Section 9
Trigonometric Equations

The simplest trigonometric equations are equations of the type:
Sinx =a, Cosx=a, tgx=a, cigx=a.

The equation Sinx =a has solutions for |a|<1.

The formula of its roots x = (~1)" arcsina + m, ne Z.

Individual cases: 1). Sinx=1, x = z, 2kr, keZ.

2). Sinx=-1, x = —%+ 2kr, ke Z.

3). Sinx=0, x=kn, keZ.
The equation Cosx =a has solutions for |a| <1, which are determined by the formula
x = tarccosa + 2kx, where k € Z.
Individual cases: 1). Cosx=1, x =2kn, ke Z.

2). Cosx=-1, x=r+2kr, ke Z.

3). Cosx =0, x:%+k7z, keZ.

The equation tg = ¢ has solutions for all e e R, x =arctga+m, reZ.

Solution of any trigonometric equation by transformations is reduced to the
simplest, which is solved by the general formula, or by the formula of a particular
case.

Let's show this with examples.
2

1). Sin =-1.
x+2
Solution:
2r pa 27
=——+2kr, keZ. x+2= ;
x+2 2 —£+2k7z
22 A 4 4
—n+dkr  dkr-n  m(dk-1) 4k-1
Answer: )
4k —1
Given: (1+1gx)-(1+2gy)=2. To find x + y.

Solution:
Range of valid values: Cosx =0, Cosy #0.
1+tgy +tgx + tgx - tgy = 2;
tgx +tgy =2 —1—1tgx-tgy;
tgx +tgy=1—tgx- tgy|: (1 —1gx - tgy);
M:I; tg(x+y):1; x+y=£+n7r, neZz.
1—tgx-tgy 4

T
Answer: x+y:Z+n7z, neZ.



2). suf 222
' 3 4) 27
Solution:
Given the odd function y = Sinx, we have —Sin(%—%} =—%;
3—)6—2—7[:(—1)"arcsin 1 +nm, nelZ.
4 3 2
E LN 0 R DA e Y ) (S ECUR. L L
4 3 6 4 6 3 3 9 9 3
Answer: (-1)""! O 8 Am ez
9 9 3
3). Cosz(z—ij:l.
4 2 2
Solution:

Reduce the degree of the left side of the equation:

T X

1+ Cos2( 2) i
:—|- 2; 1+Cos(£—xj =1, Cos(z—xj =1-1; Cos(z—xj =0.
2 2 2 2

2
z_x:%-q-k;z-, x=kr, keZ.
Answer: kr.
4). tg(2arccos-3x)=—1.
Solution:

2arccos-3 = —%+k7z; arccos- 3x = —%+k77z, keZ.

0<arccos 2x <7z, 0<Z+ T oy ®, E km 72 1 4 9 K=1{;2}
8 2 8 8 2 8|7 4 4
If k=1, TO arccos-3x =—-=—+=, arccos-3x =—, 3x=C0s3?7[, X, =%C0s3?7[;
Vs 7 1 1
If k=2, TO arccos-3x =——+x, arccos:3x=—7x, x,=—Cos—.
8 8 3 8
Answer: %Cos -37/6,; %Cos -77/8.
5). Cos(Zﬂ-Cos%zsz—l.
Solution:

2 - Cos%zx =7+ 2k7z|: 27.

Cos%zx = % +k, ket This equation has solutions provided (% + kj <1.

The last inequality is equivalent to such a double irregularity:

sliralll Sl k={1; 0}
2 20 2 2



At k =-1 we have: Cos§=l—1; Cos§=—l; 3—ﬂx:z—”; x=2—ﬂ; dm_2m 2 _49
2 2 2 2 3 32 3 37 9
At k=0, Cos3ﬂ:l+0:l; 3ﬂ:Z; jy-Z3E_m 22
2 2 2 2 3 3 2 337 9
Answer: i; 2_
99

We have shown examples of solving practically the simplest trigonometric
equations. Although, in principle, every bit more complicated trigonometric
equation can be solved in several ways, after all, to facilitate the selection of their
way to solve it is advisable to typify.

YpaBHeHue CBOASIIIMECS K KBAJAPATHBIM

sin > x + six +6 =0.

Solution:
We denote sinx =1 [f|<1; *+3t+6=0.
D=9-4.6=9-24=-15<0; ted, xe.
Answer: .
2sin” x +sinx —1=0.

Solution:
sinx=1, <1, 27 +1-1=0. D=1+8=9=3 =1 -1 ,="1*3_1
4 4 2
. T . 1 n . /4
sinx = —1; x:—3+27m, nelZ. s1nx:5; x:(—l) arcs1n—+7zn:(—l) -g+7zn, neZz

Answer: —%4—27171, (—1)"-%+7zn, nel.

3sin’ x —5sinx -2 =0.

Solution:
sinx=1¢, [f|<1, 31’ =5t-2=0. D=25+24=49="7". tlz%:—%; t2:¥=2; - HE
YZIOBIETBOPSIET yCIoBHeE || <1. sinx = —%,

n : 1 n+1 .1

x = (~1)" arcsin -3 +m=(-1) arcsm§+7m, neZ.
Answer: (-1)"! arcsin% +m, neZ.
cos’x —sinx —1=0.

Solution:
cos’x=1-sin’x; 1-sin’x—sinx—1=0, —sin’x—sinx=0,

) ) sinx =0, x=m, ne”Z, X =m, nez,
—smx(smx+1):0:> ) . T
sinx+1=0, |sinx =-1, x:—5+27m, neZz.

T
Answer: m, —5+27m, neZ.



tg’x +2tg°x + 3tgx = 0.

Solution:
tgx - (tgzx +2tgx + 3)= 0. ITyckam tgx=y. y- (y2 +2y+ 3)2 0.
y=0, y=0, tgx=0, x=m, ne”Z.
L2+2y+3=0. {D<O, ye K.
Answer: m, ne Z.
ctg’x +3tgx +5=0.
Solution:
Letthe ctgx=t. " +3t+5=0, D=9-20<0, teJ B K.
Answer: .
4sin’*x —+/2 - cos’x = 0.
Solution:

sin’x = 1 — cos’x, 4(1 - coszx)— V2cos’x =0, —+/2cos’x —dcos’x+4= 0‘: (— \/5),

cos’x — 24/2 cos’x — 24/2 = 0. An interesting solution to this equation:

cos’x + /2 cos’x + /2 cos’x + 2 cos x — 2 cos x — 24/2 = 0.
Let's group by two members and take out the common factor from each group
outside the brackets:

(cos3 X ++/2 cos? x)+ (\/Ecos2 X+ 2cosx)— (2 cos x + 2\/§)= 0,
cosz(cosx + \/5)4‘ 2cosx(cosx + \/5)— 2(cosx + \/E)z 0,
(cosx +\/§Xcos2 x+4/2 cosx—2)= 0.

- _ <
cosx + 42 =0, cosx = —/2, x €@ 60 He BUKOHYETBCs yyMOB4cos x| < 1.
cos’ x+v2cosx—2=0 | D=2+8=10, cosx:ﬂ,xe@
cosx:#; x=iarccos#+2m, nelZ.
Answer: * arccos ﬂ +2m, neZ.

sin2x —2cos2x —3tgx +2 =0.
Solution:
We use a universal substitution, which will reduce the equation to the square.
_ 2 _ 2
2tgx cos? l-tg°x  2tgx s l-tg7x

2

sin2x = - e > .
I+1tg°x l+tg°x 1+1g°x l+1tg°x

—3tgx+2=0.

2 2 3 2
Let the sgx = y, then 2y2—2-1 Y _3y+2=0; 2y-2+2) 3y23y t2E2)
l+y I+y l+y

=3y dyt—y=0p(-1) 37 =4y +y=0; y-(y7 -4y +1)=0;

0;



y=0, ige=0, | FT IS

- 4+2 4-2 1 |tex=1, |x=Z+m, nez
3y2—4y+1:0. D=16—12:4, yZZ—g:l; y, = - , 4 , ,

6 3 z‘x—l 1
& 3 x:arcz‘,{3j+7zn, neZ.

Answer: m, % + 7, arctg(%) + 7.

YPaBHeHI/ISI, OJHOPOAHBbIC OTHOCHUTECJIBHO Sinx U Cosx

2sinS5x +5sin5x — 7cosS5x = 0.
Solution:

7sinS5x —7cos5x =0 7cosSx; tg5x—1=0; tg5x=1; 5x=arctgl+ m; 5x=%+7m;

x=£+ﬂ; nel.
20

Answer:£+ﬂ; neZ.
20 5

Equations of the form a, -sin” x +a, -sin" ' x+...+a, , -cos"" x +a, cos” x = 0.
He neN, a,, a,,..a, — numbers are called homogeneous with respect to Sinx; Cosx.

15sin”® x + 15sinx - cos x —10cos” x = 10.
Solution:
10=10-1=10-(sin” x + cos’ x) = 10sin® x + 10 cos” x.
15sin® x +15sin x - cos x —10cos” x —10sin” x —10cos” x = 0,
5sin” x +15sinx - cos x —20cos” x = 0‘: 5cos” x.
1P+ gy —4 =0 {tgx =—4, {x = arctg(— 4)+ m, ne’z,
x

tgx =1. =arctgl+m, ne Z.

Vs
x=—arctgd+m,neZ. x=—+m, ne”.
n

7
Answer: arctgd + mm, n +m, neZ.

3sinx +4cos’ = = 2sinx+10¢052§—2.

X
2
Solution:

3sinx+4cos2%—25inx—10cos2§+2=O.
sinx + 6cos? = 42 = 0; sinx:sin2(£j=2sin£-cos£.
2 2 2 2
2=2.1=2] cos? T +sin® X | = 2cos? = + 2sin E
2 2 2 2’
=0;

2sin£-cos£—6-cos Z +2cos? —+2s1n
2 2 2 2



2sin? X 4 2sin - cos = — 4cos? X = 0 2 cos i;
2 2 2 2 2

2 tg£=—2, —Ezarctg(—2)+7m, neZ. |x=-2arctg2+2m, nel”.
tg ﬁ+tgx—2=0, 2 s

2 X b X=—+m,nel”.
tggzl. EzarctglJrﬂn, neZz. 2

Answer: —2arctg2 + 2m, %4‘ m, neZ.

lsin2x +3cos’ x=0.

Solution:

x:%+7m, neZ; tex+3=0,

1 .
E-Zsmx-cosx+3cos2x:0, cosx =0,
sinx +3cosx =0.

cosx - (sinx +3cosx)=0
tgx = -3, x=—arctg3+ m.

T
Answer: E+7m, —arctg3+m, nelZ.

Task. One of the corners of a right-angled triangle satisfies the condition
sin® x + sin x - sin 2x —3cos’ x = 0.
Prove that a triangle is isosceles.

Solution:

,  2sin’ x-cosx

sin3x+sinx-sin2x—3cos3x:O‘:cos3x; 1gx + -3=0;

cos’ x
1°x +2tg°x-3=0; tg’x—tg’x+3tg’x-3=0; (tg3x - tgzx)+ (3tg2x - 3): 0;
tgzx(tgx - 1) + 3(tg2x - Ithx + 1) =0; (tgx - 1)(tg2x + 3tgx + 3) =0;

{tgx—lzo, {tgxrl, x="+m,
2 _ -0 _
tg°x+31gx+3=0 |[D=9-12<0 O

Since one of the acute angles of a right triangle is equal to %

So the triangle is isosceles.
sin* x - cos® x —2sin’ x - cos’ x —sin® x - cos* x + 2sin x - cos’ x = 0.
Solution:

These are homogeneous equations of the 6th degree. Take the common factor out
of the parentheses:
sin x - cos” x - (sin\3 x —2sin” x - cos x —sin x - cos” x + 2 cos’ x): 0.
Let's solve the set of equations:

sinx=0, x=mm, neZ.

cos’x =0, cosx =0, x:%+k7r, keZ.

sin” x —2sin” x - cos x —sin x - cos” x + 2 cos’ x = 0.
The third equation together - a homogeneous equation of the third degree. Divide
its left and right parts into cos’ x :
19°x +2tg°x —tgx +2=0; tg°x- (tgx + 2)— (tgx — 2) =0; (tgx — 2)- (tgzx — 1): 0;



(tgx —2)- (egx —1)- (egx +1) = 0.

tx—2=0, |8 =2 X=arcig2m, neZ.
tgx—1=0, |1gx=1, x=%+7m, neZ.
tgx+1=0.

tgx =—1. x=—%+7m, neZz.

7 7 T
Answer: m, 5+7m, arctg2 + 7m, Z+7m, —Z+7m, neZ.

sin” x - cos x —3cos’ x = sin x — 2 cos x.
Solution:
This equation can easily be reduced to a homogeneous third degree equation. Let's
transform its right side:
sin x — 2 cos x = (sin x —2cos x)-1 = (sin x — 2 cos x)- (sin2 x +cos” x)=sin® x +sinx - cos’ x
—2cosx-sin” x —2cos’ x.
Then this equation takes the form:
sin® x -cosx — 3cos’ x =sin’ x + sinxcos® x —2cos x - sin” x — 2 cos” x,
sin® x -cosx —3cos’ x —sin® x —sin x - cos® x +2cos x -sin” x +2cos’ x =0,
3sin® x-cosx —sinx-cos> x —cos’ x —sin’ x = 0‘: (— cos’ x),
3tg’x +tgx +1+1g°x=0; tg’x —3tg’x +tgx+1=0.
The free term of equation 1 has a divisor 1;—1. 1 — the root of this equation,
because 1-3+1+1=0.
tg’x —3tg’x + tgx +1 | tgx —1

Ttg’x —tg’x | tg’x — 2tgx — 1

—2tg’x +tgx

—2tg°x + tgx

—tgx+1
= tgx +1
0.

_tgx:I, p s
5 xX=—+m, ne /.
| 1g"x —2igx —1=0. 4

Let's solve the second equation of the population: D=4 +4=38.

2-48 2-22
ex = 2 B 2 :1_\/5’ xzarctg(l—x/z)Jr;m, necZ.
tgx=#=l+\/§. XZaI’Clg(1+\/5)+7m,neZ.

Answer: %4‘ m, arctg(l - \/E)'F m, arctg(l + \/5)4‘ m, nelZ.

YpaBHeHHUs! JIMHEHbIE OTHOCHTEIbHO SIN X, COSX.
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Equations of the form a-sinx+5b-cosx=c, 1€ a,b:c-
Numbers are called linear equations with respect to sinx: cos x.
If at least one of the coefficients is equal to zero, then the equation is reduced to a
single of the already considered types of equations. If a =0, b#0, ¢ =0, then we
show some methods for solving this equation.
3sinx+2cosx =1.

Solution:

sin x = sin 2-1 :ZSini-cosi,
2 2 2

x x
cosx = cos| 2- = =cos”> = —sin® =,
2 2 2’

2 X
1 = sin? —+cos
2

3.2sin> - cos > + 2| cos? > —sin? > | = cos? X + sin® X,
2 2 2 2 2 2

.X X ) X
6sm5-cos—+2cos2— 2sin’ E_COS = —sin? 2 0,

J

—3sin2§+coszg+6sin2§-cos§:0‘ ( cos?

N|><

3tg2§—6tg§—1:0, D =36+12 =48.

C6-+/48  6-212 3-412 tgx_3+JE

x

2 2.3 6 3 7 2 3

3-+12 ;X 3+4/12
+7m; Ezarctg

—\/E 3+\/E
3 3

g

x
Ezarctg +m, neZ.

+2m, x=2arctg +2m, neZ.

—\/E 3+x/§
3

+ 2, 2arctg

x =2arctg 3

Answer: 2arctg 3 +2m, neZ.

\/gsinx—cosx :\/5.

Solution:

V3

Divide both sides of the equation by 2: TSinx - %cosx = 73

Replace ﬁ = cos 2,
2 6

l:sinz. Then cosz-sinx—sinz-cosxzﬁ; sin| x— 7| = 3.
2 6 6 6 2 6

&

x—%:(—l) arcsin—+7m, n e Z; x—%:(—l)"%+7m, x:—+(—1)"%+7m,neZ.

Answer: %+ (-1)

4cosx—4sinx = \/_
Solution:



9

On the left side of the equation put out of brackets 4+/2 :

4\/5(%%” —%sinx} = \/g;

4\/5(cos%cosx—sin%sinxj:\/§; 4\/5-cos(x+%j:\/§; cos(er%j:%;
V4 _2\/5

cos| x+— | = ;  COS x+Z :l; x=—£i£+27m,neZ.
4) a2 4) 2 43

Answer: —%i%+27m, neZ.

Equation whose left sides are expressed by products of
trigonometric functions, and the right ones are equal to

2ero

Perhaps the greatest difficulties are caused by the construction of answers of
this type of trigonometric equations. Here the following indication helps.:

1). Use the condition of equality of the product to zero;

2). Solve the set of generated trigonometric equations;

3). From the found set of solutions, filter out extraneous roots, that is, those

for which some of the factors in the equation express the content;

4). if some of the equations of the set have two identical roots, then in

response take one of them.
Let's show this with examples.

sin2x - tg3x - ctg(x - %) =0.

Solution:
Using the conditions for the equality of the product to zero, we obtain the
following set of equations:

i [ xzk—ﬂ,neZ
sin2x =0, 2x =k, 2
kr
tg3x =0, 3x =k, x:?, neZz.
r T_T
ctg(x—gj:O, _x—§—2+7zn, x=%+kﬂ,neZ.

Let us represent the solutions of each equation of the set by the corresponding
angles on the unit circle.
kr

5

2

S

K
X 0 257 3z 357

(SN
W
3
S}
]
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T+ 2nn 27zn
0 X
3z
— 4 27n
2
K 0 1 2 3 4 5 6 7
X O T 272' T 4 5 27[ 7
_ = —7 —r -
3 3 3 3 3
Kr
xX=—
3
y
2—7I+2srm il
3 3
T+ 2amn X
0 2z
3
x=5—ﬂ+K7z
6
K 0 1 2 3 4 5 6 7
x| = | Ux [ 17 | Bx | x| 35| 4lx | 47
6 6 6 6 6 6 6 6
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5£+2m
6

2

Numbers x = % +2m, x = 37” +2m, x = 5?” +2m, x = M + 27m — extraneous roots,
since with them rg3x does not exist.

Numbers x = % +2m, x = 4%[ +2/m — also extraneous roots, since with them

ctg(x — %j does not exist. In each figure, we emphasize these dots. In response, we

write down the dots that remained in the figures.

2z
Answer: x =mur, x:?+m7z, meZ.

cos3x —cos7x =0.

Solution:
7 sin 3x+7x sin 7x;3x _0,
2sinS5x-sin2x =0,
_kx
sinsx=0, [Sx=kr, |7 57
sin2x=0. |2x=kr. x_k_;z
5
krx
xX=—
5
K 0 1 2 3 4 5 6 7
T 2 RY/4 4 6r T
X - il il o 20 R
0 5 5 5 5 i 5 5
kx
xX=—
2
K 0 1 2 3 4 5 6 7
pa RY/4 S5z
— — — 35
X 0 5 T 5 2 2 RY/4 S
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The values x = m belong to both sets of solutions. Therefore, we remove these

values from one of them, for example, from the set x = kjﬂ

Then the sought solutions will be of the form: (x = % + /m. after filtration).

mrs T
X=—1, xX=—+mn, meZ.
5 2

m 7
Answer: xz?; x=5+mﬂ', meZ.

cos® x + cos” 2x = cos® 3x + cos® 4x.

Solution:

> 1+cos2x _ 1+cosdx

1+ cos6x
cos X_T’ cos’ 2x T’ cos’3x=—""""72

_ 1+cos8x

b

,  cos®4x

1+ cos2x N l1+cosd4x 1+cosbx N 1+ cos8x

2 2 2 2
1+cos2x+1+cosd4x =1+cos6x+1+cos8x;
2x +4x 2x —4x 6x +8x 6x —8x

- COS =2cos - COS |: 2;
2 2 2
cos3x - cos(— x) =cosl7x- cos(— x);

2

2 cos

cos3x-cosx—cos7x-cosx =0;

3x+7x . Tx—=3x _

cosx-(cos3x—cos7x)=0; cos- 2sin > sin 5 0

2cos-sinSx-sin2x =0

V4 x="vkr
x==+kn, keZ ) ’
cosx =0, 2 :
sin5x =0, <5x=7m, x:?ﬁ,
sin2x=0. (2n=7m
kr
x=—".
L 2
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Lad

4 2k
2
x:k—ﬂ—kkﬂ'
5
0 1 2 3 4 5 6 7
z 3z Sz e oz 1z 13z 157z
2 2 2 2 2 2
kx
.
5
0 1 2 3 4 5 6 7
0 z 2z 3z 4n (%3 iz
5 5 5 5 & 5 5
kx
X =—
2
0 1 2 3 4 5 6 7
2 4 2 & 2 i 2

Of the multitude x = ]%ﬂ exclude numbers 2/m, %+ 2m, ©+2knm, 37” + 27/m.

Answer: x =%+k7z, xzk?ﬂ, keZ.
tg7x —tgx = 0.
Solution:
sin7x _ sinx _0 sinx-cosx—cos7x-sinx_0 sin(7x — x) _0 sin 6.x _0

B B B -
cos7x cosx cos7x-cosx cos7x-cosx cos7x-cosx
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_m
. 6x = 7/m, v 6’
sin6x =0,
cos7x #0, 7x¢£+7m, X ¢£+—n,
2 14 7
cosx #0.
V4 V4
X # By +m. |x#—+7m
m
X=—.
6
0 | 2 3 4 5 6 7
0 z z z 2z ST i
6 3 2 3 6 i 6
Extraneous root x = % + 7m
2mm m
remove from the series x = E
2 i
z_lr
4] &
e Answer: x=+7 47
Sk 6 2
6 x=7am, neZl.
tg5x —tgd4x —tgx = 0.
Solution:
From the formula for the tangent of the difference, we have:
tg(Sx — 4x) = _fgSx —ighx .
1+1tg5x -tgdx
Then tg5x — tg4x = tg(5x — 4x)- (1 + 1g5x - tgdx).
6 4748
tg(thx — tg4x)- (1 +1g5x - tg4x)— tgx =0,
tg - (1 +1g5x - tg4x)— tgx =0,
tgx +tgx - tgSx -tgdx —tgx =0,
tgx -tgdx-tg5x = 0.
X = 7m.
n 4 5 6 7

x 70

T

0

T
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mn
=
4
n 1 2 3 4 5 6 7 0
X z z 3 7 R 67 s 0
4 2 4 4 2 4
mn
P
5
r 0 1 2 3 4 5 6 7
x |0 N T P K 7
5 5 5 5 5 5
tgx=0, |[x=sm,

tgdx =0, |4x =m,
tg5x=0. | Sx =7m.

From the set of solutions in the population, it is necessary to "filter" x = m,
because it is repeated in two other series. From the series x = % exclude too
X = 7n.

mir T mir
Answer:x:T, neZ. x:—+7, meZ.

Solving more complex trigonometric equations

cos’ x + cos‘(x —zj = i
4)" 4
Solution:
. , v (1+cos2x)  1+2cos2x +cos’ 2x
cos* x = (cos x) = 5 = 4




2 2
2 1+cos(2x—j 1+cos(”—2xj

4 T 5 Vs 2
cos’| x——|=|cos ~Z0 = — _

-5 (5)) | ;

64474 44K
_(1+sin2x 2_1+25in2x+sin22x_2+2$in2x+0052x+(sin22x+00522x)_§
2 4 4 4’

3+ 2(sin 2x + cos 2x)

) = §|4 3+ 2(sin2x +cos2x)=5. 2(sin2x +cos2x)=5-3;

. X X X ., X X ., X
sin2x+cos2x=1. 2sin=-cos—+ cos’ — —sin’ = — cos® = —sin’* = = 0.
2 2 2 2 2 2

2sin>-cos X —2sin? X =0. 2sin>-|cos> —sin>|=0.
2 2 2 2 2 2
X X
sin5:0, E:ﬂn’ x=2m, |x=2mm, x =27,
X
X . X . x_ x_ X tg—:l — =—+ 7. x—_+27zn
cos——sin—=0. |sin—=cos—[cos—. 2 4
2 2 2 2 2
Answer: 27m; %+27m, neZ.
3ctg3x —4ctgdx =tg3x.
Solution:

A method that is very rarely used when solving trigonometric equations. Add to
both sides of the equation ctg3x:
3ctg3x + 4ctgdx + ctg3x = 1g9x + ctg3x; 4ctgl3x —4Actgdx = tg3x + ctg3x;

- . )
cos3x sin3x

(cos3x cos4x)  sin3x N cos3x
sin3x  dindx

4. Sin4x - cos 3x — cos 4x - sin 3x sin” 3x +cos” 3x sin(4x — 3x) 1
: . s = . s - . = . 5
sin3x-sin4x cos3x -sin 3x sin3x-sin4x cos3x-sin3x
4sin x 1

sin3x-sin4x cos3x-sin3x’

Using the main property of proportion, we have:

4sin x - cos 3x - sin 3x = sin 3x - sin 4x|: sin 3x;

43sin x - cos 3x = sin4x;

On the left side of the equation we transform the product of trigonometric
functions into the sum:

4. (% (sin(x + 3x) + sin(x — 3x))j = 2sin4x + 2sin(— 2x) = 2sin4x — 2sin 2x; Toxi:
2sin4x —2sin2x =sindx; sindx—2sin2x=0; 2sin2x-cos2x —2sin2x = 0;

2sin2x - (cos2x —1) = 0;

{sin 2x =0, 2x = m,

cos2x =1 2x:%+27m
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137 177 21z 257

If x =0, then ctg3x does not exist.

If x= % then crg4x does not exist.

Answer: x e J.

3ctox
\/_— & +2+/3cosx =0.
1-2+/cosx
Solution:
\/5 1- \/_ctgx +2+/cosx | = l-———— \/_ctgx +2+/cosx =0
1—2+/cos x 1-2+/cosx ‘

(1+2 cos x) (1 2+/cos x) \/g-ctgxzo 1—4cosx—\/§-ctgx=0

cosXx
1—4cosx— \/_ —0| sinx; sinx—4cosx-sinx— \/gcosx 0;
sin x

sinx—2sin2x—\/§cosx = 0|: 2; %-sinx—sian—T?’cosx =0;

) 3 . T . T )
Esmx——cosx —sin2x =0; cosg-smx—sm—-cosx—sm2x:0;

Vs Vs
xX——-2x x——+2x S
2sin 3 cos 3 =0; 2sinj———-—|-cos|———|=0;
2 2 6
X 3x =« 3x 7«
—2sinf —+— |-CcOS| — —— =0|:(—2), sinf —+— |-cos| ———=0|;
2 6 2 6 2 6
sm(—+—j:0, LA F Y S P
2 6 2
cos x =0 3—x—£=£+7m 3—x:£+£+ x=£7r+2—7m neZ
2 6 2 6 2 2 6 9

—2+/cos x}
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cosx >0, and when x:27m+loTﬂ cosx < 0.

Answer: 2k7z—£, 4—”+2—7m besides 2k7z+10—ﬂ. keZ.

An interesting ending has a solution to such an equation:
sin’ x + cos” x = sec x + cos ecx.
Solution:

1
S€C X = , CoSecx = —;
COS X S x

1
cosx sinx
sin x - cos x(sin5 x + cos’ x)— (sinx+cosx)=0 (1)
We transform the expression
sin® x + cos’ x = (sinx + cos x)’ — 4 = (2) (sinx +cosx)(sinx + cosx)' — 4 =

Then the equation takes the form:

sin’ x +cos’ x —

= 0|- cos x -sinx, because sinx =0 and cosx # 0.

= (sinx + cos x(sin x + cos x)z)2 — A= (sinx +cosx)1+sin2x)’ — 4= (3)

= (sinx + cos x (1 +sin 2x)* — 4 = (sin x + cos x)(l +2sin2x + sin’ 2x): A

From equality (2) we have:

A= (sinx +cosx)’ —sin’ x — cos® x = (sin x + cos x)’ - (sin x + cos x)* —sin’ x —cos’ x =

= (sin2 x + 25sin x cos x + cos’ x)- (sin3 x + 3sin® x-cos x + 3sin x - cos” x + cos’ x)—

—sin’ x —cos’ x =sin’ x + 3sin* x - cos x + 3sin’ x - cos® x +sin” x - cos® x + 2sin® x - cosx +
+6sin’ xcos” x + 6sin’ x - cos’ x + 2sinx - cos* x +sin’ xcos’ x + 3sin® x - cos’ x +
+3sinxcos’ x +cos’ x —sin’ x —cos’ x = 5sin” x - cos x + 10sin’ x cos® x + 10sin” x - cos’ x +
+5sinx-cos x = (SSin4 xcosx + 5sin x - cos’ x)+ (lOsin3 x-cos’ x +10sin’ x - cos’ x):

= 5sin x - cos x(sin3 X + cos’ x)+ 10sin” x - cos” x - (sin x + cos x) = sin x - cos x(sin x + cos x)

x(sinzx—sinx-cosx+coszx)+5-sinx-cosx-25inxcosx(sinx+cosx):SSinx-cosxx
. . . . 1. .
x(smx+cosx)-(sm2—smx-cosx+0052x+2s1nx-cosx)=5-§sm2x(smx+cosx)><
1. . . 1 . . . . )
X 1+Esm2x :2,551n2x(smx+cosx)- 1+Es1n2x :(smx+cosx 2,5sin2x +1,25sin 2x)

We substitute the expression for A into the equality (3):
sin® x + cos’ x = (sin x + cos x)- (1 +2sin2x + sin22x)— (sin x + cos x)(2,5 sin 2x +1,25sin’ Zx) =

= (sin x + cos x)(l +2sin2x +sin® 2x — 2,5sin 2x —1,25sin’ 2x) = (sin x cos x) x
X (1 L sin2x—Lein? Zx}
2 4
Equation (1) takes the form:
sin x - cos x - (sin x + cos x)- (1 —%sin2x —%sin2 2xj —(sinx + cos x) = 0;

%sin2x - (sin x + cos x)- (1 —%sin2x —%sin2 2xj —(sinx + cosx) = 0;

(sinxJrcosx)-(lsinbc—lsin2 2x — Lgin? 2x—1j =0
2 4 8



sinx+cosx:0|:cosx tgx=-1, x=—-—+7m
lsin2x—lsin2 2x—lsin3 2x—1=0.
2 4 8

Let the sin2x =y, then [y|<1.

1, 1 4

—y—=yP ==y —1=0}(-8

Sy gy (-8)

Y +2y* -4y +8=0.

It follows from the properties of the modulus of a number that |y|> y and |y|>-y.
Consider this expression:

Y +2y° +4y.

|y|3 +2-|y|2 +4|y| >y’ -2y’ +4y|>< (=D

—|y|3 +2|y|2 +4|y| <y +2y° —4y;

Y 42y —4y> (b/|3 +2|y|2 +4|y|}

V 42yt -4y = -7+ 8;

Y +2y* -4y +8>1.

Thus, for [y| <1 y*+2y* -4y +8+=0, ie equation y’ +2y*> -4y +8=0 has no roots
at most one.

T
Answer: —Z+ m, neZ.

A rare equation:

sin(3—” -t xj = cos(3—ﬂ -ct xj
) 6 )
Solution:

sin 3—ﬁ-tx = cos Z—3—7z-tx - Toni cos Z—3—7z-tx —cos 3—”-ctx =0;
) & 2 2 &) 2 2 *® p GETH

Convert the difference of trigonometric functions to the product:

£—3—ﬂ-tgx+37z-ctgx 3—ﬂctgx—£+3—ﬂtgx
2sin2—2 sin—2 22 =0;
2 2
=37 -tgx + 37 - ctgx 3m-tgx —m+ 37w -1gx
2sin 2 -sin 2 =0;
2 2
2Sin37zctgx—3:z-tgx+7z.Sin37zctgx+?;7z-tgx—7z:0;

This equation is equivalent to the combination of two equations:
sin 3rcigx —3m-tgx+ 0 3rcigx =3 -tgx+ 1

b

4 B 4 =5 {37zctgx —3r-tgx + 7w =4k,
k

sin 3rcigx +3r-1gx — 1 0 3rcigx + 3 -1gx — 1 . 3rctgx + 3w -tgx —w =4k

4 4
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_ 4f —
7z(3ctgx—3tgx+l)=4k7z|: T, 3ctgx—3tgx:4k—l|: 3, clgx —I1gx = 3
_7z(3ctgx+3tgx—l)=4k7z|: T 3ctgx+3tgx=4k+1|: 3. ctgx+tgx=4k+1.
[cosx sinx 4k-1 |cos’x—sin’x 4k-1 2-cos2x  4k-1
sinx CoSXx 3’ sin x - cos x 3 7 |2-sinx-cosx 3’
COS)C+Sile_4k+1 coszx+sin2x_4k+] 1-2 _4k+1
lsinx cosx 3 | sinx-cosx 3  L2-sinx-cosx 3
2-F:0s2x:4k—1, sin 2x _ 3 |'2, 1g2x = 6 . | 2x = arctg Tk,
sin2x 3 2cos2x 4k-—1 4k -1 4k -1
,2 =4k+1. sin2x __3 2. |sin2x= 6 . | 2x = (~1)" arcsin + 7k,
sin2x 3 2 4k +1 4k +1 4k +1
6 7k
X =—arctg +—,ne’z,
2 4k -1 2
le-(—l) arcsin +ﬂ—k, keZ
2 4k+1 2
Answer: at n = {~ 1;0;1} larcsin +7T—k; l(—1)" arcsin 6 ,neZ
2 4k-1 2 2 4k -1

Find the roots of the equation on (% %Zj sin x — 2sin 2x —sin 3x = 3.

Solution:
sin2x =2sinx-cosx; sin3x =4sin’+S5sinx; sinx—4sinx-cosx+4sin’ x —3sinx -3 =0;
sinx(l —4cosx +4sin’ x—3)—3 =0; sinx(4sin2 x—4cosx—2)—3 =0;
sinx(4(1 —cos? x)—4cosx - 2)— 3=0; sinx(4 —4cos’ x—4cosx — 2)—
—sinx(4cos2 x+4cosx— 2)— 3= 0|- (-1); sinx(4cos2 x+4cosx —2)+
sinx(4cos2 x+4cosx+1 —1—2)+3 =0; sinx((2c05x+ 1y —3)+3 =0;
sinx(2cosx +1)° —=3sinx+3=0; sinx(2cosx+1)’ —3(sinx—1)=0;
sinx(2cosx +1)° +3(1-sinx)=0; (1)
Because the (2cosx+1) >0 i (1-sinx)> 0, then equation (1) takes place when

X =7m, X = 7m,
, sinx =0, X =7m, 1 3
inx-(2 17 = —— =+
smx. (2cosx+1) =0, (2cosx+1f =0 {|2cosx+1=0 cosx 5 X i57z+2k7z
l-sinx =0. ) S
1-sinx=0 sinx = x:§+27m x:%Jrz,m

The equations of this system have no common solutions.
Answer: &.
On (00; 900) find the smallest root of the equation cos’ 3x + cos® 5x = cos” 7x + cos’ 9x.
Solution:
Let us lower the degree of each of the equations:
l4+cos6bx coslOx+1 I+4+cosl4x 1+ cos8x
+ = + -2

2 2 2 2
1+cos6bx+1+coslOx =1+cosl4x+1+cos8x; cosbx+coslOx =cosldx + cosl8x;
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We transform the sums of cosines into products:
6x +10x 6x —10x 14x +18x 14x —18x
2 cos - COS =2cos - COS :
2 2 2
cos8x - cos(— Zx) =cosl6x- cos(— 2x),

2;

cos16x-cos2x —cos8x-cos2x =0,

16x+8x . 16x—8x
-sin =

cos 2x(cos 16x — cos 8x) =0, cos2x-2-sin 5 0,
2cos2x-sindx-sinl2x =0,

) 90" | 180°n

w="0m |V 2 2
cos2x =0, x—2 s
: 180°n
sindx =0, |4x=7n, X = 2 , neZ
sinl2x=0 |12x =7m 1807

X = .
B 12

0° <45°+90"7 < 90°|-45, g0, < 45
By condition | 0° < 45°%z < 90°, n<?2
0° <15°7 < 90°: 15, n<6

Because the n € Z, then the first inequality of the set of solutions has no.

If n<2, then n<6. At n=1. x=184&=45°; xz%:ls(’. 15° < 45°.
The smallest root of this equation on (00; 900) x=15"

Answer: 15°.

Find the smallest x in degrees if —90° < x <90° 1

sin(180° + x)- sin(90 — 7x) = cos(180° — 3x)- (360° + 5x)
Solution:

We apply the reduction formulas:

sinx -cos 7x = cos 3x - sin 5x, % - (sin(x + 7x) - sin(x — 7x)) = %(sin(3x +5x)—sin(5x — 3x))|- 2,

. 6x+2x 6x —2x
n - COS =

sin8x +sin6x =sin8x —sin2x, sin6x+sin2x=0, 2si 5 0,
2sin4x-cos2x=0

B _ 180n
_sin4x :0’ 4x =7mn, X = 4 s X :450 ‘n, —900 <45n <9OO‘: 450,
cos2x=0 [2x="142m 90" x=45+180n | —90° < 45" +180n < 90°|- 45"
- 2 x=7+180n
[—2<n<2, _§<”<21’ n=1{-1;0;1} x=-45", x=0°, x=45"
_—135°<180n<45° —Z<n<z n=0 x =450+ 0=450.

Answer: —45°.
Seductive is the solution of this equation:
sinx +1,3 = x.
Solution:
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sinx = x —1,3. In one coordinate plane, we plot a graph of two functions y =sinx
and y=x-13

:l d
1 .

y =sinx
0 1l 71,6 3 4
T T 3 27

-1t 4 =13
7

Such equations have a considerable branch of practical application, for example:
with two chords extending from one point of the circle, divide the circle into three
equal parts.

A Solution:

Let the AB and AC — the desired chords,
and the central angle 40B = x radian.
Then the area of the sector

2

AmBO = ”ﬁ X %sz, where R - radius of
T

the circle. Area of a triangle

AOB:%-AO-OB-Sin<AOB,

m

Sad0B :%-R-R-sinx, Sad0B =%R2 sin x.

We define the segment area
Sump = L R?x — L R?sinx = le(x —sinx).
2 2 2
Since, according to the condition of the problem, the area of the sector is one third

of the area of the circle, then %Rz(x —sinx)= %HRZ : le; x—27=sinx.

2
This equation is equivalent to such a system of equations:
o
r= 3’ The solution to this system, we obtain a graphical way:

y =sinx.
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Let us express using "Four-digit math tables" V. M. Bradis 2,6 pao ~149°.

o Building a given circle.

Draw a radius OA.

Using the protractor construct central angle
149°.

Let's draw a chord AB.

Building the second chord AC = AB.

C

Answer: In this manner the chord constructed circle divided into three equal parts.

Self-study assignments:

Solve Equations:

sinxzé. Answer: (-1} -Z+m, neZ.

T
COSX =— Answer: = +m, neZ.

5.
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T
Answer: = +m, neZ.

COSX =——.
2
tax = /3. Answer: %+7m, neZ.
V3 2
ctgxz—? Answer: 3T eZ.
N2sinx—1= Answer: (-1)' -%+7m, neZ.
2cosx ++/3 =0. Answer: i%ﬂ+27m, neZ.
3sinx—4=0. Answer: .
3tgx+1=0. Answer: arctg(— %)4—727’1, nelZ.
2
3ctgx +2=0. Answer: arctg(— Ej—wm, neZ
: 1
sin(3x—1)==. Answer: x =l(—1)" arcsin—+ 2 + 2.
3 3 53 3
2 1 ) r
cos| x“ =2 :5. Answer: x =+ 2i§i27m,neZ.
2sinx —3cosx =0. Answer: x=arctg§+7m, nelZz.
x
2sin” x + 3sinx - cos x + cos” x = 0. Answer: —%+7m, —arctg +m, neZ.
2sinx-cosx +5cos’ x =4. Answer: arctglJ:;/g + /m, arctg 1_4\/5 + 7m
sin® x+cos* x = ~sin?2x. Answer: Z+ 72"
2 4 2
sin® x + cos x—l Answer: £+ﬂ, neZ.
4 4 2
3sinx+4cosx =5. Answer: —arcsin%+%+27m, neZ.
2-(sinx+cosx)+sin2x=—1. Answer: —%+7m, neZz.
cos2x +4sin® x =8cos® x. Answer: %4‘%, neZ.
2cos’ 4x+sinl0x =1. Answer: — % v, Fa ™ yez.
4 12 9
sin” x + cos” 2x = sin* 3x + cos” 4x. Answer: %, E+%(n¢51+2), neZ.
. X r
smx+ctg5:2. Answer: 5+27m, neZ.
sin’ x + —— =sinx — +Z Answer: (—l)mlarcsin\/ﬁ_lJrﬂn, neZ.
sin” x sinx 4 4



. (37 (T x
sin| —+x |=2sin| ——— |.
(5 j (5 2)

4cos’ x+4sinx—1=0.

A3 cos? 3x +sin 6x —+/3 sin2 3x = 0.

cos2x

l+sin2x

l—cosx—ZSiniz 0.
2

2sinx-cos2x—1+2cos2x —sinx =0.

cos3x  cosSx

sin2x sin2x

cos’ x +sin’ x = cos2x.
cos3x +sinS5x =0.

sin x - cos 5x = sin9x - cos 3x.

sin 2x +sin 3x + sin4x = 3.

1 . ) )
cos’ 2x + Zsm2 4x +1=sin4x-cos2x +sin’ x.

2sin® x +sinx—1=0.
5sin’® x — 3sin x - cos x — 2 cos® x = 0.
2sin” x — 5sin x - cos x — 8cos® x = 2.
2sin* x+cosx—1=0.
4sin’ x —4cosx—1=0.
12cos* x +sinx—11=0.
6¢cos’ x ++sinx—2=0.
cos2x +cos” x = 0.

sin 3x = sin x.

sin2x = cos® x.

) 1
Sin x - COS X - COS2x =§.

Answer:

Answer:

Answer:

Answer

25

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

2m;, 7+4m, ne Z.

i£+7m, —£+27m, nel.
6 2

ZJrﬂ, nelZ.
4 2

Answer: —%+7m, 27m, —%+27m, neZ.
Answer: 3—7T+7m, i7r+ﬂ, neZ.
4 16~ 4
Answer: % neZ.
Answer: .
Answer: &.

Answer

Answer:

Answer:

Answer:

Answer:

m, *

Answer: (-1’

(=) '%-I-ﬂn; —%+27m, neZ.

Vs 2
—+m, arctg| —— |+m, ne 2.
. a3
3
arctg?2 + 7m, arctg(— Zj+7m, neZz.
27m, iZTﬂ+27m, neZz.

i%+27m, nelZ.

Answer: (—1)" arcsin % +m, (—1)"" arcsin % +m, neZ.
(1) %-i-ﬂn, nelZ.

ilarccos —l +m, ne”Z.
2 3

T
—+m, ne”.

: %(27z+1), arctg2 +m, ne Z.

-£+E, ne’z.
24 4
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26 +73

4+/3 cos x —2sinx = 5. Answer: 2arctg(2 - \/§)+ 27m, 2arctg_2—3 +2m, neZ.

2sinx—2cosx=1-+3.  Answer: (—1)" arcsin 3 +%+7m, nel.

22

(1+cos4x)-sin2x = cos® 2x Ha (180°225°)  Answer: 195°

sin® x —4sin’ x

— — +1=2tg’x Ha (900;180") Answer: 135°.
sin” 2x +4sin” x —4

sin 2x = cos* g —sin* g Ha (900; 180") Answer: 150 °

(sin2 2x —4sin’ x)- (sin2 2x + 4sin’ x — 4)_1 =2tg’x Ha (0°; 90°) Answer: 45°.
sin5x —sinx —cos3x =0 Ha (00; 30°) Answer: 15°

How many roots does the equation have cos x —cos3x —sin2x =0 on (0; z]
Answer: 5.

. . T 7m
sin® 2x + cos* 2x =sin2x - cos 2.x. Answer: e + PR Z.

3sin2§-cos(37”+§j + 3sin2%—sin%-coszg—sinz(%Jr xj : cos% =0.

Answer: —%+27m, i%+27zk, neZ, keZ.

X
2tg —
2 2 _4x+5. Answer: &.
1+1g° =
2tg§x
2 _2x*—8x+9. Answer: .
1+te* = x
£
l—z‘gzi
2 _9x> _4x+3. Answer: &.
1+tg2§

cos x - cos(2x — 27) - cos(%;z - 2xj cos(% + xj =2x" —12x+19. Answer: J.



