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Section 18 
Systems of trigonometric equations 

Systems of trigonometric equations can be divided into two large types: 
 а) those in which it is relatively easy to eliminate one of the unknowns by 
expressing it in terms of other variables from any equation of the system; 
 б) those in which the trigonometric system can be reduced to a system of 
algebraic equations in which trigonometric functions are taken as new variables. 
 When solving systems of trigonometric equations, as well as when solving 
trigonometric equations with one variable, one should try to carry out such 
identical transformations in which one or more equations break down into simple 
equations with two variables, for example,   ,132cos  yx    3 yxctg  etc. 
Let us illustrate the above with examples.. 
Solve system of equations: 
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Solution: 
Equation (1) implies that .0sin x  
If ,0sin x   0cos0 y  identity. 
If ,0sin x  then it follows from equation (1) that .0cos y   
Thus, the original system turns into a combination of two systems: 


























.022cossin2

,0sin  ,0cos

.022cossin2

,0sin

2

2

yx

xy

yx

x

 
































.0sin

,022cossin2

,0cos

.022cos0

,0sin

2

x

yx

y

y

x

 
































.0sin

,02sin2

,0cos

.22cos

,0sin

2

x

x

y

y

x

 



 









.2sin2

,0cos
2 x

y
 













.2
2

2cos1
2

,0cos

x

y
 







.22cos1

,0cos

x

y
 







.12cos

,0cos

x

y
 














.  ,
2

.  ,
2

Znkx

Znny





 

Answer: .  ,
2

  ;
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Solution: 
Lower the degree of the cosine: 
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      ;sincos123cos23 222 yxyxxxyx   

       ;0sincos123cos23 222  yxyxxxyx  

      ;023cos23cos22sin1 222  xxyxxxyxyx  

      ;0232cos232cos 222  xxyxxxyx  

       .0cos1232cos 22  yxxxyx  
Let's introduce new variables: 

  ,cos tyx   ,232 2 axx   then   ,012  tat ,02  atat   02 aatt  this 
is a quadratic equation with respect to t it has roots when ,042  aaD    .04 aa   

This inequality is possible when 
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Hence, the equation 02  aatt  has roots at    . ;40 ; a  

In that       31122322232 222 xxxxxxa  

     .142412 22  xx  

.2422  a  .0a  

  .0142 2  x    ;142 22  x    ;144 2 x    ,01 2 x  ,01x  .1x  

Then the equation:        0cos1232cos 22  yxxxyx  takes the form: 

  ,01cos2  y    ;01cos2 y  .  ,
2

1 Znny    .  ,
2

1 Znny    

Answer: .  ,
2
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
    

 


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
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,2sin2sin
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Solution: 
We transform the second equation of the system by applying the transformation 
formula for the product of trigonometric functions: 

           .2coscos2coscos
2

coscos
2sinsin2 yxxyxx
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yxy 
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  

  ,cos2coscos xyxx    ;2coscoscos yxxx     ,02cos  yx  ;
2

2 kyx 
  

.  ,2
2
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Substitute the x values into the first equation of the system: 
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;02cos2cos2sin22sin2sin  yyyyy  
  .02cos22cos12sin 2  yyy  
  ;02cos2cos2cos12sin  yyyy  
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Solution 
We transform the first equation of the system: 
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  ;coscos32sin yxyx        
;
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
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      .coscos3sin yxyxyx   

Let us substitute from the second equation of the system the values: :
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Consider the system of equations: 
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Converting the product of sines into a sum, we get the equation:  
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The original system is equivalent to such a system: 
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2
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2
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;
2

2

2

222
2

2

2
2 


 ab  ;

2

2
cos x  .

2

2
cos y  

;  ,2
2

3
Zmmx    .  ,2

4
Znny    
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4

  ;2
2

3






  nm   ,Zm  .Zn  
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.3
cos

sin
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4
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



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 Multiply: 

 ;3
4

1
coscos

coscos
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



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yx

yx 

  

.
4

3
sinsin  yx   

Consider a system equivalent to the original: 
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4
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,
4
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
 Subtract and add: 
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
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
 


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:
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


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Add and subtract: 

2: 
3

2
222  kx  ,

3

1
 nkx ;

3

1
 nky  ;

3

1
 nkx  .

3

1
 nkx  

Answer: ,
3

1
 ;

3

1






  nknk  .

3

1
 ;

3

1






  nknk  














.
2

3
coscos

,
2

1
sinsin

yx

yx
 

Solution: 
Let us transform the differences of the functions of the same name into products: 
























.
2

3

2
sin

2
sin2

,
2

1

2
sin

2
cos2

yxyx

yxyx

 
)2(

)1(

  

Dividing the second equation by the first, we get: 

,3
2


 yx

tg  ,
32


k

yx


  .Zk   

Consider two cases: 

а) ,2nk   even number, then . ,2
32

Znn
yx


   

Substitute the value n
yx 

2
32


  into equation (1): 

,
2

1

2
sin

3
cos2 




yx  ,
2

1

2
sin

2

1
2 




yx  

,
2

1

2
sin 

 yx     . ,
6

1
2

1
arcsin1

2
Znnn

yx nn 
   

Then there is such a system of equations: 

 














.
6

1
2

,
32

n
yx

k
yx

n 



 























.
6

5

2

,
32

n
yx

k
yx





 
















.
3

5

2

,
32

n
yx

k
yx





 
2

2




 















.2
3

10

,2
3

2

nyx

kyx





   















.2
3

10

,2
3

2

nyx

kyx





 

    
 

 .2

,2

,2

2: ,22
3

12
2

nkx

nkx

nkx

nkx














                

.
3

4

,
3

4

,22
3

8
2







 





nky

nky

nky







 

б)  knk   ,12  odd number. 
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.
3

4
2

2

 


n
yx   ;2

6

7
knx     

 .2
2

3
kny    

Answer:   ,
3

4
  ;2 














  nknk       .2

2

3
  ;2

6

7






  knkn   











.
2

,3:4:5cos:cos:cos


zyx

zyx
 

Solution: 
Let the k  proportionality coefficient, then ,5cos kx   ,4cos ky   ,3kcoz   .0k  (А) 

From the equation 
2


 zyx  we have .

2
zyx 

  

  .cos
2

sinsin zzyx 





 
  

,
2

xzy 
    .cos

2
sinsin xxzy 






 
  

,
2

yzx 
    .cos

2
sinsin yyxz 






 
  

There is such a system of equations: 
 
 
 












.cossin

,cossin

,cossin

yxz

xzy

zyx

 












.cossincoscossin

,cossincoscossin

,cossincoscossin

yxzxz

xzyzy

zyxyx

 

Using relation A, we obtain the system of equations: 













.4sin3sin5

,5sin4sin3

,3sin5sin4

kxkzk

kzkyk

kykxk

 We divide each equation of the system into :k  













.4sin3sin5

,5sin4sin3

,3sin5sin4

xz

zy

yx

 We denote 
.sin

,sin

,sin

cz

by

ax





 













.435

,543

,354

ac

cb

ba

 























4  4
4

53
35

,543

,
4

53

b
c

cb

b
a

 















.71520

5  543

.1615920

,543

bc

cb

bc

cb

 









.72015

,252015

cb

cb
 ;8,0

10

8

40

32
c  ;258,02015 b  ,9162515 b  .6,0

15

9
b  

 .3240 c  

.0
4

33

4

6,053






a  
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











.8,0sin

,6,0sin

,0sin

z

y

x

   
  .  ,8,0arcsin1

.  ,6,0arcsin1

.  ,

Zkkz

Zmmy

Znnx

k

m













 

Answer:      .    ,    ,  ,8,0arcsin1  ;6,0arcsin1  ; ZkZmZnkmn km    








.cossin48sin82cos32cos

,1cos22cossin2coscos

yxyyx

xxyyx
 

)2(

)1(
 

Solution: 
Perform some identity transformations of the equation (2): 

  ;cossin48sin8sincos3sincos 2222 yxyyyxx   
  ;cossin48sin8cos1cos3sinsin1 2222 yxyyyxx   

;cossin48sin83cos6sin21 22 yxyyx   
 1  010sin8cos8cos2cossin4sin2 222  xyyyxx  

;010sin8cos8cos2cossin4sin2 222  xyyyxx  
    ;010sin8sin18coscossin2sin2 222  xyyyxx  
  2: 010sin8sin88cossin2 22  xyyx  

  ;01sin4sin4cossin 22  yyyx  
    ;01sin2cossin 22  yyx  

This equality is possible only if 0cossin  yx  (3) and  01sin2 y .
2

1
sin y  

We transform the equation (1): 
    ;1cos2sincossinsincoscos 2222  xxxyyyx  
    ;1cos2cos1cossinsinsin1cos 2222  xxxyyyx  
    ;1cos21cos2sinsin21cos 22  xxyyx  

Substitute in this equation :
2

1
sin y  

  ;1cos21cos2
2

1

2

1
21cos 2

2

















 xxx  

  ;01cos21cos2
2

1

2

1
1cos 2 






  xxx  

  ;01cos21cos2
2

1
cos

2

1 2  xxx  

;05,1cos5,2cos2  xx  .1cos x  

;25,12625,6 D  3
2

5,35,2
cos 


x  does not satisfy the condition .1cos x  

;
2

1

2

5,35,2
cos 


x  ;2

3


kx   .2
3


kx   

From the found values, select those that satisfy the equation (3): 

,2
3

nx 
  ,2

6

5
ny 

  ,2
3


kx   .2

6


ky   

Answer: ,2
6

5
  ;2

3






  nn   .  ,  ,2

6
  ;2

3
ZkZnkk 






    
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Self-study assignments: 














.
4

3
sinsin

,
6

yx

yx


    Answer: .  ,
23

  ;
26

Zk
kk







 

  











.2

,
4

3

ytgxtg

yx


    Answer: .

3

2
  ;

12

1
  ,

3

1
  ;

12

5






 






  kkkk  














.
3

1

,
3

tgytgx

yx


    Answer: .
6

  ;
6







  

kk  








.sin5sin

,2coscos3

xy

yx
   Answer:   .  ,  ,2  ;2 ZnZknk    








.

,5:3:4sin:sin:sin

zyx

zyx
  Answer: 

.  ,  ,
2

  ;
5

4
arccos2  ,2  ;

5

4
arccos

2
ZnZknknk 















 

  







.sin47coscos82cos2

,1sin2cossin2cossin

yyxx

yxyyx
  Answer: 

      .    ,
6

112 ;
6

1 ZnZknkn nn 





 

  















 



.0
3

2cossin2

,02coscos

2 
yx

xx
  Answer:     .,  ,16

6
  ;12

4
Zmkmk 






 

  

    









.cos122sin2sin5

,
6

2 yxyx

yx


 Answer: 

        .  ,41
4

  ;112
12

  ,112
12

  ;14
4

Zkkkkk 





 






 

  











.sin22sin

,
3

5

yx

yx


   Answer:     .  ,16
6

  ;12
2

Zkkk 





 

  














.
4

3
cossin

,
4

1
cossin

xy

yx
    Answer: 

        .,  ,
3

2
  ;

6
  ,

3
  ;

6
Zmkmkmkmkmk 






 






    
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












.
2

1
sincos

,
3

1

22 xx

yx


   Answer: .  ,

6

16
  ;

6

16
Zk

kk







   














.
6

1

,
4

tgytgx

yx


    Answer: .  ,
3

1
  ;

2

1
Zkkarctgkarctg 






    











.cos3cos2

,sinsin2

yx

yx
  Answer: .,  ,

4
  ;

6
Zmkmk 






    

   .cos413cos2
2

sin434 222 yxyx
yx

xx 





 


  Answer: 

.  ,22
3

2
  ;2 Zkk 






    

 
 
 
 


