Section 2
Converting algebraic expressions

Algebraic expressions are those expressions in which the actions of addition,
subtraction, multiplication, division, raising to a rational power and extraction of a
root are performed on the numbers and variables included in them.
4 1 [

For example: 602—d s ndem® —m?; —2x +y2 :

76" +4 X -y
Rational are algebraic expressions in which only the actions of addition,
subtraction, multiplication, division and exponentiation with a natural exponent are
performed.
For example: (a6~ la" + 64).

V3a* —5a + (a - 6)2
A rational expression in which there is no variable in the denominator is called a
whole rational expression.
For example: (m* —n?)-(3m° +4n°)

A fractional rational expression is an expression containing a variable in the
denominator of the fraction.
2 2 2 2
For example: (x= + ). b ) - )
2xy
Irrational are algebraic expressions in which the actions of raising to a power with
a fractional exponent, or extracting a root.

For example: (x+y+z)§; Va+2-x.

Expression conversion has the goal of simplifying them. This is achieved in the
following ways:

a). adding similar members to polynomials;

0). converting the numerator and denominator into products, taking the common
factor out of parentheses and reducing fractions;

B). applying abbreviated multiplication formulas:

(a+6)°=a’+2ae+6’;
(a—6)’=a’ — 2a6+é’;

@’ — 6’ =(a—86)-(a+s);
(a+8)’=a’+3a’6+3a6’ +6’;
(a—8)’=a’ —3a’6+3a6" — 6’;
a+e'=(a+e)-(a’ — as+é’);
a —6=(a—86) (a’+as+é’).

ax’+ex+c — square trinomial,

X, X, — square trinomial roots,

ax*+ex+c=a-(x —x;) -(x — x,) — the formula for the factorization of a square
trinomial.



"Tools' when converting algebraic expressions
there are such formulas:

a,c_gdtbe (b-d #0);
6 d bd
a_c_ad=be i)
6 d bd
ac_4ac (bd:tO);
6 d b-d
a.c_ad g0
b ¢ b-d

Keep in mind these four tips when you start directly converting expressions:

1). Do not divide by 0;

2). Do not extract an even root of a negative number;

3). Don't look for the logarithms of negative numbers with a negative base
and a base equal to 1;

4). Remember, that [Sinx| <1 1 |Cosx| < 1.
It is useful to recall the algorithm for raising several fractions to a common
denominator:
1. find L.C.D. (lowest common denominator) these fractions;
2. divide found L.C.D. by the denominator of each fraction and find additional
factors for each fraction;
3. multiply the numerator of each fraction by the corresponding additional factor
and write these products in the numerator, and the found L.C.D. - in the
denominator.
When raising algebraic fractions to a common denominator, it is advisable to
clearly differentiate each stage of work according to such a scheme:

Fraction L.C.D. fractions Additional
denominator multipliers
X x —4
x—2 x-(x=2)-(x+2) X +2x
x+2 x°—2x
1 x —27
x—3 (x=3)-(x* +3x+9) X’ +3x+9
X +3x+9 x—3

The introduction to the workshop in this section could be the following exercises:

2.1 At what value of the parameter a square trinomial 25x” +30x+a can be written

as a complete square of the sum of two monomials.
Solution:

We transform the given trinomial 25x™+30x+5=5% x> +2-5-x-3+a =(5-x)*+2
(5-x)-3+a= (5-)6)2‘|‘2-5)c-3+32 =



=(5x)”+30x+9.
Comparing the beginning of this phrase with the end, you can see that a=9.
(5 X+ 32)— is the square of the sum of two monomials.

In such exercises, direct substitution of the variable value into an expression leads
to cumbersome calculations, you should first simplify the expressions.
For example, calculate the value of the expression:

2
3/75 .43 —
2.2 5—814_
5-6% +2

1
5 -63. at 6=0,0025.

Solution:

12 1\?

2 1 V52-[63j -2° 1 (V?T-(eSJ -2’ 1

V25674 a5 3560 = _if5.40 =
1 1 1

Y5-67 +2 Y5-6% +2 Y5-6% +2

1y’ 1 1
(3\/5'63j -2? | (3\/5'63—2j'(3\/§'63+2j 1 1 1
- -35-6° ~35.63 =356 -2-3/5.6% = 2.

6° = 1

1
3\/5'654-2 3\/5-63+2

Answer: 2.

Jx +2 1
2.3 Calculate: : at x=4,1.
xx +2x+44x  x? —8Vx

Solution:
At first, you need to simplify this expression by replacing the roots with powers

Jx+2 1
x/x +2x+d0x x?—8x

1 1 3 1 1y
1 1| x2 42 x2-|x2-8 (x2+2J (sz -2
x2+2 'x2—8-x2 B B B

with fractional exponents:

3 [ [ 1 N ! -
x?+2x+4-x? xz(x+2x2+4J x+2x*+4
1 1 1
[xz +2J-(x2 —2)[x+2x2 +4J
= ; =x—4.
x+2x2 +4
If x=4,1, then x —4=4,1 — 4=0,1.
Answer: 0,1.
Calculate:
24 VxAT ! if x=9.1.

xv/x +7x +49x  x* —343Jx



Solution:

1 3
1 x| x2 =7
Jx+7 . 1 ~ x2+7 _ ( J_
xvx +7x+49x x> —343x 1{ ! J 1

x2| x+7x2+49

1 1 1 1
(xz +7j-x2 -(xz —7j(x+7x2 +49j
= :x_49.

1 1
x? [x +7x% + 49}

If x=9,1, then x —49=9,1 — 49=-399.
Answer: —39,9.

2 2 3
) . . -1 a —a-1 3a
Simplify expression: 2.5 -4 4+ 4 *4 + - )
PHLY exp at-1 a*-a*+a-1 a+a*+a+1 a*-1
Solution:

R.O.V.V (range of valid values): a = £1. Using the abbreviated multiplication
formulas, we factor out the denominator of each fraction:
a—1=a’-I'=(a—1)-(a+1)

@ —d+ta—1=@ - d)+(a-1)=d’(a— 1)+1-(a-1)=(a-1)-(a* +1}
a+d’+a+1=d’(a+1)+(a+1)=(a+1)-(a* +1)

d—1=d'-I'=@-") @ +F)=(a—1)-(a+1)(@+]).

LCD (lowest common denominator) =(a — 1)(a+1)(a’+1).

Divide LCD by each of the four denominators of these fractions.

We obtain additional factors for:

(a - 1)(a2+ 11(012 + 1) T
a? -

(a - 1)(a + 1)(a2 + 1)
el

: . a—1)a+1)a* +1 .
third fraction @+ +1) =a-1;
(a - 1)(a + 1)(a2 + 1) 1
(a - 1)(a + 1)((12 + 1) ’

first fraction

second fraction

=a+l1;

fourth fraction

In this way,
a a’+a-1 a’—a-1 3a’
+ +

@1 @ —atra-l a+ata+l a -1
_a(a2+1)+(a2+a—1)-(a+l)+(a2—a—l)-(a—l)—3a3-1 B
- (a—l)(a+1)(a2 +1) -

_a3+a+a3+az+az+a—a—1+a3—az—c12+cz—cz+1—3cz3 _3a3+a—3a3 a

(a—l)(a+1)(a2+l) a* -1 at -1



Answer: —— at a = +1.
a -1
Solution:
(¢ +5x+6)-(x+1)  (x+2)x+3)x+1) x+2
x#-1, (xz—IXx+3) i (x—l)(x+1)(x+3)_ x—1
O3 :| x#1,
x #=3.

x°+5x+6=0. By the theorem of Vieta:
x;=-2; x,=-3. Torna
x? =5x+6=(x+2) (x+3)
x+2 x # %1,
at {

Answer:

x—1 x #=3.
Simplify expression:
a’-as+é’  a’+6  a’—as+é’ (x—y) _

26 x*-)* -2+ (x—y\x+y) (a+6)-(a* —as+é?)

a2—06+62'x— : x—y
( )-(x=»)

- (x—y)-(x+y)-(a+6')-(a2 —a6+6‘2)_ (x+y)-(a+6)'

_ +
Answer: — Y=Y at [TV
(x+y)Na+s) |a=-s.
2.7 Simplify expression: \/ 4a-2-4a’ -9.

Solution:
Since this expression does not exist for all values of the variable a, we find
R.O.V.V (range of valid values):
{4a2—9zo, {4612—920,

4a —2\4a* -9 >0. |4a>2-+4a*>-9.

e Al
2 2 3
164% > 164* - 36 5
a>0.

(2a—-3)-(2a+3)>0,
164> > 4-(4a*> - 9),
a=0.

[\Jllw Vfﬂ_ﬂ-r‘

€ B;+oo) Well then, R.O.V.V of this expression B;ﬂoj.

In the range of valid values, let's transform this expression.
You can convert the expression first:

4a-24a” =9 = (2a-3)+ (2a+3)-2J2a-3)- 2a +3) = (\2a 3] ~2(2a—3)-(2a +3) +
+(V2a+3) =(V2a=3-2a+3).




Then +4a - 2v4a” 9 =y(V2a—3 ~v2a+3] =[2a-3 -2a+3|

Considering that a > % we have ‘\/ 2a—3—~2a+ 3‘ =-

(W2a=3-2a+3)=—2a-3 ++2a+3 =~2a+3-2a-3.
Answer: v2a-3-+2a+3.
Simplify the expression:

2 2
2.8( L, 33xy3j:(x2+y2_ Xty ]
xX—y y —-x x°—y° 2x-2y
Solution:

1 N 3xy _x2+y2_ x+y | (1 3y _x2+y2_ x+y | _
x—y y-x)\x*=y" 2x-2y x—y y -x)\x*-y> 2x-2y
:( 1 3xy j( x>+ y? _ x+y j_ X2+ xy+y° =3xy

x—y (x-2)-&+a+)7)

(r=2)-(rty) 2a=p)) (r=p)- b +ap+y?)
:2x2 +2y° —x* =2xy—y* x> =2xy+y° 2(x—y)-(x+y) (x—y)2

2

2(x—y)-(x+y) _(x—y)-(x2+xy+y2) x*—y?—2xy (x—y)-(x2+xy+y2).
-2y ) 2-y)(ety) o 20x+y)
Xy =2y (x-y) W +y?) e-y)f ey
2(x+y)

3 — provided that x— y = 0.
X“+xy+y

3 2
Simplify the expression: 2.9 | — 25 _2a _a 3+ 25a -(a -5+ 15a j
a +5%a+25 5-a a —125 a->5

Solution:
( 25 2a  a®+254° ( 15a j
- ‘la-5+ =

Answer:

@’ +5a+25 5-a a —125 a-5

( 25, 2 a’-(a+29) ]_a2—10a+25+15a:
a’ +5a+25 a-5 (a-5)a® +5a+25) a-5
_25(a—5)+2a-(a2+5a+25)—a2(a+25)_a2+5a+25_

- (a—5)-(a2+5a+25) (a—S) -

25a —125+2a” +10a’ +50a —a’ —25a*> a’ +5a + 25

B (a—S)-(a2+5a+25) 4o
(a*-15a* + 750 -125)-(a* +5a+25) _(a-5) _
- (a—5)-(a2+5a+25)-(a—5) _(a—5)2_
When a — 5#0.

2.10 At what natural values R fraction

a—>5

2
SRC+8R+12 takes natural values?
Solution:
We transform this expression by applying the theorem on the divisibility of the
_SR*+8R+12 5R* 8R 12
: = +—+—.
R R R R

Sum



For any natural values R expression SR+8 is a natural number.

Expression % acquires natural values only with those natural values R, under
what 12 is entirely divided into R, that is, with Re {1;2;3;4;6;12}.

Answer: 1;2;3;4;6;12.

2.11 Given: a> %,x =32a—16. Define Y= ! !

J2a+3-+x 2a+3+4x

Solution:
1 1 1 1

Y = — - - -
V2a+3-+x 2a+3+x V2a+3-32a—-16 ~2a+3+~32a-16

1 1 1 1

_\/2a+3—4\/2a— \/2a+3+4\/2a— _\/Za—1+1+3—4\/2a— \/Za—1+1+3+4\/2a—1_

1

/ (Vza—1-2 m ‘«/2a —2‘ W2a- 1+2‘ ‘«/Za —2‘ Ja-1+2°

Means, a # 5

If a) %Sa£§|-2 132a35|—1; 032a—1£4|K0piHb

extracting the root, we obtain the inequality:

0<y2a-1<2-2 ~2<42a—1-2<0, and therefore [V2a—1-22-+2a 1]

v 1 1 2+4+42a-1-2++2a-1_ 2y2a-1
2-~2a-1 2++2a-1 4-2a+1 5-2a
6) a>§; 20)5-1; 2a-14 N2a-1)2-2 V2a-1-2)0; N2a-1-2/=+2a-1-2.
ye 1 1 N2a-1+2-2a-1+2 4 4
V2a—1-2 2a-1+2 (,/—Za_ )2_22 “2a-1-4 2a-5
5
®7 ==,
SAKIIO a >
Answer: m,ﬂmﬂo lSaﬁé;
5-2a 2
SIKIITO a)é
a-5’ 2

Self-study assignments:

2.12 At what value of the parameter « is the square trinomial 36x* —ax +9 can be
written as the full square of the difference of two monomials?
Answer: 36.

(6+2) -8

2
Yoo 7

2.13 Calculate: , ecau ¢ = 0,0025. Answer: —0,05.



2.14 Calculate: ( +4/1— j (

Nra

2.15 Calculate: 1+ L+x . |

3
x2+8

2.16 Calculate: | ——

x2 +2x2

x—4
12

- 2x

Simplify expressions:
x> -4

Ji-a?

1+x+\/;.x-\/_—l’

2.17 x+2 [ 4x _x3—8.
T 16 \x+2

2
220 Y Answer: y-(x—p)
y X
2
2.19. 3—f-a6+6 . Answer: M.
8 9 36
Sxy

2.18.

ax—ay

2.20.

5x%y° Xy8

Xy

8y — 6x

5xy?

2 3 2. 2°
a +a’ x°y

6a '2x—2
x*—x

9q°

Answer: L.
axy

2.21.

. Answer: —..
3ax x

—166° 36 —4a 36+ 4a

Ta .(482 “3as 46> + 3as
4xy

yi-x

2.22.

2.23.

2.24.

1 1
: +
2 (yz—x2 x2+2xy+y2J
a’+4 1

x*+8 4x* —16x+16

a
. Answer; ——.

j ecinu a =0,36. Answer: 0,8.

ecim x =3,1. Answer: 3,1.

48

1 , eclIi x =2,1634. Answer: 12.

x24+2

x*+8x—8

. Answer: )
] 2-(x+8)

j. Answer: 2.

. Answer: 2x-(x+ y).

2.25.

a-2 a
a’+2a \a*-2a a’-4a

2.26. At what natural values of K does the fraction (K

Answer: K e {19}

a’ +2a

} Answer: a-2.

2
;3) take natural values?



