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Section 25 
Integral  

Integral is the sum of antiderivatives. 
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Three rules for finding the integral: 
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Calculating the areas of shapes using a 
definite integral 

When calculating the areas of figures using the integral, it is appropriate to adhere 
to the following sequence of actions (steps): 
1) create a system of equations from the conditions of the problem and solve it; 
2) taking into account the conditions of the problem and the found solutions of the 
system of equations, perform sketches of the graphs of the functions encountered 
in the problem. 
3) using a sketch to set which of the functions is decreasing (and the covering 
sketch on top) and which is negative (graph below); 
4) define the boundaries of integration; 
5) calculate the value of the integral. 
 
A task. Calculate the area of a shape bounded by lines 2xy   and .3xy   

Solution: 
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0 and 1 - integration limits. 
 0 ;0  и  1 ;1  - intersection points of function graphs. 
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When the figure is fully or partially located below the abscissa axis, then you can 
swap the limits of integration or put the "-" sign in front of the integral to the 
interval in which the figure is below the OX axis.  
Both of these methods are not without their drawbacks. In this situation, you can 
use the following method: carry out a parallel transfer of the figure, the area of 
which must be calculated along the OY axis to such a distance that the figure is 
completely located above the OX axis. 
Such a transformation of the plane means that the functions data in the conditions 
of the problem are replaced by other functions formed by adding functions of the 
same number to the data. 
A task. Calculate the area of a shape bounded by lines ,2xy   ,2x  .0y  

Solution: 
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;01 y  .4222 y      4  ;2  ,0  ;0  system solutions. 
 

 
 
It is necessary to calculate the area of the 
triangle OAB, which is located under the 
OX axis. 
Add to both functions 0y  and xy 2  
number 5: we get new functions 

;550 y  .52  xy  
Let us construct graphs of these functions 
and find the area of the triangle KMN equal 
to the area of the triangle OAB. Integration 
limits are preserved. 
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Answer: 4 (square unit). 
A task. Calculate the area of a shape bounded by lines ,3 2xxy   ,0y  .4x  
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     .4 ;4   ;0 ;3   ;0 ;0 0 BA  
We find the coordinates of the vertex of the parabola: 
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  ;5,1
12
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
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b
m    .25,225,25,45,15,13 2  myn  

 .25,2  ;5,1  Lowest point of a shape -  .4 ;4 B  
Perform a parallel transfer of the figure 4 units up. 
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The text of the augmented problem. 

Calculate the area of a shape: ;4 2xy   ,1
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

xx

xx
  

0102

,0228
2

2





xx

xx   
.81801

,0102 2




D

xx  
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.2
4

8

4

91

4

811
1 








x  .5,2

4

10

4

91
2 


x  

 

 

 одкв

x
xdxxS

. 625,15
2

25,31

2

25,31
25,31

3

625,15
625,15

3

625,15
625,15 

3
25,625,6

5,2

5,2

5.2
5,2

3
2

1









 







 








 




 

  .125,325,15,225,15,25,2
2

1

2

1
1112 1

  ODCASS CAD  

 одквSФ . 5,12125,3625,15   
Calculate the area of a shape bounded by lines: 

,2x  ,2x  ,4 2xy   ,22  xy  .22  xy  
Solution: 

 
Move the ABCD figure one unit up along the OY axis.  
A figure formed .1111 DCBA  
We consider the area of the desired figure as the sum of the areas of the figures 

OBA 11  and 11COB  
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 одкв

x
xx

dxxxxdx
x

xS OBA

.  
3

1
6121

3

8
0

6
43

6
2

1
1

1
5

0

2

0
2

23
2

0

2

2

11







 



















 














  




  

 одкв

x
xx

dxxxxdx
x

xS COB

.  
3

1
612

3

2
5121

3

8

6
43

6
2

1
1

1
5

2

0

2
0

23
2

2

0

2

11


















 














  

 

.
3

2
12

3

1
6

3

1
6 ФS  

Answer: .
3

2
12  

Find the area of the figure bounded by lines ,342  xxy  ,562  xxy  
.153  xy  

Solution: 
We find the limits of integration: 











.34

,56
2

2

xxy

xxy
  

.22  ,5346

,3456 22




xxx

xxxx    

0

1

1

1




y

x
  intersection point of two parabolas. 








.153

,562

xy

xxy
 

.0103

,15356
2

2





xx

xxx  
.0103

,015356
2

2





xx

xxx  

,49409 D  
.21

;2
2

4

2

73

1

1








y

x
 

0

5
2

10

2

73

2

2








y

x
 intersection points of a straight 

line with a parabola .562  xxy  








.153

,342

xy

xxy
 

.012   .012

,15334
22

2





xxxx

xxx  

.3

,4

1

1




y

x
 

.25

,3

2

2




y

x
 intersection points of a straight line with a parabola 

.342  xxy  
Let's sketch. 
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We find the coordinates of the vertices of the parabolas: 

.34

,56
2

2





xxy

xxy
  

.2
2

4

,3
2

6

0

0












x

x
  

 
 1 ;2  .1384

4 ;3  ,45189

0

0




y

y
 

Move the ABCDE figure up along the ordinate axis by 3 units. 
.26356 22  xxxx  

 

 одкв

x
xx

dxxxS СBA

. 
3

2
1052

3

1
4152

3

124
53

3

1
50

3

125

513
3

1
25253

3

125
 5

2

6

3
326 5

1

5

1

23
2

111









 








 

 

.4334 22 xxxx   

   одквxx
x

dxxxS EmA . 
3

1
132

3

1
9189 32

3
34 3

1

3

1

2
3

2

111







 








   

 одквS ECBA .
3

1
9 

3

1
1

3

2
10

1111
  

     одкв
x

xdxxxS DED . 
3

1
19299162

3

64
12 4

3
343 4

3

4

3

3
2

12







 








   

     

 одкв

x
xdxxdxxS CDD

. 
2

1
136

2

1
37

2460
2

75
75 

2

3
1531531533 5

4

5

4

25

4
121









 








  

 

 одквSФ . 
6

1
12

6

34
11

2

1

3

2
11

2

1
1

3

1
1

3

1
9 


  
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Self-study assignments: 
.

1

1

4


dxx    Answer: .4,0  

.
2

2

3


dxx   Answer: .0  

.sin
0




xdx   Answer: .2  

.4
0

3

3


dxx   Answer: .81  

  .32
2

3



 dxx   Answer: .20  

  .45
1

2





 dxx   Answer: .11  

  .31
2

1

2


 dxx   Answer: .6  

.
4

3
9

4
 






  dx

x
x  Answer: .5,89  

  .1
1

1

2


 dxx   Answer: .
3

2
2  

.
2

0

3 dxe x   Answer:  .1
3

1 6  e  

.4cos
4

0



xdx   Answer: .0  

  .453cos

4

 




dxx   Answer: .
6

22   

  .12
1

1

3


 dxxx  Answer: .2  

  .432
1

2

3


 dxxx   Answer: .24  

  .25
2

1
  dxx    Answer: .2  

.
2

3
51

4

1
 








 dx

x
x   Answer: .5,47  

.53
0

1



 dxx    Answer:  .33216
15

2
  
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.2
3

4

2




xdxctg    Answer: .
1232

1 
  

Calculate the area of a shape bounded by lines: 
 а) 322  xxy  and .1 xy    Answer:  одкв. 5,4  

 б) 62 2  xxy  and .632 2  xxy  Answer:  одкв. 
6

5
02  

1) .sin  ,0  ,0 xyyx    Answer:  одкв. 2  
2) .63 ,0 ,4  ,0 2  xyyxx  Answer:  одкв. 24  

3) .932  ,0 2  xxyy   Answer:  одкв. 
8

3
03  

4) .0  ,562  yxxy   Answer:  одкв. 
3

2
10  

5) .6116  ,0 23  xxxyy  Answer:  одкв. ,50  

6)   .4  ,2  ,0 2 xyxyy   Answer:  одкв. 
3

2
01  

Calculate integrals: 

.
4

0

3 22

dx
x

xx


   Answer: .2
7

3
3

5

4
12 3  

.sin
cos

24

0
2

dxx
x 






 



  Answer: .
2

26   

For function   122  xxxf  find that original  ,xF  the graph of which passes 
through the point  .1 ;2M  

Answer:   .
3

1

3

1 23  xxxxF  

Calculate the area of a shape bounded by lines 562  xxy  and coordinate axes. 

Answer:  .. 
3

1
2 одкв  

Calculate the area of a shape bounded by lines 222  xxy  and .xy   
Answer:  .. ,54 одкв  
 


