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Section 21 
Arithmetic progression 

A numerical sequence is a renumbered series of digits arranged in ascending order 
of their place numbers. The numbers in the sequence are called - its members.  
An arithmetic progression is a numerical sequence, each term of which, starting 
from the second, is equal to the previous one, to which it is attached - the same 
number d. 
Convenient to denote arithmetic progression   

,1 aaa nn     1nn aad  difference of arithmetic progression. 
To define an arithmetic progression, it is enough to indicate its first term a1 and the 
difference d. 
A characteristic property of arithmetic progression: each member, starting with the 
second is the average of the preceding and following members, that is,  
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Formula n-th member:  
 .11  ndaan  

Formula for the sum of n terms of an arithmetic progression: 
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A very valuable property of the members of an arithmetic progression: the sums of 
the members equidistant from the ends of the arithmetic progression are equal to 
each other, that is: .121  nn aaaa  
Given: .7 ,3 21  aa  
To find: 15a  і .15S  

Solution: 
Find the difference in progression: ,12 aad    .437 d  
From the requirement of the problem it follows that .15n  
By the formula of the n-th members    11  ndaan  we have: 

  .595631154315 a  
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Answer: .465 ;59  
Given: ;51 a  .4d  To find 10a  and .100S  

Solution: 
 ,1111  ndaa    .313651104510 a  
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Answer: ;31  .19300  
Given: .4 ,1057  dS  To find 1a  и .7a  

Solution: 
 .11  ndaan   

Apply it up to the seventh member   
 ;1417  naa  .2417  aa  

;
2

1 n
aa

S n
n 


  ;7

2
71

7 



aa

S  ;7
2

24
105 11 




aa  ;7
2

242
105 1 




a    ;712105 1  a  
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121 a  ;15121 a  ;12151 a  .31 a  

;2437 a  .277 a  
Answer: .27 ;3  
Given  ,3d  ,2na  .57nS  To find 1a  and .n  

Solution: 

 ;11  ndaan   ;132  nan  ;332 1  na   .1 131  na  
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     .2  2114 1 na   Insofar as 1a  and n  must satisfy the 

conditions of the given problem, then you can create such a system of equations: 
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1n  does not satisfy the condition of the problem, because .Zn  
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  .171631 a  

Answer: .17 ;6  
Between the numbers 17 and 32, insert five such numbers so that they, together 
with these numbers, form an arithmetic progression. 

Solution: 
Let the ,171 a  .32 , , , , 76543 aaaaa  
According to the formula  11  ndaan  we find :d  

  ,321717  d  ,17326 d  ,156 d  .6,2
6

15
d  

,5,195,2172 a  ,225,25,193 a  ,5,245,2224 a  ,275,25,245 a  
.5,295,2276 a  

Answer: 19,5; 22; 24,5; 27; 29,5. 
Given  .20151296  aaaa  To find .20S  

Solution: 
Members of 6a  and 15a  - equidistant from ends  , comprising 20 members. 
Similarly, one can assert about 9a  and .12a  In this way, ,129156 aaaa   

      ;202156129156151296  aaaaaaaaaa  .10
2
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.10156201  aaaa  We find :20S  .10020
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Answer: 100. 
Prove that the sequence given by the n-th term formula ,52  nan  is an arithmetic 
progression. 

Solution: 
The previous member of this sequence   .725225121  nnnan  Next 
member of the sequence   .325225121  nnnan  
Find the arithmetic mean of the previous and subsequent terms of this sequence: 
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The statement about the characteristic property of the progression is acceptable in 
some arithmetic progression, acceptable for the given sequence ,na  hence the 
sequence na  is an arithmetic progression. 
Given: ,2451  aa  .6052 aa  To find 1a  and .d  

Solution: 
5321  , , , aaaa  must satisfy such equations in the condition of the problem, and 

therefore they must satisfy such a system of equations: 
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Using the formula of n-th member ,  express 532  , , aaa  through 1a  and :d  
,12 daa   ,2113 daddaa   .415 daa   
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Answer: .7 ;2  
Find the sum of all two-digit numbers. 

Solution: 
We have   of ,101 a  ,1d  .99na  

 ,11  ndaan    ,991110  n  ,10991 n  ,189 n  .90n  
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Answer: .4905  
Solve the equation: . ,280...1371 Nxx   

Solution: 
Obviously, the terms of this equation are members of an arithmetic progression, 
therefore ,617   ,6713   .6d  

 ,11  ndaan   ,161  nx  ,661  nx  ,56  xn  .
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Answer: .55  
Find 1a  and d  arithmetic progression, sum n  the first terms of which is given by 
the formula .65 2 nnS n   

Solution: 
Find the sum of first term .111615 2

1 S  
The value of the sum of one member of the progression coincides with the value of 
the first member, that is .111 a  
Let's calculate the sum of two terms .322625 2

2 S  
;212 aaS   ;122 aSa   .2111322 a  

The difference in progression: ;122 aad   .101121 d  
Answer: ;111 a  .10d  
Prove that the sum of the first n odd numbers of a natural series is equal to the 
square of their number. 

Proof: 
 .12...7531  nSn  

Insofar as     ,23212...573513  nn  then we have the sum of the 
terms of the arithmetic progression with ,11 a  ,2d  12  nan  and number of 
members n . 

According to the formula n
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  Q.E.D. 

Geometric progression 
A geometric progression is a numerical sequence, the first term of which is 
nonzero, and each next, starting from the second, is equal to the previous one, 
multiplied by the same number, not equal to zero.  

Denoted 

  . ,..., , , 321 nbbbb  

The attitude of any member 

  to its previous term is called the denominator of the 

progression .
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Characteristic property of a geometric progression: 
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Each member 

 , starting from the second is the geometric mean between 

. ,11 Znbbb nnn    

N-th term formula 

  ,1

1
 n

n qbb  where 1b  first term, q  denominator, n  

member number. 

Formulas for the sum of the first n terms 
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The product of the members 

 , equidistant from its ends, there is a constant value, 

that is, ...121  nn bbbb  

Given

  ,61 b  ,3q  .8n  To find nb  and .nS  

Solution: 

According to the formula n-th term 
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Answer: ;131228 b  .196808 S  

Given 

  .635 ,7 ,2  nSnq  To find 1b  and .nb  

Solution: 
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.51 b  .3205647 b  

Answer: .320 ;5  

Given 

  ,1531  bb  .3042  bb  To find .10S  

Solution: 
Let us solve the following system of equations: 
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Divide equation (2) by (1): 
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According to the formula  
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Answer: .3069  
Find four numbers that form a geometric progression if the first number is greater 
than the second by 36, and the third is greater than the fourth by 4. 

Solution: 
According to the statement of the problem ,3621  bb  ;3636 121  qbbb  

,443  bb  ;443  bb  ;43
1

2
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1  qbqb    .411  qqb   

Consider such a system of equations: 
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Divide (2) by (1): 
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Answer: ;1 ;3 ;9 ;27   2. ;6 ;18 ;54  

Infinitely decreasing geometric progression 
A geometric progression is called infinitely decreasing if its denominator .1q  

The sum of its members ,
1

1
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b
S


  then 1b  first term .


  

Infinitely decreasing geometric progression – I.D.G.P. 
Some applications I.D.G.P.: 

Given 
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Find the denominator 
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Answer: .5,1  
Convert Decimal Periodic Fraction  546,0  to the usual. 

Solution: 
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This fraction can be represented as: 
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Answer: .
900

419  

Task. In an equilateral triangle with sides b entered a new triangle so that its 
vertices are the midpoints of the sides of the triangle; a new triangle is inscribed in 
this triangle in the same way, etc.. 
Prove that the sequence formed by areas of triangles represents I.D.G.P. and Find 
the sum of these areas. 
(I.D.G.P – infinitely decreasing geometric progression) 

Solution: 
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Since a constant value and less than 1, then ПГСНSSS ...,... , , 321   

The sum of the areas of the triangles .
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Arithmetic and geometric progressions 
Solving problems in which arithmetic and geometric progressions appear at the 
same time present certain difficulties. Difficulties can be prevented if such a 
propaedeutic work is carried out: 
 1) under what condition the numbers 321  i , , aaa  form an arithmetic 
progression? 
 Answer: three numbers form   when .2312 aaaa   
 2) under what condition the numbers 321  i , , bbb  form a geometric progression? 

 Answer: three numbers form 

  then when .

2

3

1

2

b

b

b

b
  

 3) if the problem is about   and 

 , then the notation of the unknowns must 

be introduced only through the terms of one of them. 
 
Task. Three numbers, totaling 21, make up an arithmetic progression. 
If we add 2, 3 and 9 to these numbers, respectively, we get a geometric 
progression. Find these numbers. 

Solution 
The first condition of the problem can be written as: 
 321  , , aaa  d  its difference. 
 , ; 11 daa   .21 da   ,212111  dadaa  3: 2133 1  da  ,71  da   1 71 da   

If these three members   respectively add the numbers 2, 3 and 9, we obtain a 
number of: 

;21 a  ;31  da  ,921  da  which form a geometric progression.  

Based on characteristic property 

  we have: 

     .9223 11
2

1  daada  Using equality (1), we replace :1a  
     ;9272737 2  ddddd  

   ;169102 dd   ;169144100 2ddd   
;010014472  dd  .04472  dd  

By Vieta's theorem ;111 d  .42 d  
;71 da     ;181171 a    ;711182 a  .41173 a  

.214718321  aaa  
Adding to these numbers 2; 3; 9 should receive ;20218   ;1037   .549   
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They are members of a geometric progression because .520102   
If ,4d  then ;3471 a  ;7432 a  ;11473 a  .211173   

;5231 b  ;10372 b  .209113 b  
A characteristic property .520102   
Answer: 4 ;7 ;18   or .11 ;7 ;3  
 
The following advice is also useful: if in one progression the given consecutive 
terms are given, and in the second they are not consecutive, then the unknowns 
must be denoted through the members of the second progression. 
Task. Three numbers whose sum is equal to 114, the successive terms of a 
geometric progression or 1st, 4th and 25th members arithmetic progression. Find 
these numbers. 

Solution: 
Let be 1a  and d  the first term and the difference of the arithmetic progression, 
then ;314 daa   .24125 daa   
According to the condition of the problem, we compose the equation: 

;114243 111  dadaa  3: 114273 1  da   3891 da  1 9381 da   

On the other hand, these same numbers are consecutive members of a geometric 
progression, then 
   .93 11

2
1 daada    Using equality (1), we have:  

     ;249389383938 2 ddddd        ;1538938638 2 ddd   
;1353425701444364561444 22 ddddd   ;01353257036456 22  ddddd  

171: 0684171 2  dd  ;042  dd    ;04 dd   

 0d  does not satisfy the condition of the problem. 
.4d  Если ,4d  то 249381 a  (see equation (1)) 

;144324 a  .98424225 a  .11498142   
Answer: .98 ;14 ;2  
Task. The four numbers make up an arithmetic progression. If we subtract from 
them the number 2; 6; 7; 2, then we get numbers forming a geometric progression. 
Find these numbers. 

Solution: 
Let's denote the unknown numbers as members of the geometric progression: 

1b first term, q  denominator 

  then qb1  second term,  2

1 qb  third term, 

 3
1 qb  fourth term. Adding to them, respectively, the numbers 2; 6; 7; 2, we get 

the members of the arithmetic progression: 

;21 

b  ;61 qb  ;72

1 qb  .23
1 qb  

Using twice the characteristic property of the arithmetic progression, we obtain the 
following system of equations: 
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Divide (2) by (1):  
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bqbqb

bqbqbq  .2q  

Substitute the value q into the equation (1): 
;3222 1

2
11  bbb  ,344 111  bbb  .31 b  

,6232 b  ,1223 2
3 b  .2423 3

4 b  
Answer: .24 ;12 ;6 ;3  
Task. Find the arithmetic and geometric progression if it is known that the first, 
third and eleventh members of the arithmetic progression are twice the first, third 
and fifth members of the geometric progression, and the sum of the first members 
of the arithmetic progression is 40. 

Solution: 

Let the 1a  and the first term and the difference ,

  

1b  and q  first term and denominator .

  

According to the statement of the problem ,2 11 ba   ,2 32 ba   ,2 511 ba   
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You can create such a system of equations: 
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After all ,213 daa   ,2
13 qbb   ,10111 daa   .4

15 qbb   
Because 1a  and 5a  terms equidistant from the ends of the arithmetic progression, 

then .28
22 13

4251 daa
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Substituting (1) into (2), (3), (4), we obtain a system of three equations: 
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From equation (7) we have  .8  4 1bd   
Substituting (7) into (5) and (6) taking into account (8), we obtain: 
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Substituting (9) into (10): 
.4420 222

11 qqqbb   From equation (9) we have: 

.
4

1

2

b
q   Then ;

4
4420

1
1 b

b   .0  ;
16

420 1
1

1  b
b

b  

;16420 2
11  bb   4: 016420 2

11  bb  ;045 1
2  bb  

By Vieta's theorem ;11 b  .42 b  
If ,1b  then based on the equation (8) 314 d  и ;2122 11  ba  ;5322 a  

.8353 a    
If ,4b  then ;8421 a  ;11382 a  .143113 a    
Find the denominator q from equation (5): 
If ,11 b  then ;131 2q  .2  ;2 21  qq  
    ;2212 b      ;4223 b    .8244 b  
  ;2212 b  ;4223 b  .8244 b  

If ,41 b  then ;434 2q  .
2

7
  ;

2

7
  ;

4

7
21

2  qqq  

  ;72
2

7
42 








b  ;7

2

7
723 








b  .

2

77

2

7
74 








b  

  ;72
2

7
42 b  ;7

2

7
723 b  .

2

77

2

7
74 b  

Answer: ;8 ;5 ;2  ;8 ;4 ;2  ;
2

77
 ;7 ;72 ;4   .

2

77
 ;7 ;72 ;4  

Find four numbers, of which the first three form an arithmetic progression, and the 
last three form a geometric progression. The sum of the two extreme numbers is 
37, and the sum of the two middle numbers is 36. 

Solution: 
We denote x  first number, y  second number. Then  y36  third number. 

 yyx 36 ; ;  arithmetic progression. 
By its characteristic property, we have: 

 1 362 yxy   
According to the condition of the problem, we compose the second equation: 
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 xyy 37 ;36 ;  geometric progression. 
     2 3736 2 xyy   
From equations (1) and (2) we form the system: 

   







xyy

yxy

3736

,362
2

 
   







xyy

xy

3736

,363
2

 
   







3633736

,363
2 yyy

yx
 








22 373721296

,363

yyyy

yx
 

;012961454 2  yy  .172892073621025 2D  

.8
16

128

16

17145
1 


y  .25,20

16

162

16

17145
2 


y  

;12361631 x  .75,243675,6025,2032 x  
;1237 ;1636 ;16 ;12   ;75,2437 ;25,12 ;75,15 ;25,2036 ;25,20 ;75,24   

;25 ;20 ;16 ;12  .25,12 ;75,15 ;25,20 ;75,24  
Answer: 25 ;02 ;16 ;12  або .25,12 ;75,15 ;25,20 ;75,24  
Task. Find the sum of the first terms of an arithmetic progression if its  1m  term 
is .12 m  

Solution: 
Find the first and second term of the progression: 

.121  mam  
;1102101  aa  ,3112112  aa  then .21312  aad  

 
;

2
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Answer: .2n  

Prove that if ,
1

cb 
 ,

1

ac 
 

ab 
1  form an arithmetic progression, then the numbers 

222  , , cba  also form an arithmetic progression. 
Solution: 

By the property of the members of the arithmetic progression: 

.
1111

acabcbac 









 Reduce the fractions on the left and right sides of the 

equation to common denominators: 

        ;acab

abac

cbac

cacb






          ;cbac

bc

cbac

ab







  

           acab
acab

bc

cbac

ab









   

       ;bcbcabab   ;2222 bcab   ;2 222 acb   



2

22
2 ac

b  this is a 

characteristic property of the arithmetic progression, that is, the numbers 222  , , cba  
form an arithmetic progression. 
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Self-study assignments: 

Given   The values of three quantities are known. Find the other two. 
№  1a  d  n  na  nS  Answers: 
1 10 4 11   50na  330nS  

2 10 4  50  11n  330nS  

3 10 4   330 11n  50na  

4 10  11  330 4d  50na  

5  4  50 330 6 ;101 a  15 ;11n  

6 110 10  11   10na  660nS  

7 4 
4

1
  13   1na  5,32nS  

8 5  26 105  4d  1430nS  

9 
4

3   26 
18

7
3   

20

1
d  

9

7
56nS  

10  3 12  210 11 a  34na  

11  2 15 10   381 a  360nS  

12 0 5,0   5  11n  5,27nS  

13 9  
2

1    75  25n  3na  

14 28   9  0 7d  28na  

15 2,0    2,5  7,137  1,0d  51n  

16   30 
4

3
15  

4

1
146  61 a  

4

3
d  

17  3,0   3,50  3,2551  321 a  62n  
 
 ;9321  aaa  ,164321  aaaa  .100nS  ?n   Answer: 10. 
 
 ;93 a ;2027  aa  .91nS  ?n   Answer: 7. 
 
  increasing, ;27321  aaa  ;2752

3
2
2

2
1  aaa  ?1 a  ?d    

Answer: .4 ,51  da  
 
 ;1453  aa  ;12912 S  .195nS  ?n   Answer: 15. 
 
  increasing, ;471  aa  ;1222

7
2
3  aa  ?1 a  ?d   Answer: .3 ,71  da  

 
  increasing, ;4: 35 aa   ;1162 aa  ?1 a  ?d   Answer: .3 ,41  da  
 
Find the first term and the difference :  
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.31

,10

143

82

aa

aa
  Answer: .3 ;71  da  

 







.1,0

,1,0

74

525

aS

aSS
  Answer: .8,0 ;05,11  da  

 











.
2

1
22

,9

6

4

S

S
   Answer: .5,1 ;25,01  da  

 







.2

,18

24

853

aa

aaa
  Answer: .

3

1
1 ;

3

2
11  da  

 




... ,40 ,20 ,10  ?10 S  Answer: .10230  

 
... ,64 ,16 ,4   ?7 S  Answer: .13108  

 

... ,
3

1
 ,1 ,3   ?8 S   Answer: .

729

182
2  

 

,51 b  ,
5

1
q  .6n  To find nb  and .nS   Answer: ;

625

1
  .

625

104
4  

 
,128nb  ,2q  .7n  To find 1b  and .nS   Answer: ;2  .254  

 
,31 b  ,2q  .96nb  To find n  and .nS   Answer: ;6  .189  

 

,811 b  ,
3

2
10nb  .6n  To find q  and .nS   Answer: ;

3

2
  .

3

1
44  

 
Insert three such numbers between the numbers 1 and 16 so that they, together with 
these numbers, form a geometric progression. 
Answer: 1; 2; 4; 8; 16. 

I.D.G.P.: ... ;
4

1
 ;

2

1
 ;1  Find the amount. Answer: 2. 

... 
9

1

3

1
1  ?S .  Answer: .75,0  

... 
4

1

2

1
1  ?S .  Answer: .

3

2  

A square is inscribed in a circle with radius a. A circle is inscribed in the square; in 
a circle - a square, etc..  
Find the sum of the areas of all circles and the sum of the areas of all squares. 
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Answer: .4  ;2 22 aa  
Task. Write the first three terms of an arithmetic progression in which the sum of 
an arbitrary number of terms is given by the formula .57 2 nnSn   
Answer: 2; 16; 30. 
 
Task. The sum of the three numbers that form an arithmetic progression is 15. If 
we add to them the numbers 1, 4 and 19, respectively, we get three numbers that 
form a geometric progression. Find these numbers. 
Answer: 2; 5; 8 і 26; 5; .16  
 
Task. The sum of three numbers, which are consecutive members of the arithmetic 
progression, is equal to 21. If the second number is reduced by one, and the third is 
increased by one, then three consecutive members of the geometric progression are 
formed. Find these numbers. 
Answer: 3; 7; 11 и 12; 7; 2. 

At what values   numbers ,
6

cos2


  ,sin4     sin6  are consecutive members 

of an arithmetic progression? 

Answer:   . ,
3

1 Zkkk    

 
 
 


