,
3

20
 ;

3

10







  

The solution of systems of trigonometric equations is reduced to one of three cases: 
 а) by means of identical transformations the system is reduced to one 
equation with one variable; 
 б) come to the system of equations with only arguments; 
 в) a system of equations is formed for the trigonometric functions of these 
arguments. 
 
Such a system of trigonometric equations is very common: 








.5,0sincos

,5,0cossin

yx

xx
 

)2(

)1(
 

Solution: 
It is easy to see that the left-hand sides of equations (1) and (2) are parts of the 
formulas for the sine of the sum or difference of arguments. Hence follows a 
method for solving this system. Adding equations (1) and (2) and we obtain a new 
system of trigonometric equations: 








.1cossinsincos

,0sincoscossin

yxyx

xyyx
 







.1)sin(

,0)sin(

xy

yx
 

Using separate cases of solving equations of the form ,sin ax   we have: 
This system is convenient to solve the method of adding: 











.  ,2
2

,  ,

Zkkxy

Znnyx




 

  ,2
2

2 
kny   .

24


k
n

y    

Substitute the value y into the first equation of this system: 

,
24

nk
n

x 
  .

24


k
n

x   

Answer: .  ,  ,
24

  ;
24

ZkZnk
n

k
n







    
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









.sin2sin

,
3

5

yx

yx


 

Solution: 
It is advisable to solve this system by the substitution method: 
















 



;
3

5
sincos

3

5
cossin2sin

,
3

5





xxx

xy

 























;
2

3
cos

2

1
sin2sin

,
3

5

xxx

xy


 











;cos3sinsin

,
3

5

xxx

xy


 










;0cos

,
3

5

x

xy


 














.  ,
2

,
3

5

Znnx

xy





 

.  ,
6

7

6

103

3

5

2
Znnnny 




  

Answer: .  ,
6

7
  ;

2
Znnn 






 

  











.
4

,1


yx

tgytgx
 

Solution: 
In systems of equations of this type, it is necessary to look for the domain of 
definition of the system. 

Because the ,
cos

sin


 tg  then the domain of the system: 








.0sin

,0cos

x

x
 














.  ,
2

,  ,
2

Znny

Zkkx





 

The original system of equations is similar to the previous one, and therefore can 
be solved by the substitution method. 
















 



.1
4

,
4

xtgtgx

xy





 






















.1

4
1

4

,
4

tgxtg

tgxtg
tgx

xy







 
 


















.11
1

1

,
4

tgx
tgx

tgx
tgx

xy


 











.011

,
4

2 tgxtgxxtgtgx

xy


 










.0

,
4

2 tgxxtg

xy


 
 









.01

,
4

tgxtg

xy


 

This system is equivalent to such a set of systems: 
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































;
4

,01

;
4

,0

xy

tgx

xy

tgx





 





































.  ,
44

,  ,
4

;  ,
4

,  ,

Znky

Zkkx

Znny

Znnx








 

Answer: .  ,  ;
4

  ,  ,
4

  ; ZkkkZnnn 





 






    







.3

,75,0sinsin

tgxtgx

yx
 

Solution: 
We establish the range of permissible values:  








.0cos

,0cos

y

x
 














.  ,
2

,  ,
2

Zkkx

Znnx





 

We divide the first equation to the second: 

;
3

75,0sinsin




tgytgx

yx  ;25,0

cos

sin

cos

sin
sinsin






x

x

x

x
yx  25,0coscos  yx  (A) 

We replace the second equation of the system with the equation (А): 








.25,0coscos

,75,0sinsin

yx

yx
 

)(

)(

C

B
 

Add the equations (В) and (С): 
1coscossinsin  yxyx  (D). 

Subtract the equation C and B: 
5,0sinsincoscos  yxyx  (E) 

The left Part D and E equations represent the cosine of the difference and sum of 
the cosine respectively. We have a system of equations equivalent to the original 
system: 








.5,0)cos(

,1)cos(

yx

yx
  






.  ,25,0arccos

.  ,2

Zkkyx

Znnyx




 

This system is equivalent to a set of systems: 



































.2
3

2

,2

.2
3

2

,2







kyx

nyx

kyx

nyx

 
.22

3

2
2

,22
3

2
2

kkx

nkx


















































.
3

,
3

.2
3

,
3

nky

kkx

nky

nkx








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 

 












. ,
3

. ,
3

1

1

Znnky

Zkknx





 
 

 












. ,
3

. ,
3

2

2

Znnky

Zkknx





 

Answer:     . , ,
3

 ;
3

ZkZnnkkn 





        .

3
- ;

3






  nkk   











.
4

,5,0cossin 22


yx

xx
 

Solution: 
Let us reduce the degree of sine and cosine of the first equation of the system: 


















;
2

;2 5,0
2

2cos1

2

2cos1


yx

yx

 










.
4

,12cos12cos1


yx

yx
 











.
4

,12cos2cos


yx

xy
 




















.
4

,1
2

22
sin

2

22
sin2


yx

xyxy

 











.
4

,1)sin()sin(2


yx

xyyx
 














.
4

,1)sin(
4

sin2





yx

yx
 

,1)sin(
2

2
2  yx  ,

2

1
)sin(  yx  .2

4
)1( 

kyx n 





  

 

















.
4

,2
4

1 1





yx

nyx n

    ,
4

1
4

2 1 nx n 
     .  ,

8
1

8
1 Znnx n     

     .  ,11
88

1
84

11 Znnny nn     

Answer:      . ,1
8

  ;
8

1
8

11 Znnn nn 





 






     

Self-study assignments: 








.12

,24324 2222

yx

yxyxyxxyyx
 

Answer:      .
2

1
 ;2 ,1 ;3 ,0 ;1 





  

 








.18

,7

xy

yx
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Answer:    .2- ;9 ,9 ;2  








.10

,2022

yx

yx
 

Answer:  .4 ;6  
 








.8

,2022

xy

yx
 

Answer:         .2 ;4 ,2- ;4 ,4 ;2 ,4 ;2   
 











.07931052

,0718682
22

22

yxyxyx

yxyxyx
 

Answer:         .1 ;3 ,1 ;1 ,2 ;1 ,1 ;3   
 











.22

,1
222

33

yxyyx

yx
 

Answer:  .
2

4
 ;

2

4
 ,

3

32
 ;

3

3 3333

















 

 











.07931052

,0718682
22

22

yxyxyx

yxyxyx
 

Answer:         .1 ;3 ,1 ;1 ,2 ;1 ,1 ;3   
 











.37

,481
22

4224

yxyx

yyxx
 

Answer:         .3 ;4 ,4- ;3 ,3- ;4 ,4 ;3   
 

 










.65

.0  ,
2

5
633

yx

xyxyyx
 

Answer:     .1 ;64 ,64 ;1  
 











.21

,32

yyx

yyx
 

Answer:     .1- ;1 ,1 ;1  
 








.

,5,1coscos 22

yx

yx
 

Answer:    .  ,21
6

5
    ;2

6

5
Znnn    
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











.25103

,
1

1
72

22

22

yxyx

a

a
yxyx

 

Answer:  .1  ;   
 








.9log)2(4

,36

6

2

xyx

x yx

 Find whole solutions. 

Answer:  .2  ;6  
 








.19

,14

yzx

zyx
 

Answer:         .2 7; ;5 ,3 4; ;7 ,4 3; ;7 ,7 2; ;5  
 
For which a does the system have solutions ,0x  0y ? 








.8)2(2

,964

yax

ayax
 

Answer:  .
13

6
 ;4 






   

 

 










.842

,2log82log2 23log2 3
4

yx

x

y
x xyx

 

Answer:  .  
 







.2

,522

xy

yx
 

Answer:    .2 ;00 ;2   
 
Find positive solutions: 














.

,
13

4

yx

yx xy

  

Answer:  .3 ;2  
 
   
   









.0252

,0632532
2

2

yxyx

yxyx
 

Answer:   .
5

7
 ;

10

9
  ,2 ;0  ,0 ;

2

1
  ,

5

3
 ;

5

7





















  

 








.23

,3422

xyyx

yx
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Answer:    .3 ;5 ,5 ;3  











.1832

,1232
xy

yx

 

Answer:  .1 ;2  
 









.30

,11
22 xyyx

yxxy
 

Answer:        .3 ;2 ,5 ;1 ,1 ;5 ,2 ;3  
 








.6

,72

xy

yx
 

Answer:  .1- ;4 ,4 ;
2

3






  

 









.7

,1
33 yx

yx
 

Answer:    .1 ;2 ,2- ;1   
 







.2

,522

xy

yx
 

Answer:        .1 ;2 ,2 ;1 ,1 ;2 ,2 ;1   
 











.632

,032
2

22

yxxyx

yxyx
 

Answer:     .
2

1
 ;

2

3
 ,2 ;6 ,

2

3
 ;

2

3
 ,2 ;2 






 






   

 
 









.1222

,1log5

yx

yx
 

Answer:    .2 ;3 ,3 ;2  
 






















.
6

1
1

1

1

1

3

,
6

1
1

1

2

1

1

yx

yx
 

Answer:  .2 ;3  
 











.23

,34
2

22

xyy

yxyx
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Answer: .
2

2
 ;

2

2
 ,

2

2
 ;

2

2

















  











.453

,086
22

22

xyyx

yxyx
 

Answer:        .3  ;34  ,3  ;34  ,3  ;6  ,3  ;6   
 











.20

,2loglog
2 yx

xx yy  

Answer:  .5  ;5  
 











.136

,20
22 yx

yxyx
 

Answer:    .10  ;6  ,6  ;10  
 











.28

,433

yx

yx
 

Answer:    .27  ;1  ,1  ;27  
 

 









.
3

2
log

,2log2loglog

27

333

yx

yx
 

Answer:    .6  ;3  ,3  ;6  
 
Write in response :27 yx   

 








.2log

,320025

5
xy

yx

 

 
In response, write down the product of roots: 








.40

,4lg

xy

x y

 

 
Write in response :215 xy   












.5log1loglog

,
15

211

333 yx

yx  

 
Write in response yx 2  for :900  x  
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












.
6

5

,
4

7
sinsin 22


yx

yx
 

 
For which a does the system have no solutions? 








.2322

,23312

ayx

yx
 

Answer: .5,15  
 
In response, write down the product of roots: 











.1243

,632
yx

yx

 

 
Record a piece in response :yx   

 









.27447

,23

xyx

yx
 

 
Write the largest value in response у: 
 

   
 
















.

1

1
12

,1001

2

2
124

y

y
yy

y
x

x

x

 

 
In response, write down the largest sum of roots: 








.1

,11

xyyx

xyyx
 

 
In response, write down the product of roots: 















.
5

16

,
20

yxyx
y

x

yxyx
x

y

 

 
In response, write xy for :0  ,0  yx  














.

,4

yx

xy
yx

yx

 

Answer: 1. 
 
For which m the system has no solutions: 
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 
 






.242

,123

yxm

ymx
 

Answer: .4  
 
Write in response :76 yx   











.045

,0loglog
2

1

22

42

yx

yx
 

Answer: .1  
 

 








.2log

,115223

5
yx

yx

 

Answer:  .7  ;2  
 

 








.2log

,97223

5
yx

yx

 

Answer:  .2  ;5  
 

   
   









.loglog

,loglog

3
22

3

3
33

9

yxyx

yxyx
 

Answer:    .1  ;2  ,0  ;1  
 

 

 







 

.log3

,
27

5
3

5 yxyx

yx xy

 

Answer:  .1  ;4  
 

 













.
3

4
1loglog

,2
2

1
log

2
28

2

2

yx

yx

 

Answer:    .15  ;2  ,3  ;2  
 








.03

,722

yx

xy
 

Answer:    .1  ;3  ,7  ;21   
 








.5

,12

yx

yx
 

Answer:    .3  ;2  ,8  ;3   
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






.2

,933

xy

yx
 

Answer:    .1  ;2  ,2  ;1  
 
Find product of roots: 





















.81

,10loglog23 12

xy

yx
x

y  

 

Write in response :
y

x  

 

 


























.

3

1
log

log

log

,4log
2

1
log

2

1
log

3

3

2

222

x

y

yx

xyx

 











.
3

,32


yx

tgytgx
 

Answer: .  ,
3

  ;
3

2
Zkkk 






    

 


















.
2

1
coscos

,
2

2

2
sin

2
sin

yx

yxyx

 

Answer: .  ,2
4

   ;2
4

3
Znnn 






    

 














.
4

3
sinsin

,
6

yx

yx


 

Answer: .  ,
23

  ;
26

Zk
kk







 

  

 














.
3

1

,
3

tgytgx

yx

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Answer: .  ,
6

  ;
6

Zkkk 





    

 











.3

,
4

1
sinsin

tgytgx

yx
 

Answer:     .  ,  ,
3

  ;
6

ZnZknknk 





    

 
















 






 







 






 

.
6

sin
6

cos

,
6

cos
6

sin

22

22





yyxx

yyxx

 

Answer:   .  ,
24

  ;
24

  ,0  ;0 Zk
kk







 

  

 
The solution of systems of equations with three or more variables will require, in 
addition to classical methods, some artificial methods. This is due to the fact that it 
is not always possible to express one variable well in terms of others and thus 
reduce the number of unknowns in the system. 
And the second reason - is not always transformed system of equations with fewer 
variables is solved relatively easily. 
Let's illustrate this with specific exercises.. 

 
 
   











.122

,13

,31

zx

zy

yx

 
)3(

)2(

)1(

 

Solution: 
From equations (1) and (2), we express the variables x and z through y: 

);4(  
3

1
  ;

1

3

y
z

y
x





  The values found substitute in equation (3): 

.1
3

1
22

1

3





















 yy
 We solve the resulting equation: 

1y  i .3y  ;1
3

126

1

223









y

y

y

y  ;1
3

25

1

25









y

y

y

y  

     ;3125 2 yyy   ;3342025 22  yyyyy  ;028245 2  yy  
.165605762854242 D  

;2
10

424
1 


y  .8,2

10

424
2 


y  

Substituting these values into formulas (4), we find: x and z values:  

;3
12

3
1 


x  ;

4

15

5

4
3

8,0

3

8,22

3
2 





x  
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;1
23

1
1 


z  .5

8,0

1

8,23

1
2 


z  

Answer:   .5  ;8,2  ;
4

15
  ,1  ;2  ;3 






  















.0322

,0533

,0

33

22

xyzyx

xyzzx

zyx

 
)3(

)2(

)1(

 

Solution: 
From the first equation, we express z through x and y: 

.xyz    
Substituting this value of z into the second and third equations of the original 
system, we obtain a system of two equations in two variables: 

   
 









.0322

,0533
33

22

xyxyyx

xyxyxyx
 

)5(

)4(
 

The second equation of this system can be transformed: 
     

   
    ;0252

;03222

;032

22

22

22







yxyxyx

xyyxyxyx

yxxyyxyxyx

 










.0252

,0
22 yxyx

yx
 

;:0252 22 xyyxyx   .0252 














x

y

y

x  

We denote :t
y

x
  

,0
2

52 
t

t  .0t  

,0252 2  tt  .91625 D  

.
2

1

4

35
  ;2

4

35
21 





 tt  

.5,0  ,2 yxyx   
We form a set of three systems of equations: 

   

   

   


































)8(
.5,0

  ,0533

)7(
.2

  ,0533

)6(
.0

  ,0533

2

2

2

yx

xyxyxyx

yx

xyxyxyx

yx

xyxyxyx

 

Let's solve the system of equations (6): 
.0  ;0  ,005033 11

2  yxxyx  
Let's solve the system of equations (7): 
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       
 

03410

3:030912

  ,02252323

23

32

2







yyy

yyy

yyyyyyy

 

0y  або 74281216  ,0342  Dyy  

;72  ;72
2

724
32 


 yy  .724  ;724 32  xx  

System (8) has solutions: 
        ;05,05,055,035,03 2  yyyyyyy  

;)75,0(:;075,35,475,0 32  yyy  ;065 23  yyy  

  ;065 2  yyy  0y  або ;065 2  yy   

;1211201 D  ;1
10

111
4 


y  ;2,1

10

111
5 


y  

  ;5,015,04 x  .6,02,15,05 x  

;0001 z    ;73672472724722 z  
  ;73672472724723 z  

;5,15,014 z  .8,16,02,15 z  

Answer:    ,736 ;72 ;724  ,0  ;0  ;0    ,736  ;72  ;724    ,5,1  ;1  ;5,0   
 .8,1  ;2,1  ;6,0  














.4

,5

,3

yx

xz

zy

 
)3(

)2(

)1(

 

Solution: 
Let's add these equations: 

;2:  2222  zyx  (4).   1 zyx  

Substituting into equation (4) the value ,yz   we get .2  ,13  xx  
Similarly ;6  ,15  yy  .3  ,14  zz  
Answer:  .3  ;6  ;2   













.27

,3

,4

xy

zx

yz

 
)3(

)2(

)1(

 

Solution: 
We multiply the left sides of equations (1 - 3), as well as their right sides: 

.324  ;324222  xyzzyx  
Answer: .  













.3

,4

,5

xzyz

yzxy

xyzx

 
)3(

)2(

)1(

 

Solution: 
Add equations (1 – 3): 

,2: 2222  yzxzxy  )4(  1 yzxzxy  
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Substituting successively equations (1 - 3) into (4), we obtain a new system of 
equations: 

.13

,14

,15





xy

xz

zy

 













2

3

6

xy

xz

zy

 
)7(

)6(

)5(

 

We solve this system of equations similarly: 
  ,362 xyz  )8(  6xyz  
Substituting successively (6 - 7) into (8), we obtain: 

.6)2(

;6)3(

;66






x

y

x

 












.3

;2

;1

z

y

x

 

Answer:            .3  ;2  ;1  ,3  ;2  ;1  ,3  ;2  ;1  ,3  ;2  ;1  ,3  ;2  ;1  ,3  ;2  ;1   
   
   
   











.6

,10

,15

zyyx

yxxz

xzzy

 
)3(

)2(

)1(

 

Solution: 
Let us multiply the left and right equations of the system: 
      ;900222  zyzxyx         .9002  zyzxyx  
      )4(  ;30 zyzxyx  
Substituting successively (1 - 3) into (4), we obtain a set of two systems of 
equations: 






































.5

,3

,2

.5

,3

,2

xz

zy

yx

xz

zy

yx

 
















.10222

.10222

zyx

zyx

  
















.5

.5

zyx

zyx

 























.55

,53

,52

,55

.53

,52

y

x

z

y

x

z

 












.0

,2

,3

y

x

z

 













.2

,3

,0

x

z

y

 

Answer:    .3  ;0  ;2  ,3  ;0  ;2   














.1

,5

,3

xzy

zyx

yxz

 
)3(

)2(

)1(

 

Solution: 
Add equations (1) and (2): 

+
.5

,3




zyx

yxz
 

  .1  ;22  xx  
Add equations (2) and (3): 









.1

,5

xzy

zyx
 

   .2  ;42  yy  
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







.1

,3

xzy

yxz
 

   .2  ;42  zz  
Answer:  .2  ;2  ;1   

 
 
 















.1

,12

,3

22

22

22

yxz

xzy

zyx

 

Solution: 
To each of the equations of the system, we apply the formula for the difference of 
squares: 
   
   
   











.4

,12

,3

yxzyxz

xzyxzy

zyxzyx

 
)3(

)2(

)1(

 

We multiply the left and right sides of the equations of the system: 
     
      )4(  12

,144222




yxzxzyzyx

yxzxzyzyx  

Substituting (1 - 3) in (4) in succession, we obtain two systems of equations: 
 
 
 











.124

,1212

,123

zyx

yxz

xzy

 і 
 
 
 











.124

,1212

,123

zyx

yxz

xzy

 

+












.3

,1

,4

zyx

yxz

xzy

 
)7(

)6(

)5(

 

(5)+(6): 
.5,2  ,52  zz  

(6)+(7): 
.2  ,42  xx  

(5)+(7): 
.5,3  ,72  yy  

+












.3

,1

,4

zyx

yxz

xzy

 
)10(

)9(

)8(

 

(8)+(9): 
.5,2  ,52  zz  

(9)+(10): 
.2  ,42  xx  

(8)+(10): 
.5,3  ,72  yy  

Answer:    .5,2  ;5,3  ;2  ,5,2  ;5,3  ;2   
























.1
5

,1
2

,1

xz

xyz

zy

xyz

yx

xyz

 

Solution: 
Overturn each of the equation of system: 
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






















.5  1
5

,2  1
2

,1

xyz

xz

xyz

zy

xyz

yx

 
























.5
5

,2
2

,1

xyz

xz

xyz

zy

xyz

yx

  

We divide each term of the numerator of the fraction by the denominator, 
assuming that .0,0,0  zyx  





















.5
11

,2
11

,1
11

xyyz

xyxz

xzyz

 

)3(

)2(

)1(

 

After adding the left and right sides of the equations of the system, we get: 

2: 8
222


xyxzyz
  (4)   .4

111


yzxzxy
 

Substituting (1 - 3) into (4) we get: 





















.45
1

,42
1

,41
1

xz

yz

xy

 Звідси: 





















.1
1

,2
1

,3
1

xz

yz

xy

 





















.1

,
2

1

,
3

1

xz

yz

xy

 

)7(

)6(

)5(

 

After multiplying the left and right sides of the equation of the last system, we get: 

 
6

12 xyz    .  

Answer: .  
 













.14

,26

,29222

zxyzxy

zxyzxy

zyx

 
)3(

)2(

)1(

 

Multiplying both sides of equation (2) by 2: 

+
29       

).4(  52222
222 



zyx

xzyzxy
  Add equations (1) and (4):  

   .81222222  xzyzxyzyx  
By the formula for the square of the trinomial, we have: 
  .9  ,812  zyxzyx  
Add equations (2) and (3): 

.6  ,122  xyxy  
We form two systems of equations: 
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












.26

,6

,9

zxyzxy

xy

zyx

    and    













.26

,6

,9

xzyzxy

xy

zyx

  

 






.266

,9

yxz

zyx
      







.266

,9

xyz

zyx
 

  ,2696  zz        ,2696  zz  

;5  ,4

,0209

,02696

21

2

2






zz

zz

zz

     

;4
2

19
  ,5

2

19

,18081

,0209

,02696

21

2

2














zz

D

zz

zz

 

We have two systems of equations: 

   









































.064

,4
  
.065

,5

.6

,4
       

.6

,5

.6

,95
  

.6

,94

xx

xy

xx

xy

xy

yx

xy

yx

xy

yx

xy

yx

 

   









































.65

,5
  
.64

,4

.6

,5
       

.6

,4

.6

,94
  

.6

,95

xx

xy

xx

xy

xy

yx

xy

yx

xy

yx

xy

yx

 

065   ,064   ,064   ,065 2222  xxxxxxxx  
065      ,064      ,064      ,065 2222  xxxxxxxx  

.2
2

15
   ;3

2

15
                                                           .2  ,3

12425       02416      02416       .3  ,2

4321

21











xxyy

DDDxx
 

.4  ,4 21  zz                                                        .325  ;235 43  yy  
            .5  ,5 43  zz  
Answer:        .3  ;2  ,2  ;3  ,2  ;3  ,3  ;2   















.8

,6

,2

333

222

zyx

zyx

zyx

 
)3(

)2(

)1(

 

Solution: 
We transform the third equation of the system: 

  ;8 333 zyx     ).4(  8 322 zyxyxyx   
From the first equation of the system we have: 

   













.2

,6

,2

22

222

zyx

zyx

zyx

 
)8(

)6(

)5(

 

It follows from the second equation that   ,2 222 yxyxyx   
   ;2 222 yxyxxy   

   
)7(   

2

222 yxyx
xy


  
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Substitute (6) and (8) in (7): 

   
)9(  12

2

224

2

644

2

62 2
2222










 zz
zzzzzzz

xy  

Substitute (5), (6), (9) in (4): 
       ;2421262 222 zzzzzzz   
        ;02422272 22  zzzzzz  
    ;0242272 22  zzzzz  
    ;0332 2  zz  

,02  z      ,033 2  z  
.21 z        ,012 z      ,011  zz  ;12 z  .13 z  

Formed a combination of three systems of equations: 














.2

,2

,0
22

z

yx

yx

 













.1

,5

,1
22

z

yx

yx

 













.1

,5

,3
22

z

yx

yx

 

Let's solve each of these systems of equations: 
,xy      ,222  xx  ,22 2 x  ,12 x  ,11 x  .12 x  

             ,11 y  .12 y  
,1 xy     ,51 22  xx  ,521 22  xxx  2:0422 2  xx  ,022  xx  

            ,13 x  .24 x  
            ,23 y  .14 y  

,3 xy     ,53 22  xx  ,0569 22  xxx  2:0462 2  xx  ,0232  xx  
            ,15 x  .26 x  
            ,25 y  .16 y  
Answer:            .1  ;2  ,2  ;1  ,1  ;2  ,2  ;1  ,1  ;1  ,1  ;1   

















.2

,
2

1111

,2

xyz

zyx

zyx

 
)3(

)2(

)1(

 

Solution: 
We transform equation (2) taking into account equation (3): 

,
2

1



xyz

xyxzyz  ,
2

1

2


 xyxzyz  .1 xyxzyz  

We form a system of equations equivalent to the original: 














.2

,1

,2

xyz

xyxzyz

zyx

 
)6(

)5(

)4(




  


















.
2

,1

,2

z
xy

xyzyx

zyx

 
)9(

)8(

)7(

 

Substituting (7) and (9) in (8), we obtain: 

  ,01
2

2 z
z

zz    022 23 zzz .022 23  zzz  
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We are looking for divisors of the free member: 1  and .2  

:1      .0212121121 23   .11 z  
      ,022  zz  .981 D  

      ;2
2

31
2 


z  .1

2

31
3 


z  

      
 
 
 
 
 
 
 
Substitute 11 z  into equation (7) and (9): 












.
1

2

,21

xy

yx
 






.2

,1

xy

yx
  






.21

,1

xx

xy
 








.02

,1
2xx

xy
 

.022  xx  Substitute 2z  into equation (7) and (9): 













.1

,1

,2

1

1

1

z

y

x

 













.1

,2

,1

2

2

2

z

y

x

 











.
2

2

,22

xy

yx
 







.1

,0

xy

yx
  






.1

,

xx

xy
 








.1

,
2x

xy
 

,13 x  ,13 y  ,23 z  ,14 x  ,14 y  .24 z  
Substitute 1z  into equation (7) and (9), we obtain: 











.
1

2

,21

xy

yx
 







.2

,3

xy

yx
  






.23

,3

xx

xy
 








.023

,3
2xx

xy
 









.023

,3
2 xx

xy
 ,2  ,1 65  xx  ,1  ,2 65  yy  .1  ,1 65  zz  

Answer:            .1  ;1  ;2  ,1  ;2  ;1  ,2  ;1  ; 1  ,2  ;1  ;1  ,1  ;2  ;1  ,1  ;1  ;2   
This system of equations could be solved using the generalized Vieta theorem, but 
it is not included in the mathematics curriculum for schools. 















.7

,3

,1

22

22

22

xzxz

zyzy

yxyx

 
)3(

)2(

)1(

 

Solution: 
From equation (1) we subtract equation (2): 

    ,2  2 222222  zxyzxzyzxyyx  
      ,2 zxyzxzx      )4(  2 zyxzx  
Similarly (2) - (3): 

    .44 222222  xyzxyxzxyzzy  
          )5(  44  zyxxyxyzxyxy  
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Divide (4) by (5): 
   
    ,22

2

1

4

2
xyzx

xy

zx

zyxxy

zyxzx











  )6(   23 xxy   

Substitute (6) in (1): 
    ,141292312323 222222  zxzxxzxxzxzxxx  











147

,141413
22

22

zxzx

zxzx
 












98141414

,141413
22

22

zxzx

zxzx
 

                   991827 22  zx  
Consider the system of equations:  
Substitution .txz   

   
   









.7

,141413
22

22

txtxxx

txtxxx
 










.7

,141413
2222

2222

txtxx

txtxx
 

 
 






.71

,141413
22

22

ttx

ttx  ;
7

1

1

41413
2

2




tt

tt  

Using the main property of proportion, we get: 
    ;12898911114137 2222 tttttttt   

;090992701289891 222  tttttt  

 819720980190274992D .2
54

108
  ;

3

5

54

90

54

999
21 


 tt  

xz
3

5
  або .2xz   Substitute these values into (6): 

x
xx

xxxxy
3

1

3

109

3

10
3

3

5
23 


  or .43223  xxy  





















.
3

5

,
3

1

,991127

 )(

22

xz

xy

zx

A  

















.2

,
3

1

,991127

 )(

22

xz

xy

zx

Б  


















.
3

5

,43

,991127

 )(

22

xz

xy

zx

В  













.2

,43

,991127

 )(

22

xz

xy

zx

Г  

Let's solve each of these systems of equations: 

А): ;99
3

5
1127

2
2 






 xx   ;999

9

25
27 22  xx  ,89125243 22  xx  

,891268 2 x  ,
263

8912 x  ,
263

891
1 x  .

263

891
2 x  

,
263

891

3

1
1 y  ,

263

891

3

1
2 y  ,

263

891

3

5
1 z  .

263

891

3

5
2 z  

B):   ;9921127 22  xx   ;994427 22  xx  ,9971 2 x  

,
71

99
3 x  .

71

99
4 x  

,
71

99

3

1
3 y  ,

71

99

3

1
4 y  ,

71

99
23 z  .

71

99
24 z  
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С): ,
263

891
5 x  ,

263

891
6 x  

,4
263

891
35 y  ,4

263

891
36 y  ,

263

891

3

5
5 z  .

263

891

3

5
6 z  

D): ,
71

99
7 x  ,

71

99
8 x  

,4
71

99
37 y  ,4

71

99
38 y  ,

71

99
27 z  .

71

99
28 z  

Answer: 

.
71

99
2 ;4

71

99
3 ;

71

99
 ,

71

99
2 ;4

71

99
3 ;

71

99

,
263

891

3

5
 ;4

263

891
3 ;

263

891
 ,

263

891

3

5
 ;4

263

891
3 ;

263

891
 ,

71

99
2 ;

71

99

3

1
 ;

71

99

,
71

99
2 ;

71

99

3

1
 ;

71

99
 ,

263

891

3

5
 ;

263

891

3

1
 ;

263

891
 ,

263

891

3

5
 ;

263

891

3

1
 ;

263

891












































































 

   
   
   











.3

,2

,

zyzxz

yxyzy

xzxyx

 
)3(

)2(

)1(

 

Solution: 
A unique way to solve. 
If ,0x  то     ,2yxyzy     ,2yyzy   ,22 yyzy   .2 zy  
Equation (1) implies  0yz  .0 ;0 ;0 ;0 ,0  zy  
Let the ,0 yx  then from equation (3) we have: 
    ,300 zzz   ,32 zz     ,03  zz  0z  або ;3z   .3 ;0 ;0  
Let the ,yzx   then     ,200 yyy   ,022  yy  ,022  yy  0y  or ;2y  
 .0 ;2 ;0  
Let the ,0 zy  then     ,00 xxx   ,02  xx  ,0x  ;1x   .0 ;0 ;1  
Let the .0 ,0 ,0  zyx  
Divide (1) by (2): 
   
    ;

2yyxzy

xzxyx


  .

2y

x

zy

zx



  

Divide (2) by (3): 
   
    ;

3

2

zyzxz

yxyzy


  .

3

2

z

y

xz

xy



  

Applying the main property of proportion, we get: 
   
   






 .23

   ,2

yxzzxy

xzyyzx








.2233

,22

xyyzxzyz

xzyxzyxy
 








.032

,02

xzyzxy

xzyzxy

)5(

)4(









.0624

,02

xzyzxy

xzyzxy
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  ,0 ,075  ,075  xyyxxzxy  тоді .
5

7
 ,075 zyzy   

We substitute this value into the equation (4): 

,0
5

7
2

5

7
 xzzzzx  ,0

5

14

5

7 2  xzzzx  ;0
5

14

5

2 2  zzx  ,0 ,0
5

14

5

2







  zzxz  

then .7  ,142  ,50
5

14

5

2
zxzxzx    

We substitute the values of х and у into the equation (3): 

  ,3
5

7
7 zzzzz 






   ;14,22 ,3:34,26  zzzzz  

;
24

5

5

24
:1

5

4
4:1

10

8
4:1 






z  

;
24

7

24

5

5

7







y  .

24

35

24

5
7 






x  

Answer:         .
24

5
 ;

24

7
 ;

24

35
 ,0 ;0 ;1 ,0 ;2 ;0 ,3 ;0 ;0 ,0 ;0 ;0 






   











.32

,273 4

xyyx

yyxx
 

Solution: 











.23

,2374

yxyx

yxyx
 It is advisable to replace )1(  23 ayx   

Then 










.

,74

ayx

ayx
 

 









.1

,7
2

4

ayx

ayx
 










.7

,7
2

4

ayx

ayx
 

Adding the equation of the last system, we get the value of x and y: 

,6 24 aay   ,
6

24 aa
y


   

 









7

,7
2

4

ayx

ayx
 












2

4

777

,7

ayx

ayx
   .

6

7 42 aa
x


  

   24 76 aax   
Substituting these values of x and y in the replacement (1), we obtain: 

,6
6

2
6

7
3

2442







 a
aaaa  ,622321 2442 aaaaa   

  ,06235   ,106235 2424  aaaaaa    ,06235 3  aaa  ;01 a  

.06235 3  aa  ,22 a  бо .0622325 3   
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,16060100 D  

.0  ,0
5

1025

10

10410

10

40210

10

16010
1

















a

a
 

.0
5

1025
3 


a  

 
 

Then ;0
6

207 42

1 


x  .0
6

00 24

1 


y    .0  ;0  

          ;2
6

227 42

2 


x  .2
6

416

6

22 24

2 





y   .2  ;2  

.
25

10621

75

101863

375

1090315

3750

109003150

6
625

109003150

6
625

4000102600422510350011375

6
625

40001026004225

25

10140455

6

25

102065

25

40102025
7

6

5

1025

5

1025
7

242

3






































 













 








 


x

 












 









 








 





6

25

25102040

25

25102040

6

5

5102

5

5102

6

224

24

3

aa
y  
















 








 


6

25

102056

625

40001026004225

6

25

102065

25

102065
2

 

.
25

101444

75

1042132

375

10210660

3750

1021006600

6625

1050016251026008295



















 

Answer:     .
25

101444
 ;

25

10621
 ,2 ;2 ,0 ;0 







   

.
4164

xyz
zyxyzxxzy








  

Solution: 

Let's introduce a new variable: .
4164

txyz
zyxyzxxzy








  

We form the system of equations: 
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














.

,4

,16

,4

txyz

tzyx

tyzx

txzy

 

)4(

)3(

)2(

)1(

    

Add equations (1), (2), (3): 
)5(  24tzyx   

Subtract (1) from (5):  .10  ,202 txtx   
Subtract (2) from (5):  .4  ,82 tyty   
Subtract (3) from (5):  .10  ,202 tztz   
We substitute the found values of x, y and z into the equation (4): 

;10410 tttt   ,0400 3  tt    ;01400 2  tt  
,01 t  ,01 x  ,01 y  .01 z  

;
400

12t  .
2

1
  ,

5

1
  ,

2

1
222  zyx  

;
20

1
2 t  .

2

1
  ,

5

1
  ,

2

1
333  zyx  

.
20

1
3 t   

Answer:   .
2

1
 ;

5

1
 ;

2

1
 ,

2

1
 ;

5

1
 ;

2

1
 ,0 ;0 ;0 














   

Self-study assignments: 











.10

,15
2

2

xyy

xyx
  Answer:    .2 ;3 ,2 ;3   











.210

,231
2

2

xyx

xyy
  Answer:    .11 ;10 ,11 ;10   







.5

,3533

yx

yx
   Answer:        .2 ;3 ,3 ;2 ,2 ;3 ,3 ;2   













.20

,15

,12

yz

xz

yx

   Answer:    .5 ;4 ;3 ,5 ;4 ;3   













.16

,15

,7

xzyz

yzxy

xzxy

  Answer:    .4 ;3 ;1 ,4 ;3 ;1   















.4

,3

,2

2

2

2

yzxyz

yzxyy

xzxyx

  Answer: .
3

4
 ;1 ;

3

2
 ,

3

4
 ;1 ;

3

2






 






   
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






















.
8

15

,
6

5

,
4

3

zy

yz
zx

xz

yx

xy

   Answer:  .5 ;3 ;1  














.36

,36

,11

xyz

yzxzxy

zyx

  Answer:    ,3 ;6 ;2 ,6 ;3 ;2    ,2 ;6 ;3 ,6 ;2 ;3    .2 ;3 ;6 ,3 ;2 ;6  

   












.2

,47

,222

yzxz

yzxzxy

zyx

  

Answer:    ,5 ;4 ;3 ,5 ;3 ;4     ,5 ;4 ;3 ,5 ;3 ;4  

,9 ;
2

1137
 ;

2

1137
 ,9 ;

2

1137
 ;

2

1137







 







   

.9 ;
2

1137
 ;

2

1137
 ,9 ;

2

1137
 ;

2

1137





















  















.034

,3116

,266

22

22

22

zyzy

zxzx

yxyx

  

Answer:    ,1 ;1 ;2 ,1 ;1 ;6     ,1 ;1 ;6 ,1 ;1 ;2    ,1 ;3 ;4 ,1 ;3 ;4   

.
337

5
 ;

337

15
 ;

337

46
 ,

337

5
 ;

337

15
 ;

337

46
















   

















.122

,
2

2

3

2

5

1

zyx

zyx
  Answer:  .4 ;5 ;6  













.3

,
2

xy

yy

x
x

    Answer:  .1 ;4 ,
2

133
 ;

2

133








   











.65

,
2

5
633

yx

xyyx
   Answer:    .1 ;64 ,64 ;1  













.78

,1
7

xyyxyx

xyx

y

y

x

  Answer:    .4 ;9 ,9 ;4  

















.

,
2

5

6

6

yxxy

x

yx

yx

x
  Answer: .24 ;

23

24
 ,

2

3
 ;3 














  
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













.8
1

2

,33
1

y
yx

yx
y

x

  Answer: 

       .103 ;104 ,103 ;104 ,1 ;5 ,1 ;3   

 




















.524

,
4

17

2

22

22

22

22

xyxyxx

yxx

yxx

yxx

yxx

 Answer:        .12 ;15 ,12 ;15,4 ;5 ,4 ;5   











.17

,68

3 22

3 22

xyxy

yxyx
   Answer:        .1 ;8 ,1 ;8 ,1 ;8 ,1 ;8   











.117

,7911

3

5

yxyx

xyxy
   Answer: 

      .
243

1
 ;

243

10
 ,

243

1
 ;

243

10
 ,3 ;5 ,3 ;5 ,0 ;0 













   

 







.2loglog

,2log

33

2

xy

yx
  Answer:    .3 ;1 ,1 ;3  











.5432

,2432
xy

yx

    Answer:  .1 ;3  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


