Section 12
Systems of equations

Two or more equations with #n variables form a system when you need to find their
general solutions.
The solution of a system of equations with n variables is such an ordered n
numbers, which transforms each equation into the correct numerical equality.
To solve a system of equations means to find the set of all its solutions or to show
that it has no solutions.
A system that has solutions is called joint, and not having solutions is called
incompatible or contradictory.
The fact that the given system is written using curly brackets written to the left of
the column of equations.
System of equations (4) are called a consequence of the system (B), if all system
solutions (B) are solutions of the system (4).
This fact is written like this: B = 4.
Two systems of equations called tantamount or equivalent if each of them is a
consequence of the other. B < 4.
Two systems are said to be equivalent if they both have no solutions.
There are three traditional ways to solve systems of two equations:

1) substitution method;

2) algebraic addition method;

3) comparison method.
The essence of this method lies in the fact that the systems express the same
variable from both equations, for example y through x. Form a third equation in the
variable x and solve it. Find the value of another variable. Write in response.
{xz —3xy+y  +2x+3y=6,(1)

2x—y=3.(2)

Solution:
Let's solve this system by substitution. From equation (2) we have:
y=2x-3.
Substitute the values into the equation (1):
x? =3x(2x-3)+(2x-3)’ +2x +3(2x -3) =6,
x2—6x* +9x+4x* —12x+9+2x+6x—-9 =6,
—x’ +5x—6=0|-(—1)
x> —5x+6=0. By Vieta's theorem: {x‘ = p=22m3=l
x,=3 y,=2-3-3=3
Answer: (2;1), (3;3).
x=y=8()
{x -y =-15(2)
Solution:
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From equation (1), we express the variable y through x: y = x-8;
Substitute the value of y in equation (2):
x-(x—8)=-15 —8x+x*+15=0, x* —8x+15=0.

X =3, y=3-8=-5y =5
Lz =5 y,=5-8=-3 [yz =-3.
Answer: (3;-5), (5;-3).

x> +y? =34,(1)
{x -y=2(2)

Solution:
Let us square both sides of equation (2):
(x—y) =22, x*—2xy+y* =4 (3).
Subtract equation (1) from (3):
x’ —2xy+y’ =4,

x’+y’ =34
—2xy =-30:(-2)
xy =15(4).
Consider the system of equations (2): (4):
xX—y=2, |y=x-2, y=x-2, Y, =5y, =3,
{xy:IS {x(x—Z):IS {xz —2x-15=0 {xl =-3x, =5
Answer: —(3;-5), (5;3)

x> —y* =40, (1)
xy=21(2)

Solution:
Raise both sides of the equation (2) in the square:

x? —y2 =40, x? +(—y2)= 40,
{xzyz — 441, {xz (= y7)=441.
Based on Vieta's theorem, we compose an auxiliary equation:
t* —40t—441=0. By Vieta's theorem: ¢, =-9, ¢, = 49.
(xe@

{xz =-9, {xz =9, |xey
—y? =49, | |y* = —49. x,==T7 |x,=-T7|x,=17
x> =49, |[x*=49, |X=7 Ll =-3 Lz =3
{—yz =-0. {yz =9, yi=-3

y,=3

Answer: (-7; -3), (7; 3).
x>+ > =80, (1)
{xy =32 (2)
Solution:
Multiply equation (2) by 2: 2xy =64 (3).



Add the equations (1) and (3): Subtract the equation (1)—(3):
N x>+ =80, B x* + > =80,
2xy = 64 2xy = 64
x? +2xy+ y? =144; x* =2xy+y* =144;
()H—y)2 =144; (x—y)2 =4%;
w/(x+y)2 =+122. w/(x—y)2 =\/4_2.
|X+y|=|12; |x—y|= 4
Because the 12> 0, To [12|=12. Because the 4 >0, To |4/ =4.
x+y[=12. (4) x—y[=4 (5).
From equations (4) and (5) we form the system:
x+ =12, _
| 4 By the properties of the modulus of a number, we have:
x—y =4
x+y=ul2, . . .. . .
With this combination will create a set of four systems of equations:
X=y=p
- +y=-12
x+y=-12, +{x Y ~8+y=-12[y=—4,
x—y=-4
x—y=-4 x=-8 x=-8
2x=-16;x=—-8
x+y=-12
x+y=-12, + -4+y=12 | y=-8,
x—-y=4
x—y=4 x=-4 x=-4.
2x=-8,x =4
x+y=12 -
x+y=12, + 4+y=12[y=8,
x—y=-4
x—y=-4 x=4 x=4.
2x=8;x=4 B
+y=12 -
x+y212, +{x Y 8+y:12 y:4’
x—-y=4
x—y=4. x=38 x=28.
- 2x=16;x=8 -

Answer: (-4;-8),(~8;—4),(4;8),(8;4)
2x% —15xy+4y”> —12x+45y-24 =0, (1)
¥ +xy-2y> =3x+3y=0(2)
Solution:
We write equation (2) as square with respect to x:
x’ +(xy—3x)+(3y—2y2)=0; x’ Jr(y—3)x+3y—2y2 =0;(3)
D=(y-3F-4-By-2y")=)>—6y+9-12y+8y> =9)> —18y+9 =
=9-(y? —2p+1)=3"-(y-1 =(3- (- D))"
o == NB =) —ye3=3-(=l) _—y#3-3p+3_6-dy o

! 2 2 2 2




_—y+3+3y-3 2y
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According to the formula of decomposition quadratic polynomial factoring
ax’ +bx+c=a-(x—x,)-(x—x,) factorize the left side of the equation (3):

X+ (y =3 +3y-2y7 = (x—y)-(x=3+2y),

(x—y)-(x—3+2y)=0. This equation is equivalent to two equations:
x—y=01x+2y-3=0.

The original system of equations is equivalent to the set of two equations:
_{2)& —15xy+4)% —12x +45y - 24 =0,

X5

x—y=0.

2x% —15xy+4y” —12x+45y-24 =0,

_{x +2y-3=0,

We solve each system of equations of the set by the method of substitution:

x=3-2y, x =5 |x,=1
| (42y°-42=0 L3 =-1 L4 =1.
Answer: (1;1), [§; §j, (5;-1).

33

X =5x+y, (1)

{y3 =x+5y. (2)
Solution:

Add equations (1) and (2):



X'+ =6x+6y;

X4y =6-(x+y) (3)

Subtract equations (1) and (2):

X’ =y’ =4x +4y;

X =y =4-(x-y) (4).

Consider the system of equations (3) and (4).

Let us apply to its solution the formulas for the sum and difference of cubes:

X+ =6-(x+y), (x+y)-(x2 —xy+y2)—6-(x+y):0,
{f ~y =4-(x-y) {(x—y)'(x2 +xy+y7)-4-(x=y)=0.
(x+y)-(x2 —xy+y° —6)20,
{(x—y)-(x2 +xy+y° —4): 0.
This system of equations is equivalent to a set of four systems of equations:

_ x+y=0,2x=0, x, =0,
x—=y=0.|x-y=0.|y =0.

{x—yzO, {xzy, {xzy, {xzz—\/g, {)@zx/g,

¥ =xy+1y —6=0.|x"—x>+1y°-6=0. [y°—6=0. yzz_\/g_ y3=\/8_
x+y=0, xX=-y, X==y,|x,=2, |x,=-2,
{x2+xy+y2—4:O. {(—y)z—y2+y2—420.{y2=4. [y4=—2, [y5:2.
+{xz—nyryz—6=0, _{xz—xy+y2—6:0,
¥ +xy+y°—4=0 X +xy+y —4=0
2x° +2y° -10=0 —2xy—2=0,
x*+y°=5(5) 2xy =-2 (6)
Let us form a system of equations (5) and (6):
x*+y? =5,
{2xy:—2.

We add and subtract the equation of this system and form a new system of
equations:

{xz—kbcy—i-y2 =3, {(x+y)2—320, {(x+y—\/§).(x+y+\/§)—0,
(x—y)2—7=O. (x—y—ﬁ)-(x—y—kﬁ):o.

The latter system is equivalent to the set of four systems of equations:

x> =2xy+y> =4
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1
_{X+y—x/§=o, xé‘g'(\/g )
w70y L)

x+y-~3=0, :
x—y+47=0 x7—5-(\/§_\/7)7
{x+)’+\/§=0, y7:l.(\/7_\/§)

x—y—ﬁzo - 12
{X+J’+\/§=0, xs:E'(\ﬁ—\/g)
_x—y+ﬁ:0 ySZ%'(ﬁ‘F\/g)

x9:__'(\/§+\/7),

v, =573
(0: 0) (-6 ) (¥6: v6) (2: ~2) (2: 2) (@ﬁ; ﬁ‘ﬁ}

Answer: ? ?
(ﬁ—ﬁ_ﬁ—ﬁj (ﬁ—ﬁ,\/ﬂﬁj (_\/Lﬁ_ﬁ—ﬁj
2 72 2 72 2 72 ]
3x’ +2xy +y° =11,
{xz +2xy+3y* =17.
Solution:

We introduce a new variable x =¢-y. Then the system is reduced to the following:
3-() +2y(v)+y* =11, {3t2y2 1207 + 37 =11, [y (B2 +2+1)=11,

{(ty)z +2y(ty)+3y7 =17. = £y + 2% +3y7 =17. {yz {2 +2t+3)=17.

Because the y = 0, then we separate the left and right sides of the equations of the

last system:

¥ B +2e+1) 11 3% 42641 11

v (> +26+3) 17T Peuss 17

Applying the main property of proportion, we get:

17-(3¢> +26 +1) = 11- (¢ + 26 +3) = 516> +34¢+17 = 11¢> +22¢ +33;

401 +12t—16=0|:4 =10t +3t-4=0. D=9+160 =169,
_-3-13_ 16 4 _-3+13_10 |1

Y20 0 20 57T 20 20 2

Substitute the value ¢, = —% into the equation y”-(¢> +2¢+3)=17.

2
5 5 25 5 25

2 Sl _jg iqg Sl 2 1725 250 5 53 543
Yoas T N T e Y T Ty T T T s T



Back to replacement x =1¢:

e

_g. 3

453 _ 43

3777 5 3 3

Substituting the value of ¢, :% into the equation y° -(3t2 +2t+ 1): 11, we get:

1Y 1 3 3 11 4
’. 3-(—] +2-—+1|=11, y*-[=42|=11; y* =11:12==—.— =4
Y [ 2 2 W Y 41 11

x*+y +x+y=8,
{xz +y +xy="17.
Solution:
Let's replace x+y=u, and x-y=v.
()H—y)2 =u’, X +2xy+yi =u’, x> +y =u’ 2w
The original system takes the form:
u’ —2v+u =8, u’ +u—2v=_,,
{uz -2v+v=7T j{uz -v=".
We solve this system by the substitution method.
v=u’-7; u’ +u—2(u2 —7):8, w+u-2u*+14=8, —u’ +u+6=0|-(—1),
w-u-6=0.
By Vieta's theorem, we have: u, =3, u, =-2. Then v, =3*-7=2; v, =(-2) -7=-3.
Let's solve a set of systems of equations:

[(x+y=-2, [[y=-2-x, y=-2-x, [y=-2-x,
{xy:—3. {x-(—2—x)=—3. {—2x—x2+3=O. {x2+2x—3=O.
x+y=3, y=3-x, y=3-x, - y=3-x,
{xy=2. {x-(3—x)=2. {3x—x2—220. {x2—3x+2=O.

[y=-2-x,
{xlz—3; x, =1.
y=3-x,

_{x3:1; x, =2.

Let us show some methods for solving systems that include irrational equations:

Answer: (=3; 1), (I; =3), (1; 2), (2; 1).

Solution:
Here it is advisable to look for the range of admissible values of the system:



x=>0, .
X — Hexaii e nepma obnacts J[3H, a
y>0.

x<0,
y#0 1e fpyra o6macts J[3H.
y<0.

Let us solve this system in the first range of admissible values of the system:
We transform the first equation of the system by multiplying both sides of it by y
here (y >0):

x+ /£-1=2|-y, xy+\/5—2=0, (@)Z+M—2=O.
y vy
Let's introduce a new variable:

Jw=t, P +1-2=0.
By the theorem of Vieta:
t=-2; t,=1.

\/E=—2, xy =-2, xyed.
le:ﬂcyzl.
Ux +3/y =2,5¢/xr, (1)
{x—14y:100. (2)
Solution:

Range of valid values: x>0, y>0. %/;zﬁx/x_z, %/;:i/? %/x_2+§/?=2,56\/5

2 2
sfx—+6/y—=2,5; 6\/24‘%/2—2,5:0. We denote i/gzt, then t+1—2,5=0;
Xy Xy y X y t

{zz —25t+1=0, D=625-4=225=15"

t#0
6
2 2 2 y 2 y 2 y 64

o X =2, L=2° x=64y (4).

y y
We form a set of two systems of equations:
i ) ) y=64-x,

y = 64x, y = 64x, y = 64x, 100

{x—l4y=100. {x—14-64x=100. ~895x=100. | ¥~ g5 & HPHE
{x=64y, {x=64y, {x:64ya x:64'25 x=128.>0

Answer: (128;2)

ey X0 )
X=-y Xx=)

xy=20(2)

Solution:
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We transform \/x+y:\/(x+y)-(x_y):m

, then equation (1) becomes:

x—y (x=») x|
xX+y- = , 1f x—y>0, TO |x—y|:x—y.
pe=ol x-y
2 2
X+ y— |))Cc—_y)|} :xfy|><(x—y), x’—y* —y/x*—y* —6=0. We denote /x> -y’ =1.

2
-2 =9
VJxi =yt =3 {x o xz‘y2=—2@y=§;
X

xy =20
2 4 2
—9x? —400=0,
xz—(§j —9, -0 g, {xz g X} =m, m*—9m—400=0.
X X x°#0
D=81+4-400=1681=417, m =2 __32_ 15, -2T4 _»s,
2 2 2
x’=-16 xed@. x*=25, X, ==5 x,=5 y = 2(; —4; yzz?:4.
x—y>0 -5-(-4)=-1<0. Means, (5; 4).
[ 2 2
If x-y<0, TO |x—y|:—(x—y). Then x+y - Yoy 6 =0;
—(x-y) x-y

Xy xt =yt —6=0; xXP =y =l P+1-6=0, [ =-3; [,=2.
VX =y =3, @ JxP 4yt =2, ¥ -y* =4

2 2: 4_4 2_400:0,

x' -y =4, y:Q, x2_ﬂ_4 0, X X X =n, n’—4n—400=0,
xy =20. X x2 2 £0.
D=16+1600=1616, n =+ 21—, 5, =220, xz:4+\/21616’

¥ = | Arviele 1616 =\2+24101; x, =v2+24101; y, =
2+2\/101

20
Answer: (5; 4), | -v2+2J101; ——— |
{ = 2+2«/101J

A system of equations was formed:

y-x=3, [y=3+x, y=3+x, y=3+x,
xy=1. x-(3+x)=1 3x+x°—1=0. |x*+3x-1=0.

D=9+4=1350; x =— 2*/_ X, = _3“/_
~3-J13 3-413 —3+\/_ 34413
=3+ = Ly, =3+

M= 22 2 2
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Ag Z37V13 L 3-413

5 5 B3 do not belong to the first range of valid values, in which this

—34—2\/5 and 3+\/_

5 13 belonging to it, then the solution to the

~3+413 3+\/Bj
2 '

system is solved, and

2

Let us simplify the first equation of the system into the second range of valid
values:

xr [EY 22 e —2=0, atomy (Yo | —yay-2=0, Jay =1, £ —-=0,
y-y oy
t,=—1;1,=2. Jxy=—1, xye@. /xy =2, xy=4. We have such a system:

y—x=3, y=3+x, y=3+x, y=3+x,
— — —
xy=4 x-(3+x)=4 3x+x’ =4 x> +3x-4=0
y=3+x, x=-4, x=1,
x=—4; x=1 |y=3-4=-1 |y=3+1=4.
Pair (1; 4) does not belong to the second range of valid values, and therefore the
solution to the system is the pair (-1; -4).

Answer: (_3;\/3; 3+\/E} (—4; -1).

2

system is a pair of numbers (

3x+5y+9=0,
2x—|y|—7:0.

Solution:
Let's solve this system in each of the four range of valid values:

x>0, x|:x. 3x+5y+9=0, (3x+5y=-9,
' {yZO. |y =». {2x—y—7 =0}-5 {10x—5y=35
13x =26;
x=2
3-2+5y=-9,8y=-9-6, y=-3 does not satisfy the condition y>0.
In this range of valid values the system has no solutions.
{xz — XA/ Xy =38,

¥ = yJxy =-1.

Solution:
Replacement x=1#y, y #0.

{(ly)zly ty-y =8, {tzyz—zy\/?_& {tzyzfy|y|\/;‘8a
Yeylyy=-1 |y -y’ =-1 |V’ —ypr=-1

If y>0, then [y|=y

{Zyz—lyzx/?=8, Cy -i=8, v (P -vi)=8, Cotlt ot
YioyNi=-1 y oyir=—1 yi-vi)=-1. 1=t T 1=

=-8,
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. _ _ —_ 2— . .
t \/;!\/t 1):—8, f\/;(l \/__t):g, e=8, =2, Exponentiation 2:
-1 1= .

t=2>=4.

x=4y, x=4y, -4y =0, x=4y=0, [x=4-1, x=4,
Y —yfxy==1 |y =y J4y-y+1=0 |p* =2y*+1=0 |I-p°=0. (y=1 y=L

|2V 0N =8, 22 .
If y<o0, then [y|=-y i vyt Y z(t +’*/;)=§, e (I—H/;):_g,
yz—}-yz\/;:—] y (1+\/;) 1 1+\/;
t\t=-8, ted.
Answer: (4, 1).
x>0, |x|=x, 3x+5y=-9, 3x+5y=-9,
IT). +
y<0 |[y=-y. [2x+y=7}(-5) [-10x-5y=-35
—Tx =—44;
x:__44:ﬁ20; 3.ﬁ+5y:_9; 5y:_9_£:ﬁ; y:_ﬁ;5:_1’;5:_£<0_
-7 7 7 7 7 7 7,5 7
(#; —gj— Solving a system of equations.
<0, ||x{=—x, |-3x+5y=-9, —-3x+5y=-9,
1. & g LY
y20 |[y=y. |2x-»-7=0}5 [10x-5y=35

Tx=26;
x= %— does not satisfy the condition x <0, and therefore the system in this region

of admissible values of solutions does not have.

IV). x<07 |x|:_x’ _3x+5)’:_9, n _3x+5y:—9,
y<0 |[=-y. [2x+y=7}(-5) |-10x-5y=-35

—13x =26;

x= % =-2 e range of valid values. 2-2+y=7; y=3¢ range of valid values.

Answer: (ﬁ; —ﬁ}
7 7

(x=y)-05* =527 (1)
(x—y)7 =125 (2)

Solution:
We transform the first equation of the system:

0,5 :Gjh =) =2 (r-p) 2 =522, voyss.

Substitute this value into the equation (2):

x+y Xty
57 =125; 57 =5". Since the exponential function is monotonic, we have:
X+ y

2= 3— x+y=21 We form a new system of equations:
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x—y=5 x=13. y=8.
Answer: (13; 8).

1
(x+y)r =2, (1)
(x+y)-4" =64 (2)
Solution:
Raise the equation (1) to the power x:
((x +y)ij =2%, x+y=2" Then the equation (2) will look like 2*-4* =4°;

2727 =(2°f, 27 =2°, 3x=6, x=2, y=2-2=2.
Answer: (2; 2).

32l g7y 3,

{(Sx —y) =36.

Solution:
32x—1'27)€+y :3’ 32x—1+3x+3y :31
V(x—y) =436. {|5x—y|:6-
) ) i x=1,
Sx+3y=2, 5x+3y=2, 20x =20, 2-5.1 x=1,
Sx—y=63 ||15x-3y=18 [5x+3y=2 | |77 3 y=-1

Sx+3y=2, S5x+3y=2, 20x =-16, x=-0,8, x=-0,8,
5x—y=—6|~3 15x-3y=-18 |5x+3y=2. y_2+5-0,8

Answer: (1;-1),(~0.8;2).

Systems of logarithmic equations are solved in the same ways as systems of
algebraic equations.

X' =100, (1)
log, x=2 (2)
Solution:
x>0,y>0,y=1.
Let us logarithm Eq. (1) with base 10:
lgy-lgx=1gl100, Igy-lgx=2.
By the definition of the logarithm of a number from equation (2), we have:
2

xX=y".

Let's solve the system of equations:

x=y?, x=y’, x=y’, x=y’,
lgy-lgx=2 |lgy-lgy*=2 |21g’y=2 |lg°y=1

This system of equations is equivalent to such a set of equations:
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=100,
v, =10;

{Ww -y=6, ()
Yorer) - (x=rf =8. @

{x = y2 5 {x Yo
lgy=-1 =107,
{ gy {y =10 A nswer: (0,01;0,1), (100;10).

Solution:
We transform the second equation of the system:

6J()c+y)3-(x—y)2=J(?€+y JoyF =ary Aa—y) =rry 3] =
If x-y<0, TO |x y| x y) —\/x—i-y-\/—l-(x—y):—\/x-i-y-\/x—y,
If x—y>0, 10 Xty s ~x 7 5.

The original system of equations is transformed into a set of systems:

_1/x+y+3x—y:6,
Hexaii \/x +y =¢t,t>0,a3/x—y =1, TO1
—Jx+y-3x—y=8§;

3 t+l=6,_) l[=6-t, N [=6-t,
Nx+y -y =6, \_, ;¢ —t-(6-1)=8 " |-6t+t*-8=0
NX+Y 3x—y =8

t’~6t+8=0 By Vieta's theorem, we have: ¢, =2,¢, =4.
[ =6-2=4;1,=6-4=2.

y=2,T x+y=4, 2x=68, | [y, =4-34,
Yx—y=4 | |[x-y=64 x =34 ||x =34
y=4 {x+y=16, 2x =24, {y1=12—8,
3\/;:2 (x-y=8 x,=12 x, =12
[y, =-30,
2 HE BUKOHYEThHCSI yMoBa x + ) > 0.
X =
n =4
| (X =12

We solve the second set of system:

t+1=6, [[=6—t, [=6-t, [=6-t,

t-1=8 |t-(6-1)=8 |- +61-8=0 |1>—6:+8=0.
D=36+32=68=4-17 z:6_22*/ﬁ=3—\/ﬁ; t, =3+17;
1, =3+17; 1, =3-417.
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Jx+y=3-17, [x+y=9-6J17+17, Xx+y=26-617,
{W—%x/ﬁ {xy—27+3-9\/ﬁ+3-3-7+(\/ﬁ)3 {x—y=180+44x/ﬁ
Jx+y=3-V17, [x+y=26+6417, x=78-1317,
{i/ﬁﬂ\/ﬁ, {x—y:27—27x/ﬁ+103+17\/ﬁ {y=—12+19\/ﬁ

2x=206+3817, y, ==76+444/17,

x=103+19417, y, =—12+194/17.
Answer: (12; 4), (103+1917; —76+44417) (78-1917; —12+19+/17)
x-1 y+3 z-1
2 3 4
2x+3y—-5z+19=0.

5

Solution:
1 y+3 =z
==
3t=y+3, y=3t-3, dt=z-1, z=4¢+1.
2-(2t+1)+3-(3t=3)-5-(4t +1)+19=0,
4t4+2+9t-9-20r-5+19=0, -7t+7=0, t=1;
x=2-1+1=3; y=3-1-3=0; z=4-1+1=5.
Answer: (3;0;5).
{x+y+z=¢

We denote t:xz_ ;1. From here: 2r=x-1, x=2¢+1.

2xy—z° =16.
Solution:
Let us square the first equation and subtract the second equation:
x4y 2+ 2xy+2x2+2yz=16
B {ny —22=16

X+ +22° +2xz+2yz=0, (x2 +2xZ+22)+(y2 +2yz+22): 0,

(x+z) +(y+z) =0.
This equality is possible only when
(x+z)=01 (y+z) =0
x+z=0 y+z=0
X=-z y=-z.
Substituting these values into the first equation of the original system, we obtain:
—z—z+z=4, z=4.
x, =-4 y=-4.
Answer: (—4;-4;4),
The method of solving such a system of equations deserves special attention:
-3

X =125,

Solution:

Let us logarithm each of the equations of the system with base 5:
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{(Zy2 —1)- log x =log; x, {(2)/2 —1)- log;x=1, (1) o

(y2+2)-10g5x:10g5125. (y2+2)-10g5x:3. (2) *
Divide equation (2) by (1):

b? +2) log, x _3. »i42 3 y+2=(2y7-1)3, y2+2=6y2-3, =57 =-5,
(202 =1)logsx 17 2y -1 1
yvi=l o y=-1 p=1
X2 =5, x, =5, X2 = 5, x,=5.

Answer: (5;-1),(5;1).
2°.37 =6,
3747 =12.

{i: ij Z 2233 Let us logarithm both equations with base 10:
1g(27 3" )ig(2:3),  [xlg2+ylg3=Ig2+Ig3,

{1g(3x 2% )ig(22 3) {xlg3+ 2ylg2=2lg2+1g3.

We solve this system by the substitution method:

from the first equation, we express y in terms of x and substitute it into the second
equation of the system:

Solution:

_1g2+1g3-xlg2
Ig3 '
Then the second equation will have the form:

lg2+1e3-x1g2 1,5 _91g2+1g3} g3,

vig3=I1g2+Ig3—-xlg2, y

xlg3+2-

g3
xlg?3+21g*2+21g2-1g3-21g*2-x=21g2-1g3+1g*3;
lg>3-21g*2
x-(lg?3-21g*2)=1g*3-21g’2; x=="""2"": x=1.
(g 8 ) 8 8 Ig?3-21g°2

Value x =1 we substitute in the first equation of the original system of equations:
2'.3V =6, 3y:g, 3'=3, y=1.

Answer: (1;1)
2-log, y= 210g2(x+ y),
{logz(xvty)wtlogz(x2 —xy+y2): 1.
Solution:

2=1log,4; 1=log, 2.

y>0,
Range of valid values: <x+y >0,

x> —xy+y° >0.
The system takes the form:
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log,4-log, y = Ing(x+ y)za
logz(x + y)+ logz(x2 —xy+y° )= log, 2.
We will potentiate both equations of the system:
2

4 (et ) (e P, yo0.
y y

(x+y)-(x2 —xy+y2): 2 |[XP+y’=2
We introduce a variable y =#. The system takes the form:
{4=tx-(x+tx)2, {4:tx-(x2 +2x2t+x2t2), 4 o’ -(1+2t+t2)_ 5o
2=x3+(tx)3. 2=x"+x't. 2 x3-(1+t3) T

1+t 2 2 2 2 2
= sttt =2-2t+42t7; 2t° -3t -2t—t+2=0; t*-3t+2=0;

t-(1+1)
(o)t +2)

=1t =2
y=1lx, y=x; X’ +x° =2, 2x’ =2; x’ =1; x=1.
Then y=1. (I; 1) - solution of the system of equations.

. 3 3
y=2-x, x3+(2x)3:2; X +8x'=2; 9x*=2; x3:2; x:3\/§:3,2:£; y2:2\/6.
2 9 93 3 3
3 3
Answer: (1;1), (? 2\/6}

3
y5x2—51x+10 _ 1’
xy =15.

Solution:
_y() y5x2—51x+10 :yO, 5x2_51x+1020,
" |xy=15. xy =15.
D =2601-200=2401=49, x, = 31240 _ 0. X, = S+ o,
10 10
15 15
=——=75; =—=15.
1 0.2 Y 10
Answer: (0,2;75),(10;1,5).
x’ =2, (1)
(2x)" =64. (2)

Solution:
x>0 as the basis of the exponential function.
We transform the equation (2):
(2x)" =64, (2x) =2°, 27" -x"" =2°, 2" -(x} =2°. Taking into account equality (1),
we have:
2727 =20 2" =25 2 4y=6, Y +y—6=0.
By Vieta's theorem: y, =-3, y, =2.

3
x73:2’ i}:z; x3:l; xl:i/IZS izﬂ; x2:2’
X 2 2 g 2
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x=—+/2 - It does not satisfy the condition x > 0.

%, =2.
Answer: (? —3], (\/5; 2)

y'xlogyx :xz,s (1)
{iog3)wlogy(y-2x)=1 2)
Solution:
x>0,
Range of valid values: {y >0,
y>2x.
Let us logarithm equation (1) with base 3:
log, (y-xlog
log, y+log, x-log, x=2,5-log, x|10g3 v,

y X 2,5,
)= 10g3 X

(log3 y)2 +log, x-log, x-log, y =2,5-log, x-log, y;

1
(log3 y)2 +10g—3x-10g3 x-log, y—2,5-log, x-log, y=0;
0g; Yy

3

(log, y)* —2,5-log, x-log, y+(log, x)=0}: (log, x - log, )

1 1 1 t*=2,5t+1=0
M—2,5+ 983 _ (. We denote M=t, then t—25+1=0, ’ ’
log, x log, y log, x t t#0
D=6,25-4=2)25.
25-15 1 2,5+15
=" = t, = =2.
2 2 2
log, y 1
log,x 2’ {log3 x=2log, y, |log, x=log,y?, | x=y",
log, y ) log, y =2log;, x. log, y :log3x2. y:xz_
log, x
In equation (2) of the original system, we pass to the base of logarithms 3:
1 -2
10g3y-mzl, 10g3(y—2x)=1, y—2x=3.

3

If x=9% 10 y-2-y*-3=0, 2y*-y+3=0

D=1-24=-23<0, yed.
If y=x*, 1o x> -2x-3=0, x, =-1 does not satisfy the condition x>0. x, -3.
y=2x+3=2-3+3=09.
Answer: (3;9).

lgy(x+y) =1,

1gy—1g|x|:lg2.

Solution:
Range of valid values:
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*+y#0, {lg|x+y|:1,
y>0, x+y>0.
20 lgy:1g2+lg|x|.

_{ery:lO, 10
x+y|=10, [x+y=%10, | [y=2x. {x+2x:10, {3x210, ST
1gy:1g(2|x|) y:2|X| x+y:10, y:2x- y:2X. y:§

| y=-2x. 3

x—2x=10, |—-x=10, [x=-10,
y=-2x. y=20. |y=20.
Answer: (% ?j (~10;20).

The solution of systems of trigonometric equations is reduced to one of three cases:

a) by means of identical transformations the system is reduced to one
equation with one variable;

0) come to the system of equations with only arguments;

B) a system of equations is formed for the trigonometric functions of these
arguments.

Such a system of trigonometric equations is very common:

sinx-cosx =-0,5, (1)
{cosx-siny =0,5. (2)

Solution:

It is easy to see that the left-hand sides of equations (1) and (2) are parts of the
formulas for the sine of the sum or difference of arguments. Hence follows a
method for solving this system. Adding equations (1) and (2) and we obtain a new
system of trigonometric equations:

sinx-cosy+cosy-sinx=0, [sin(x+y)=0,
{cosx-siny—sinx-cosy =1. {sin(y—x):l.
Using separate cases of solving equations of the form sinx=a, we have:
This system is convenient to solve the method of adding:

X+y=m, neZ,

y—x:%+2kﬂ, keZ.

2y:£+7zn+2k7z, y=%+%+k7z.

Substitute the value y into the first equation of this system:

T m T m
X+—+—+kr=m, x=—-+——knr.
4 2 4 2
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4oy F
Y 3
sinx =2sin y.
Solution:
It is advisable to solve this system by the substitution method:
S Sx
= _— :x——,
y=x 3 Y 3
) ) b4 . Srm . ) 1 V3
sinx=2-|sinx-cos— —cosx-sin— |; |[sinx=2-|sinx-——cosx— [;
3 3 2 2
3 > y_ 3 D) 3
sinx =sinx—+/3-cosx; |cosx=0; X=%+7m,neZ.
T b4 37-10x 1
y=—+m-—=m+———=m——, ne’.
2 3 6
Answer (——k m; 7zn—7—7[j, neZ
2 6
tgx+tgy =1,
x+y=2
y=7
Solution:

In systems of equations of this type, it is necessary to look for the domain of

definition of the system.
ina

Because the ga =% then the domain of the system:

cosx

x¢£+k7z, keZ,
{cosxio, )

sinx = 0. T
y¢5+7m, nelZ.

The original system of equations is similar to the previous one, and therefore can
be solved by the substitution method.

.
y:z—x y_z_x, y—z_x
4 b tﬁt 4 b
£, 11
tgx+tg[£—xj=l. tgx+4—=1. tgx+;gx:1|-(l+tgx).
4 V4 1+1gx
1+tg—- tgx
4
T_. T_. V4
=——X, =— X, :__x,
y 4 y 4 y 4
tgx +1g’x+1—tgx —tgx—1=0. |1g°x—tgx = 0. tg(tgx—l)zO.

This system is equivalent to such a set of systems:
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r tgx = 0, x=/m, neZ,
V4 y:£—7m,neZ;
y=—=-X 4
4
V4
tex—1=0, x:Z—i-kﬂ,keZ,
y—ﬂ X; T T
4 7 =——-"—kn,neZ.
L 4 _y 4 a

Answer: (ﬂn; %—ﬂnj neZz, [%-f-kﬂ'; —k;zj, keZ.

sinx -sin y = 0,75,
{tgx -tgx =3.

Solution:
We establish the range of permissible values:

V4
x#—+m, neZ,
{cosx:&O, )

cosy #0. xi%—i—kﬂ, keZ.

We divide the first equation to the second:
sinx-siny 0,75 sinx-siny
tgx-tgy 3  sinx _sinx
COSX COSX
We replace the second equation of the system with the equation (A):
sinx-sin y =0,75, (B)
{cosx -cosy =0,25. (O)
Add the equations (B) and (C):
sinx-sin y +cosx-cosy =1 (D).
Subtract the equation C and B:
cosx-cosy—sinx-siny =-0,5 (E)
The left Part D and E equations represent the cosine of the difference and sum of
the cosine respectively. We have a system of equations equivalent to the original
system:
cos(x—y)=1, xX—y=2m, neZ.
{cos(x +y)—-0,5. {x +y=4% arccos(— 0,5)+ 2kr, ke Z.

=0,25; cosx-cosy=0,25 (A)

This system is equivalent to a set of systems:

Vg
r x=§+k7r+7m,

xX—y=2m,
+
x+y:2T7Z-+2k7T. 2x:2T7Z-+2k7T+27Z7’l, y:%—’_kﬂ._zm'
X—y=2m, 2x:—2—”+2k7z+27zk. x:—£+k7r+7zk,
+ 2r 3 3
)C+y:T+2k7l'.

L y=—%+kﬂ'—ﬂ7’l.
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X, :%+7r(n+k),keZ. X, :—%—Hz(n-i-k),keZ.
" =%+7z(k—n),neZ. Y, =—%+7z(k—n),neZ.

Answer: (%+7z(n+k);%+7z(k—n)j,neZ,keZ. (—§+7Z(k+7z);-%+7r(k—n)j.
sin® x+cos> x =0,5,
x+y=2
v

Solution:
Let us reduce the degree of sine and cosine of the first equation of the system:

1-cos2x 1+cos2y =0,5-2; [1-cos2x+1+cos2y=1,

2 2
X+y=—; Y 4
2
cos2y —cos2x = —1, —2sin2y+2x-sin2y;2x:_1,
x+y=2 T
e x+ty=7.

2sin(x + y)-sin(y —x) =1, 2sin%-sin(x—y) =-1,

x+y=2 r
Y=y x+y=

2 . 1
2-§-sm(x—y)=—l, sm(x—y):—ﬁ, x—y:(—l)”-(—%}rﬂm.

x—y=(=1y" Z tom,
+ 4 2x=£+(—1)"+1-%+7m, x:%Jr(—l)"H-%Jrﬂn, neZ.

Self-study assignments:

X y+xy’ —x’ —4xy—2y" +3x+4y =2,
x=2y=1.

Answer: (1;0),(3;1), [2; %j

x+y=7,
xy =-—18.
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Answer: (-2;9),(9;-2).
x* +y? =20,
{x + y =10.
Answer: (6;4).

x* +y°=20,
xy =8.
Answer: (-2;-4),(2;4),(-4;-2),(4;2).

x* +2xy—8y° —6x+18y-7=0,
2x> =5xy—-10y* =3x+9y+7=0.
Answer: (-3;-1),(-1;2),(1;1), (3;1).

x4+ =1,
X2y +2xy° +y? =2.

Answer: | —; ;
3 3 22

x* +2xy—8y° —6x+18y-7=0,
2x* —5xy—-10y> =3x+9y+7=0.
Answer: (—3;-1),(=1;2),(1;1), (3;1).

x4+x2y2+y4 — 481,
x*+xy+y? =37
Answer: (—3;-4),(-4;-3),(3;-4),(4;3).

{ffgﬁ (>0)

x+y=65.
Answer: (1;64),(64;1).

{Ix—yl+y2 =3,
|x—y|+|y—1|=2.
Answer: (=1;1),(1;-1)

cos’ x+cos’ y=1,5,
X+y=7.

Answer: i%[+27zn; i%[+7r(l—2n), neZ.
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l1-a

a+l’
3x” +10xy —5y* < -2.

Answer: (—oo; —1).

x?+2xy -7y >

x5 =36 . )
’ Find whole solutions.
4(x-2y)+log,x=9.

Answer: (6; 2).

x+y+z=14,
x+yz=19.
Answer: (5;2;7),(7;3;4),(7;4;3).(5;7;2).

For which a does the system have solutions x>0, y>0?
ax+4y=6-9a,
2x+(2+a)y =8.

Answer: (— 4; i].
13

2log, 2+ g2loe 3y log . (2x2)—xy,

27.4” =8,
Answer: &.

x2+y2= 5,
xy =2.
Answer: (-2;0)u(0;2).

Find positive solutions:
xy+4x — y’
x =y

Answer: (—2;3).

{(2x—3y)2 +5-(2x-3y)-6=0,
2(x+y) =5(x+y)+2=0.

Answer: (Z;EJ, [1;0} (0;2), (—i;zj.
55 2 10 5

x*+y’=34,
x+y+xy=23.
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Answer: (3;5),(5;3)
27-37=12,

{2y 3% =18,

Answer: (2;1)

xy+x+y=11,
xy +xy*=30.
Answer: (3;2),(5:1),(1;5),(2;3).

2x+y =1,
xy = 6.
Answer: (% 4), (4;-1).

x—-y=1,
x' -y =1.

Answer: (-1;-2),(2;-1).

x’+y°=5,
xy=2.
Answer: (1;2),(2;1), (=1, -2), (= 2;—1).

x> 2xy-3y°=0,
x’—xy—2x-3y=6.

Answer: (-2;2), (% - %) (6;2), [— é; - l).

logs(x+y)=1,
27 +27 =12.
Answer: (2;3),(3;2).

1 2 1

F—=1-,
x-1 y+1 6
5 b 1
x-1 y+1 6

Answer: (3;2)

x* —4xy+y’ =3,
y> =3xy=2.
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Answer: | -¥2.¥2][¥2. V2]
2 2 2
x* —6xy+8y° =0,
x> +3y” —xy =45.

Answer: (6; 3), (-6; —3), (43; V3) (-43; —43)

log, x+log, x =2,
x> —y=20.
Answer: (5; 5)

X+ y+4/x+y =20,
x> +y? =136.
Answer: (10; 6), (6; 10).

Yx+3y =4,
x+y=28.
Answer: (27; 1), (I; 27).

log, x+log, y=2+log, 2,

2
10g27(x+y)=§.

Answer: (6; 3), (3; 6).

Write in response 7x-2y:
5%-2% =3200,
logﬁ(y—x): 2.

In response, write down the product of roots:
x'e =4,
xy = 40.

Write in response 15y +2x:
I 1 2

x oy 15
log, x +log, y =1+1log, 5.

Write in response 2x—y for 0 < x<90°:
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7
.2 -2
sin® x+sin’ y =—,
YTy

x+y=2

Y 6
For which a does the system have no solutions?
{2x+31y =-23,

2x+2ay =23.
Answer: 15,5.

In response, write down the product of roots:
2*.3 =6,

{3)‘ 40 =12,

Record a piece in response x-y:

Ax+y =2,

{(x +y)-7" =2744.

Write the largest value in response y:
(1+y)" =100,

4 5 x—l_( _1)2):
(y -2y +1) = (J)}/-i-l)z.

In response, write down the largest sum of roots:
x+y+xy=11,
x+y—xy=1.

In response, write down the product of roots:

T
X

1;ﬂzw/x+y—,/x—y.
Y

In response, write xy for x>0, y>0:
yx+y — x4
xx+y — y'

Answer: 1.

For which m the system has no solutions:
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{3x + (m - 2)y =1,

(m+2)x+4y =2.
Answer: —4.

Write in response 6x—7y:
%logz x—log, y =0,

x* =5y +4=0.
Answer: —1.

37.27 =1152,
logﬁ(x+y): 2.
Answer: (-2; 7).

37.27 =972,
logﬁ(x—y): 2.
Answer: (5; 2).

{10g9(x3 + y3): log,(x + y),
10g3(x2 _yz): log3(x+y).
Answer: (1; 0), (2; 1).

27
310g5(x+y): X—.
Answer: (4; 1)

X2y +1 _»
2 — 4o

{(“y)-w -2

log,

4
log, x-logz(y +1)2 = 3

Answer: (2; 3), (\/5; 15)
{yz +2x=17,

x—=3y=0.
Answer: (-21; —7), (3; 1).

X’ —y=1,
x—y=-5.

Answer: (3; 8), (-2; 3)



x4+’ =09,
xy =2.
Answer: (1; 2), (2; 1).

Find product of roots:

3-(2logy2 x+log, yj =10,

X

xy =81.

. . X
Write in response —:
y

log, x = %log2 ¥ +%10g2(4 ~x),

log{yj
_\YJ

1

log, 5

log, (x+y)=

1gx —tgy = —2\/5,

x—y—Z
3

Answer: (27” + kr; %-‘r kzzj, keZ.

sinx+y-sinx_y :Q,
2 2 2

1
COSX - COS Y =

Answer: (i%ﬂ+27m; i%+27mj, neZ.

y_p=_5"
Y 6’
<)
sinx-siny =—.
Answer: Z+k—7z;£+k—7z,kez.
6 2 3 2
x+y="=
Yy 3’

1
tgx-tgyzg.

28
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Answer: (% +kr; %— kﬂj, keZ.

) . 1
sinx-siny=—,
Ty
3tgx =tgy.

Answer: (%+(k+n)7z; %—k(k—n)ﬂj, keZ, nelZ.

x-sinz[x—zj— -cosz( +£j

6 Yy y 6/

x-cosz[x—zj :y-sinz(y+£j.
6 6

Answer: (0; 0), £+k_7r; z Kk L keZ.
4 274 2

The solution of systems of equations with three or more variables will require, in
addition to classical methods, some artificial methods. This is due to the fact that it
is not always possible to express one variable well in terms of others and thus
reduce the number of unknowns in the system.

And the second reason - is not always transformed system of equations with fewer
variables is solved relatively easily.

Let's illustrate this with specific exercises..

x(y=10=3 O
B-»)z=lL @
(x-2)-(2-z)=1. (3)
Solution:
From equations (1) and (2), we express the variables x and z through y:
R 523 1 (4); The values found substitute in equation (3):
Y= -y
(i—zj-(z —Lj =1. We solve the resulting equation:
y-1 3~y
y£li y#3, 3-2y+2 6-2y-1 1 5-2y 5-2y 1
y—1 3-y y=-1 3-y

(5-2y) =(y=1)-3-y) 25-20y+4y* =y> +3y+y-3; 5y —24y+28=0;
D=24>-4.5.28=576-560=16.

24-4 24+4

N 10 Y2 10

Substituting these values into formulas (4), we find: x and z values:
3 3 3 3 15

xl = 3; _——= ——;

x = ==
P 2-28 -08 4 4
5

2.1
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. 11

Z,=———=—=5,
3-2 3-28 0.8
Answer: (3; 2; 1), (—%5; 2,8; 5).

x—y+z=0, )

3x* +3z° +5xy2=0, (2)

2x —2y° =3xyz=0. (3)

Solution:

From the first equation, we express z through x and y:
Z=y—X.
Substituting this value of z into the second and third equations of the original
system, we obtain a system of two equations in two variables:

3x7 +3-(y—x) +5xy-(y-x)=0, (4
2x3—2y3—3xy-(y—x)=0. )
The second equation of this system can be transformed:
2-(x—y)-(x2 +xy+y2)+3xy-(x—y)=o;
(x—y)-(2x2 +2xy+2y° +3xy): 0;
()c—y)-(2)c2 +5xy+2y2): 0;
x—y=0,
2x> +5xy+2y> =0.
25% +5xy + 2% = 0 x; 2(iJ+5+2[1j =0.
v X
We denote ~=1¢:
Y
2
2-t+5+?:0, t#0.

2t +5t+2=0, D=25-16=09.

tl :ﬁ:_z; t2 :_5+3:—%_

x==-2y, x=-0,5y.
We form a set of three systems of equations:
{3x2 + 3(y - x)+ Sxy(y —x) =0, ()

x—y=0.

0,

{3x2 +3(y—x)+ Sxy(y—x) 7

x=-2y.

0,

{3x2 +3(y—x)+ Sxy(y—x) ®)

x=-0,5y.

Let's solve the system of equations (6):
3x* +3:0+5xy-0=0, x, =0; y, =0.
Let's solve the system of equations (7):
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3-(-2y) +3-(y+2p)+5-(-2y) y-(y+2y)=0,
12y” +9y-30y° =0:(-3)

10y° —4y> -3y =0

y=0 abo y>-4y-3=0, D=16+12=28=4.7

Y :4_§ﬁ:2—x/7; yi=2+47; x, =44+ 275 x, =427,

System (8) has solutions:

3-(=0,5y) +3-(y+0,5y)+5-(-0,5y)-y-(y+0,5y)=0;
0,75y° +4,5y-3,75y° =0;:(-0,75); 5y’ —y* -6y =0;
y-(Syz—y—6)=0; y=0 abo 5y°—y-6=0;

1-11 1+11
D=1+120=121; =—=-1; = =
Vs 10 Vs 10

x,=—05-(-1)=0,5; x, =-0,5-1,2 =—0,6.

2 =0-0=0; z,=2-~7—(-4+2J7)=2 -7 +4-27 = 6-37;
2y =247 - (£ 4-247)=24 T +4+ 247 =6+ 37
z,=-1-0,5=-15; z,=1,2+0,6=18.

Answer: (0; 0; 0), (-4+2v7;2-+7;6-3v7) (-4-27; 24+/7; 64347} (0.5; —1; —1,5),

(-0,6; 1,2; 1,8).

1,2;

yv+z=3, (D)
z+x=-5, (2)
x+y=4. (3)

Solution:
Let's add these equations:
2x+2y+2z=2|:2; x+y+z=1 (4.
Substituting into equation (4) the value z+y, we get 3+x=1, x=-2.
Similarly y=5=1, y=6; z+4=1, z=-3.
Answer: (-2; 6; —3).
yz=-4, (1)
zx=3, (2)
xy=27. (3)
Solution:
We multiply the left sides of equations (1 - 3), as well as their right sides:
x*y’z? =-324; xyz = J-324.
Answer: .
zx+xy=-5, (1)
xy+yz=4, (2)
vz+xz=3. (3)
Solution:
Add equations (1 — 3):
2xy+2xz+2yz=2|: 2, xy+xz+yz=1 (4)
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Substituting successively equations (1 - 3) into (4), we obtain a new system of

equations:

zy=5=1, [zy=6 (5)
xz+4=1, <xz=-3 (6)
xy+3=1. |xy=-2 (7)

We solve this system of equations similarly:

(xyz)’ =36, xyz=16 (8)

Substituting successively (6 - 7) into (8), we obtain:

x-6==6; x==1;
y-(=3)=16; y=%2;
x-(-2)=16. |z=43.

Answer: (1; 2; 3), (I, =2; 3), (1, =2; =3), (=1; 2; 3), (~1;

(y+z)-(z+x)=15, )]
(z+x)-(x+y)=10, (2)

)
(x+y)-(y+2z)=6. (3

Solution:

~2;3), (-1; =2; -3).

Let us multiply the left and right equations of the system:
(x+y)f -(x+2)-(y+2) =900; ((x+y)-(x+2)-(y+2))] =900.

(x+y)-(x+z)-(y+z)= +30; (4)

Substituting successively (1 - 3) into (4), we obtain a set of two systems of

equations:
_x+y:L _
yrz=3, 2x+2y+2z=10.
z+x=35.
X+y=-2,
YEEE 2y 422210,
z+x=-5. ~
Answer: (2; 0; 3), (-2; 0; =3).
z+x-y=3, (1)
x+y—-z=-5, (2)
y+z—x=1. (3)

Add equations (1) and (2):

z+x—y=3,

+

xX+y—-z=-5.
2x=-2; x=-1.

Add equations (2) and (3):
X+y—z=-5,
y+z—x=1.

2y=—4; y=-2.

X+ y+z=5. {

| x+y+z=-5.

Solution:

2+z=5,
x+3=5.



33

z+x—y=3,
N Y
{y+z—x=1.

2z=4; z=12.
Answer: (-1; -2; 2)

Solution:
To each of the equations of the system, we apply the formula for the difference of
squares:

(x—y+z)(x+y-z)
(y—z+x)-(y+z-x)=12, (2)
(Z—x+y) (Z+x y) 4. (3)

We multiply the left and right sides of the equations of the system:

(x+y—z)2 -(y+z—x)2 -(z+x—y)2 =144,

(x+y—z)-(y+z—x)-(z+x—y):i12 (4)

Substituting (1 - 3) in (4) in succession, we obtain two systems of equations:
(y+z—x)-3=12, (y+z—x)-3:—12,
(z+x-y)12=12, 1 {(z+x-y)-12=-12,
(x+y-z)-4=12. |(x+y-z)-4=-12.

3,

y+z—x=4, (5 y+z—x=-4, (8)
+iz+x—y=1 (6) Tiz+x—y=-1, (9)

x+y—-z=3. (7) x+y—-z=-3. (10)
(5)+(6): (8)+(9):
2z=15, z=2,5. 2z=-5, z=-2,5.
(6)+(7): (9)+(10):
2x=4, x=2. 2x=—4, x=-2.
(5)+(7): (8)+(10):
2y="T, y=3,. 2y =-T7, y=-35.
Answer: (2; 3,5; 2,5), (-2; —3,5; —2,5).

xyz _1,

x+y

2xyz:1’

y+z

5xyz_1

Z+x

Solution:

Overturn each of the equation of system:
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Xty 4 x+y_1
xyz ’ xyz
Y_”:1|,2’ ytz_,
2xyz 2xyz
z+x:1|.5. z+x:5'
Sxyz Sxyz

We divide each term of the numerator of the fraction by the denominator,
assuming that x=0,y =0,z 0.

Ll o
vz Xz
il @
Xz xy
1 1
—+—=5. (3)
yz xy
After adding the left and right sides of the equations of the system, we get:
i+£+i=8|:2 I Sy 4)
VZ Xz Xy Xy xz yz
Substituting (1 - 3) into (4) we get:
1 1 1
—+1=4, —=3, _ L
xy xy V3 0)
1 . 1 1
—+2=4, 3BiACH: \—=2, Jyz=—,
yz vz 2 (6)
xz=-1.
L+5:4. Lz_l_ 0
XZ Xz
After multiplying the left and right sides of the equation of the last system, we get:
> 1
xyz) =—— .
(oz) =2
Answer: .

x4+ +z°=29, (1)
xy+yz+zx=26, (2)
xy—yz—zx=-14. (3)
Multiplying both sides of equation (2) by 2:

2 2 2xz =52 (4).
+ xthL );Z+ fZ “ Add equations (1) and (4):
X+ y+ z=29

X +y° +27 +2xp+2yz+2xz =81,
By the formula for the square of the trinomial, we have:
(x+y+z)2 =81, x+y+z=19.
Add equations (2) and (3):
2xy =12, xy=6.
We form two systems of equations:
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xX+y+z=09, xX+y+z=-9,

xy =6, and xy =6,

Xy +yz+zx =26. Xy +yz+xz=26.

xX+y=9-z, xX+y=-9-z,

{6+z-(x+y):26. {6+z-(y+x)=26.

6+z-(9-z2)=26, 6+z-(-9-z)=26,
6-9z-2z"-26=0,

6+9z—z"-26=0, 22 492420=0,

2z -9z+20=0, D=81-80=1,

z=4,2,=5 leﬂ:_sa 22:_9+1:_4;

2 2

We have two systems of equations:

x+y+4=9, [x+y+5=9, x+y-5=-9, |[x+y-4=-9,

{xy:6. {xy:6. {xy 6. {xy:6

x+y=35, x+y=4, X+y=— xX+y=-5,

{xy:6. {xy:6. {xy 6. {xy:6.

y=5-x, y=4-x, y=—4-x, y=-5-x,

{x-(S—x)—6=0. {x-(4—x)—6:0 { (-4 {x-(—S—x):G

—x*+5x-6=0, —x*+4x-6=0, —4x—x*—-6=0, —5x x’—6=0

x*=5x+6=0, x*—4x+6=0, x*+4x+6=0, x*+5x+6=0
x,=2,x,=3. D=16-24<0 D=16-24<0 D=25-24=1
-5-1 -5+1

=3 y,=2. ) %) x3=T:—3; X, =

z,=4, z, =4 y;=-5+3=2; y,=-5+2=3.

zy=-5, z, =-5.

=-2.

Answer: (2; 3), (3; 2), (-3; =2), (-=2; -3).

xX+y—z=2, )

x’+yP+z°=6, (2)

¥ +y -z =8. (3)

Solution:

We transform the third equation of the system:
x® +y3 =84z > (x+y)-(x2 —xy+y2)=8+z3 (4).
From the first equation of the system we have:

xX+y=2+z, S

x’+y*=6-2z°, (6)

(x+ y)2 = (2 + 2)2. )
It follows from the second equation that (x+ y)* = x* +2xy + y°,
2xy :(x+y)2 —(x2 +y2>

(et y) —2(x2+y2) (7

Xy =
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Substitute (6) and (8) in (7):

24z —(6-22) 4+4z422—6+2° 4z+2z-2
e 2 ) 2 )
Substitute (5), (6), (9) in (4):
(2+Z)-(6—22—22—2Z+1)=(2+Z)'(4—2Z+22)
(2+2)-(7-222 —2z)-(2+2)- (4 - 22+ 2*) = 0;
(2+2)-(7-222 —2z-4+22-2%)=0;
(2+2)-(-322 +3)=0;
2+z=0, -3z +3=0,
z, =-2. 22-1=0, (z=1)-(z+1)=0, z,=—1; z,=1.
Formed a combination of three systems of equations:

x+y=0, x+y=1, xX+y=3,

=z"+2z-1(9)

x4y =2, xP+y’ =5, x*+y° =5,

z==-2. z=-1. z=-1.

Let's solve each of these systems of equations:

y=-—X, x2+(—x)2:2, 2x* =2, x* =1, x=-1, x,=1.

n=1L y,=-1L

y=l-x, (I-x)'+x7 =5, x> +1-2x+x> =5, 2x° —2x-4=0}2 x> -x-2=0,
x;=-1, x,=2.
y;=2, yy=-1L

y=3-x, B=x)+x" =5 9-6x+x"+x"=5=0, 2x’ —6x+4=0}2 x> -3x+2=0,

xs =1, x,=2.

ys =2, yg=1
Answer: (-1; 1), (1; 1), (=1; 2), (2; =1), (1; 2), (2; 1).
xX+y+z=-2,
1
111 1 ®
—F—+—=—=, (2)
X y z 2
5 €)
xyz=2.

Solution:
We transform equation (2) taking into account equation (3):

yrrxzvxy 1 w:_%, o xz 4y =—1.

xyz 2 2
We form a system of equations equivalent to the original:
X+y+z=-2, 4 - |x+y=-z-2, (7)
vz+xz+xy=-1, (5)—> (x+y)-z+xy=—l, ®)
xyz =2. (6) = % 9)
z

Substituting (7) and (9) in (8), we obtain:

(—z—2)-z+2+1=0|-z, —z2 =277 42z42=0—> 2z’ +2z* —2z-2=0.
z
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We are looking for divisors of the free member: +1 and +2.
—1: (=1)f +2-(-1f +1-2==142+1-2=0. z, =—1.

2 _ _ —
24972 _ 792|741 z"+z-2=0, D=1+8=9.
~ 3 2 2 z —ﬁ——l z —_1+3—1
zZ +z +z—2 o2 T 2
22 —Z
z'+z
—2z-2
—2z-2
0
Substitute z, = -1 into equation (7) and (9):
x+y=1-2, x+y=-1, [y=-1-x, y=—1-x,
xyz%. xy =-2. x-(~1-x)=-2. |-x=x?+2=0.
x” +x-2=0. Substitute z=-2 into equation (7) and (9):
x =-2, |x,=1, —7_
1 2 xX+y 2-2, x_’_y:(), y=-x, =—x,
»n =1 Yy =-2, -2 2
Xy =—. xy=-1. x-(—x):—l. -x"=-1
zy=-1. |z,=-1 2

x, =1, y,=-1, z;=-2, x,=-1, y,=1 z,=-2.

Substitute z =1 into equation (7) and (9), we obtain:

x+y=—-1-2, {x+y:_3, {y:—?,_x, {y:—3—x’

o x-(-3-x)=2. |-3x-x?-2=0.

: xy=2.
x> +3x+2=0.
Answer: (-2; 1; -1), (1, =2; =1), (; =1; =2), (=15 1; =2), (=1; =2; 1), (-2; —1; 1).
This system of equations could be solved using the generalized Vieta theorem, but
it is not included in the mathematics curriculum for schools.
X Hxp+y’ =1 (1)

y=-3-x,
Xs==1, x¢=-2, y.=-2, yo=-1, z; =1, z, =1.

Yy +yz+z°=3, (2)
Z2+zx+x>=7. 3)

Solution:
From equation (1) we subtract equation (2):
x* -y’ +y(x—z)+y2 —=2-x*-z +y(x—z):—2,
(x—z)-(x+z)+y-(x—z)=—2, (x—z)-(x+y+z)=—2 (4)
Similarly (2) - (3):
y -z’ +z-(y—x)+22 —x'=—4 >y -x +Z-(y—x)=—4.

(r=x) +x)+2(y-x)=-4>(y-x)-(x+y+2)=-4 (5



Divide (4) by (5):

(x—z)-(x+y+z)_—_2

(y—x)-(x+y+z)_—4
Substitute (6) in (1):
x? +x-(3x—22)+(3x—2z)2 =1ox? +3x* —2xz+9x> —12xz +4z* =1,
{13x2—14xz+422 —1,

X txz+zt =714

x—z 1

y—X
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+
14x* +14xz+14z% =98

{13)& —ldxz+4z% =1,

27x* +18z2 =99

Consider the system of equations:
Substitution z = zx.

13x% —14x(tx)+ 4(x)’ =1, [13x? —14x%t+4x°1* =1,
x’ +x(tx)+(tx)2 =17.

(13-140+402)=1, 13141442 1

X +xt+xit =1,

5

2 (lrr422)=7.

1+t+12 7’

Using the main property of proportion, we get:
7-(13=141+22)=(1+1+£7)-1>91-98¢ + 287 =1+1+1;

91-98¢ +28¢
D=99>-4-27-90=9801-9720 =81 ¢,

—1-t—t"=0—>27t>-99t+90 = 0;
99 9 90 5

54 54 3

z= %x abo z=2x. Substitute these values into (6):

(4)

y=3x-2- %x 3x—?x— =—§x or y=3x-2-2=3x—-4.

27x* +11z* =99,

1
y 30

5

Z=—_X.

9x—10x 1

3

27x* +11z* =99,

1
b =——X,
(b)Y 3

z=2x.

(B)

27x* +11z* =99,
y=3x-4,

Let's solve each of these systems of equations:

2
A): 27x° +11- (%xj =99; 27x° +25x —99|9 243x” +25x* =891,

268x* =891,

LT ___/§2_ ___/89 s o1
263" 2 263 263 263"

o= 891

__ [ [so1
263 263

5

—X.

3

B): 27x% +11- 2x P =99; 27x* +44x* =99; 71x* =99,

ol

L L Ly
V7 T 3 B 717 ¢ 71

:E—>2x—2z=y—x, y=3x-2x (6)

27x* +11z* =99,
(IN)qy=3x—4,

z=2x.
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C): 5 = s> X6 =l 2>
263 263
801 801 5 (391 5 [891
N Y Al I I LEd S
Ys 263 0 Y T N263 BT 3263 T 31263
99 99
D . =al =7 =al=>
i e B
99 99 99 99
=32 4y =324, =02 =2 22
V7 1 Vs 7 2 7 Zg 1
Answer:

L8915 891 )| (891 1 /891 5 /891 / 9 /%_2 129
263°3\263" 3V263 V263" 3263 3\263 | 71 71
(891 4891 g\/891 \/891 \/891 ._/

263° 263 3\263 263" V263

[\

Solution:

A unique way to solve.
If x=0, 10 (y+z)-(y+x)=2y, (y+z)-y=2y, y* +yz=2y, y+z=2.
Equation (1) implies yz=0= y#0,z=0;(0;0;0).
Let the x=y =0, then from equation (3) we have:
(z+0)-(z+0)=3z, z? =3z, z-(2-3)=0, z=0 abo z=3; (0;0;3)
Let the x=z=y, then (y+0)-(y+0)=2y, y*—=2y=0, y*-2y=0, y=0 or y=2;
(0;2;0).
Let the y=z=0, then (x+0)-(x+0)=x, x> ~x=0, x=0, x=1; (1;0;0)
Letthe x#0,y#0,z0.
Divide (1) by (2):

(x+y)-(r+z)=x  x+z_ x

(y+z)-(c+y)=2y" y+z 2y
Divide (2) by (3):

+2)-(+x)=2y y+x_2y

(Z+x)-(z+y)=3z z+x 3z
Applying the main property of proportion, we get:
(x+z)-2y=(y+z)-x, — (2xy+2zy = yx+xz,
{(y+x)-3z:(z+x)-2y.—> {3yz+3xz=2yz+2xy.

{xy+2yz—xz=0, 4 {xy+2yz—xz=0,

-+

2xy—yz—3xz=0.(5)

4xy—2yz—6xz=0.
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Sxy—Txz=0, x(5y-7y)=0,x#0, TOAi 5y—7z :O,yzgz.
We substitute this value into the equation (4):

x-zz+2-zz-z—x220, sz+ﬂzz—x220, gzx+ﬂzzzo; z- gerEz =0,z#0,
5 5 5 5 5 5 5 5

then %x+%z = O|>< 5, 2x=—14z, x=-7z.
We substitute the values of x and y into the equation (3):

(2_72)'(Z+%Zj =3z, —6z-2,4z :3z|: 3z,-2z-24=1;

Z=—l:4£:1:(—4ij:—1;ﬁ:_i;

10 5 5 24
7 5 7 5 35
= e = x= T - =
5 24 24 24 24
Answer: (0;0;0),(0;0;3),(0;2;0), (1; 0; 0), (ﬁ; - —ij.
24 24 24
3x—4/x+T7y =2y,
NX+y+2y=3x
Solution:
x+Ty =3x-2y, . .
4 Y1t is advisable to replace 3x-2y=a (1)
X+ Yy =3x-2y.
x+7y =a, x+7y=a4, x+7y=a4,
Then , ,
Jx+y=a. x+y=a|-(—1). —X—-y=-a |-7.
Adding the equation of the last system, we get the value of x and y:
4 2
6y=a*—-a’, _4-4a ,
Y Y 6
x+7y=a", x+7y=a", 7a* —a*
2 + ’ X=—"T—"".
x+y=a |-(—7) -Tx=Ty="Ta 6

—6x=a"-7a’
Substituting these values of x and y in the replacement (1), we obtain:
' 7a* -a’
6
~5a*+23a% —6a=0}(-1), 5a*-23a"+6a=0, a-(5a°~23a+6)=0, a,=0;

5a°-23a+6=0. a,=2, 00 5-2°-23-2+6=0.

4 2
a —da
2.

3

=d|-6, 2la* -3a* -2a* +24’ = 6a,
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5a3—23a+6|a—2

= i _ D=100+60 =160,

5a° —10a” [5a® +10a-3 _10-vT60  —10-230
102> —23a “TT T 10
_10a2—20a :_10_4\/E=—5+2\/ﬁ<0 a
S e 5 ’

10
3a+6
- —-5+24/10
3a+6 a3=—5 > 0.

> 0.

2 4 4 2
Then x1=¥20; v, =2 60 =0. (0; 0).

722220 2'-2 16-4
6 > T 6

7_(—5+2JEJ2 _(—5+2\/Ej4 7.25—20\/E+40_(65—20\/E]2

X, =

=2, (2;2)

5 5 25 25
x3: = =
6 6

455-140410  4225-26004/10 +4000  11375-3500+/10 —4225+2600+/10 — 4000
__ 25 625 _ 625

6 6 B

3150 —900+/10
625 3150-900410  315-90410 _ 63-1810 _ 21-6+/10
6 3750 375 75 25

2V10-5) (2410-5) (40-20¥10+25) 40-20410+25
a—a’ 5 5 25 25
6 6 - 6
2
(65—20@} _(65—20\/5j 42252600710 +4000 5620410
25 25 _ 625 25
6 6
82952600410 1625450010 _ 6600—2100v10 _ 660—210410 _
- 625-6 - 3750 375
132-42410  44-14410
7525

Answer: (0;0),(2;2), (21 _265\@ : 44- 14@}

25

V3=

ytz—x x+z—-y x+ty—z
4 16 4

Xyz.

Solution:

ytz—x x+z—-y x+ty—-z

Let's introduce a new variable: s P t.

We form the system of equations:
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y+z—x=4t, (1)

x+z—y=16t, (2)

x+y—z=4t, (3)

xyz =t. 4)
Add equations (1), (2), (3):
xX+y+z=24t (5)
Subtract (1) from (5):  2x=20z, x=10¢.
Subtract (2) from (5): 2y =8¢, y=4t.
Subtract (3) from (5):  2z=20¢, z=10z.
We substitute the found values of x, y and z into the equation (4):
10¢-4¢-106 =1; 4008 —£ =0, ¢-(400£ —1)=0;
t,=0, x,=0, y,=0, z, =0.

, 1 1 1 1

t X, =——, YV, =——, Z, =——.

T2000 T2 5 2
L S TN S |
2 20’ 3 27 y3 - 57 3 2
L1
P20
Answer: (0; 0; O), (—l; —l; —lj, (1; l; lj
25 2)\252
Self-study assignments:
2 _
{x2+xy—15, Answer: (3;2),(-3;-2)
vy +xy=10.
2 _
{y t =231 Answer: (10;11),(~10;—-11)
x* +xy =210.
3 3
{x Y=, Answer: (2;3),(3:2). (- 2-3).(-3;—2).
x+y=35.
x-y=12,
xz=15, Answer: (3;4;5),(~3;—4;-5).
vz =20.
xy+xz=717,
xy+yz =15, Answer: (1;3;4),(-1;-3;—4).
vz +xz=16.
X +xy—xz=2,
y2 +xy—yz=3, Answer: (%, 1; —%j,(—%;—l;gj.
22 —xy—yz=4.
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Xy _i
x+y 4

Xz 3 Answer: (1;3;5).
x+z 6
yz _15

y+z 8

x+y+z=1],

Xy +xz+ yz =36, Answer: (2;3;6),(2:6:3), (3;2;6),(3;6;2), (6;2:3),(6;3;2).
xyz = 36.

X2 +y2 :ZZ’

xXy+xz+yz=47,

(z-x)-(z-y)=2.

Answer: (-4;-3;-5),(-3;-4;-5), (4,3;5),(3;4;5),

(7—\/113 7+4113 _9J (7+\/113 7-4113 _9J
b b b 2 b b b

2 2 2
(—7—\/113 744113 '_9J (—7+\/113 —7-4113 '_9J
2 9 2 2 2 2 9 2 b -

x> —6xy+6y> =-2,
x> —6xz+11z° =3,
y* —4yz+3z° =0.
Answer: (—6;-1;-1),(=2;=1;=1), (2 1;1), (6; 1;1), (—4; =3;-1),(4: 3;1),

(_46,_15._ 5}(46,15, sj
V3377 3377 337 J\N33774337 74337 )

x—=1_ y-2 z-2
5 3 27 Answer: (6;5;4)
x+2y—z=12.
e |22 34413 34413
y oy Answer: (_J; : +2 j,(—4;—1).
y—x=3.
5
3 3 — "6
Verdly 2*/x_’ Answer: (1;64),(64;1).
X+ y=65.
X y 7
—+, | =—+],
\/; \/: Jo Answer: (4;9),(9;4).
X xy+y\/E=78.
6x Jr\/x+y_§ 3\ (24
X+ y 6x 2’ Answer: (3;—),(—;24}
2123
Xy=x+).



44

1
/x+—+ x+y-3=-3
y

2x+y+—=8.

(3:1),(5:— 1), (4 + 1053 =10} (4 - +10; 3+ 10

x+m x—m 17

x—m xixi—y? 4 Answer: (5:4),(-5-4)(15-12),(-1512).
x-x+y +m:52.

Answer:

Answer: (8;1),(-8;-1),(8;—1), (- 8;1)
Answer:

0;0),(5;3),(—5;—3.),(10 - M— S j

243 243 243 243

Answer: (3;1),(1;3).

Answer: (3;1).



