Section 3
Exponentiation. Roots. Logarithms

Degree of number a with natural exponent »)1 It is the product of » multipliers,
each of which is equal to a.

a' = quoa3a
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The degree of an integral number a with an integral real exponent L=L, L; L, L3
L,... 1s called the limit of the sequence of powers of the number a with rational
exponents, which are approximate values of the number L up to 0,1; 0,01; 0,001...

with a shortage. a’ =lima™
n— o
. a¢R,
By definition, we have: a'=a; a’=1l; a" = ln car =4a"; |a=#0,
¢ ne¢N.

Celos (g, g L1
For example: 5'=5; 6=1; 7 =5 =343 34 =43,
Properties of powers with an arbitrary real exponent:
1). a*-a” =a™ — multiplying degrees with identical bases,
2). a*:a’ =a* - divisions of degrees with the same bases,

3). (a”‘)y =a"" — exponentiation,

4). (a-6) = a* -6* — raising the product to the degree;
aY a .. .

5). (—J = — — raising fractions.
6 6

Find the value of an expression:

3.1a). 81°" = 813 _ 4310 = 4\/@ 3oy
(e (5] (] o (1) e

52050 57 5
230450 2350 g

Bl 2 3 4 % 5 2 3 4 %
) (164 ~125% +92 4273 +(o,1)*} z((24)4 —(p @R+ +1oj -
C).

1 1

= (25243 43 +10) = (32-25+27 + 81+ 10)s = 125° = (5°)p =5.
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S\ 413 51,3 1o
15-453j:7513+34-98—15 5 e (g o305 I

d) 753 (52.3)3
5.3.5.322 13 5.52.3.3% 52 3133 9 ,
= T +3t 3 = +3=——F+3= 33 +3=3+3=27+3=30.
(3.52)5 35,55 33 53
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0 0,25 & 5\° 0,25 0,25 241 17 4Y
(5°) +(81-10)" —(30’8-50’5-815J +(Zj =1+(3)* - (10+)" —(35.52-(34)5J +(_j -

5
4 4 1\7? 2
:1+3.101_(3—5.35.52J B R R e I
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3 3 3 3 1 2 2 L
((az_gz_a2_62j:(a2+62+1j)(a—6)1_ _ g_% :a2+62+a6 .(ae)zz
as (as) 2 2 g as a-e
f). 1 3
a’-¢6’ ae (ae)E (a - 3) : (a2 +6° + ae)- (ae)E

= 3 2 2’ = 3 =L
(ag). @ taste a—é6 (ae)i-(a2+62+a6)-(a—6)

-1 1 1
_ | 11y 22
1 1 1\2 _{\/: \/EJ .(ag)_E: (a2+gzj N 1a3 ) 1\3 ) 11 =
(a2+62j a’-e? (azj _(6zj (as)>
] [
a’> -6 |-|a+2a%e6* +s¢ 1
s ( j ( j 1 _(a-6)

=|a+2a’6* +6— . - = —=1.

3.2 Simplify an expression and compute its value at a=1,8; 6=0,5

2 2 2 2
a 6 I 1 a +6 +as (6—a
-1 -1 -1 -1 S B Nl Bt ’
(a-e +a 6+1)-(a —8) _\6 a a 6) _ as as _

a2-6’2+a-’2'62—(a-6’1+a’1-6) a2+62 a 8 at+6' a*+é6°
2 2 a’e’ as

68 a 6 da

2
a’e’ _(a2+a6+62)-(6—a) -a’e’ (a2+a6+6) —6

a4+64—;l3262—0263 a363(a4+64—a362 —a263) ae-((a4—a36 )—(a 6 —6 ))_
_ (a2+a6+62)-(a—6)2 :(a +a6+6) (a-6) _(a2+a6+62).(a—6)-(a—6):L'
ae.(a3-(a—62)—63(a—6)) as-(a—e ( 3) ae(a—e)(a—e)(a2+a6+62) ae

Ecmu a=1,8; 8=0,5, 10 1t 1 =Q=ll. Answer: ll.
as 1,8-05 09 9 9 9




Self-study assignments:

0\ 0.5
3.3 Calculate: [(%j J -175 -(1/4_3}2*—1 +81°% —(=2)™". Answer: 3.

2
Simplify expression: 3.4 (1 a j3 > :((l—x); -(l—x)‘zj. Answer: x.
- X

1 17! .
3.5 ((ﬂ —x3] (a—x)- arx -2(ax)3.  Answer: 4.

a’+x
3 —
3.6? ¢51_ c12 ¢ Answer: & lata;te,a;to,a;tl.
a— a +a
2 2
374 +6a+9:3f+9. Answer:ﬂa‘[a;ﬁ—iaiﬂ.
2a -4 a —4 2

38x2_y2. x4_y4
* 2 2 2 2
xX“+y° xT-2xy+y
3.9 x2+2xy+y2. x' =y’

Answer: (x + y) atx= y.

Answer: x+y at x #+y.

x' -y’ X Axy+yt
1
3.10 )“Iy—x?}-ﬁ. Answer: —1 at x#+y;x=0;y =0.
N y
X+y x-—-y
3 3
3.11 Given: m)0, »)0, xza-m3 +n3.
m’ —n
1
1 1 1 1 ) A/
To find y=((x+a)3 (x—a)3+(x+a)3-(x—a)s —2) *. Answer: X1
m-—n

1

3.12 Given: k)0, x =2k2-(1+ k).

1 2 L 2
To find y = M + w . Answer: Vk-1- 1+%.

2 2 E
1 1
3.13 Given: n)l, x = (1 -n' )5 -(1 +n’! )7.
To find y=(1+x" ) +(1-x")". Answer: n(n—1)
3.14( 1 +2(? 1) 21(a+1) PR j_a « 4a+4. e
a-1 a -4 a +a-2 a -3a+2 a’ +27 a —3a+9
Answer:gata¢—3,a¢i2;a¢1,a¢0.
a
2
3.15 al + al + al ! . Answer: 1 at x#-2, x=1.

x4+l xP+x-2 xXP43x7+3x+2 ¥ -1



316 (a—6) +as  a’+6° +a’6’ +a’s’
) (a+6)2 —dae ’ (a3 +63 +a26+a62)'(a3 —63

3 3
~ 2
317 1Y (=) 22— Answer: 1 at x=+y.
X+y X+y X -y

Definition and properties of a root of a

). Answer: a—¢ at a # ts.

number

The root of n-th degree (n € N, n >2) number « is called the number b , n-oi

CTeneHb KOTOPOTo PaBHa a . 4a.

For example, 25 =+5. /8 =2, 3— root exponent, 8§ — root expression, 2 —
root value.

The definition of a root implies the identity (’{/Z ) —a, or ¥a" =a, 40.

If n - is an even number, there are two values of the square root of any
positive number.

For example: 16 =+2. If n — odd number, then there is only one value of the
root from any real number.

For example: V-8 =-2; Y125 =5.

Arithmetic root n - degree (n € N, n >2) with a positive number « is called an
integral number g, n - th degree is equal to a.

For example: 4/81 =3.

Finding the root of n - degree is called a root extraction.

Properties arithmetic root:
#/a-6 =4/a -4/e — the root of the product;
WL = ﬁ, (s # 0)— root of the particle;
¢ s

W ="Ja — root from root.
If 0<a(s, then #a(¥/s.
Ao 20 i me N, T WF:M:{

a, Akwo @ =0,

—a, Ako @0

il g2t — g 2y Z g = 2y Here 2m — even number, 2m+1 — odd number.
We will show the application of the definition of a root of a number and its
properties to solving exercises.
Find the value of an expression +75-48. Solution:
Decompose the number 75 by two factors so that at least one of them can be root
75=25-3. Number 48 decompose into two factors so that one of them is equal to 3:
48=3 -16 We use the property of the root from the product:
V75-48 =4/25-3-3-16 =/25-4/3-3:4/16 =5-3-4 = 60.

3 .5

Answer:60. .[2=-1—.
4 11




Solution: turn each of the "mixed" numbers into an improper fraction, and then
simplify the radical expression: \/ 2%-1% == \/% % V4 =2. Answer: 2.
3/0,27-(~100). Solution: not one of 0,27, not one of (—100) the cube root is not
extracted, and therefore we transform the radical expression in this way:
0,27-(=100)= (1) (o 27-100)= ( 1) 27.

3/0,27-(-100) =3/(-1)-27 = 3/(~1 (-1)-3=-3. Answer: -3.

{17 -15%. Solution: transform the radical expression using the formula for the
difference of squares of two numbers:
172 -15* =(17-15)-(17+15)=2-32=2-2" =2°.

Y17* =152 :§/2_6:|2|:2. Answer: 2.

(5—3_\/3_1+2_\/§j'(6—\/§) Solution:

It is advisable to first get rid of irrationality in the denominator of each of the three

12 12Wis+3)  1Wis+3) 12(i5+3)
fractions: \/3—3_(\/3—3)-(\/E+3)_ S - =215 + 6;
28 28:(15+1) _28-(15+1)_28-(15+1) L s
Jis-1 (Vis-1)-Ws+1) 15— 14 ’

! 1-(2+43) 2+f_2 A
2-V3 2-3)+3)
(2-JE+6—2-J_—2+2+I)-( —3)=(6-+3)-[6++3)=36-3=33. Answer: 33.
Noteworthy is this way of simplifying expressions like:

J6+245 —\J6—2+/5. Solution: denote 6+ 245 — /625 = 4.

Let us square both sides of this equality:

64275 =276 +2-V5 6 -2-4/5 +6-2-4/5 = 47;

12-236+2-45)-(6-2:+/5) = 4

12-2 36-20=

12-2-4= 4% [

A’=4;

A=+2; Because the y6+2-+/5 >/6—2-4/5, then the difference
V64245 =6 -2-4/5)0.

Well then, A=2. Answer: 2.

Calculate the value of expression: 3.18\/ a-1 +~a— \/ a+1 ~Ja ata=25.
Va -1 Va +1

Solution:




Let's simplify this expression by reducing the radical expressions to a common
denominator. Then we use the formula for the difference of squares and after
cancellation we apply the concept of the modulus of the number.

\/ \/_—1 \/Z_\/a-\/z+l_\/;:\/a-\/_—l+a—\/;_\/a-\/;+1—a—\/z

Ja -1 Ja +1 Ja -1 Va +1
:\/\/;(a—l)+(a—1)_\/\/5(a+l) (a-1) \/a 1 —1) \/a+l)(\/;—l):
Ja -1 Ja +1 Ja -1 Ja +1
:\/(M)(JEX\/ZH)_\/(x/Z—l)(\/\/g:X\/_—l N 7 A iy
= +1[-[Na -1

Ifa2,5,then‘\/2+1“\/_1‘:‘}@4§1 =25 +1-425+1=2.
Y0

_}4272;431

Answer: 2.

5-3 2-4/5

Evidence:
( 1 jz_(s_zﬁf{ 11-(5+3) Jz_((S—zx/E)-(zm/E)jz_
s-v3) (2-45) \[5-43)-6++3)) ([-+5)-2+45))
Lg _[(1b+33)) _(10+5/5-445-10) _ 11-(5+J§)2_(ﬁ)z_25+1oﬁ+3_
Tl 25-3 4-5 - 22 - 4
C28+1043-20 8+10V3  4+5Y3
- 4 o4 2

91 91+4043  91+40v3  \16+404/3 +75
?4-10\/5: 4 = ) = ) =

2
319Pr0vethat( 1 ) (5 2\/_J o1 +104/3.

R.S.=
e 2453 6v3)  Jars) BV 44ss3
- 2 o2 2 2
. . . . 4+ 5\/_
Since the left and right sides are equal to the same numeric , then the

equality is proved.
In the next two exercises, we will use the idea of raising to some power a selected
part of an equality and simultaneously extracting a root from it of the same power..

f3-1 49-53

3.20 Prove equality \/5 Tl = o+ 5\/5 -

Evidence:




Since the traditional getting rid of irrationality in the denominator of the fraction in
this exercise does not lead to the goal, we perform the following transformations
on the left side of the equality:

1. Erect it into a cube;

2. At the same time, we extract a cubic root from it.

L.S.

3
6—1_3 V3-1 i/3\f3—3-3-1+3-x5-1—1§/6ﬁ—1032(3f3—5)
V341 V341 W3+331+343.141 {6v3+10 2(3 3+5)

_i/a@—s _i/(a@_s).\@ _§/9_5\g

= .4. Pigni dogedena.
Wi+s ((V3+s)3 Voxsis . HeHienty coseoend

3.21 Prove equality \/8+2\/10+2\/§ +\/8—2\/10+2\/_ = ﬁ-(ﬁﬂ)

Evidence:
Since the left side of the expression is positive, to transform it we use the idea of
solving the previous exercise:

Jmmwmm:J(¢8+2m+¢8-sz:
- o025 ) a0 oo o fo-2lios2is)
- o e2ionas o2 fs424i05235 ) (5210205 ) 8- 2410245 -
L-S-=\/16+2 82—(2m)2:J16+2\/§—4(10+2\/§)=J16+2\/m:
:\/16+2-m=\/16+2m=\/16+4m:\/16+4M:

= 16+ 4851 =116+ 44/5 -4 =112+ 445 = 2(6+ 245 ) =/ (V1) =2 [y341
:\/5-(\/5+1)=n.u.

2

Self-study assignments:

Find the value of an expression:

3.22 3/64-125. Answer: 20.
3.23 4/16-81-625. Answer: 30.
3.24 $/4-16. Answer: 2.

3.25 {313 -312°. Answer: 5.
3.26 2-4/40-4/12 +3y/5.4/48 —24/75 - 44/15-4/27.  Answer: 0.
2

3.27 (\/3—2-ﬁ+\/3+2ﬁj Answer: 8.




1 1

+ .
4423 4-243

1 3 4
e fods T8
3.30 Simplify expression: V3+2v2 -43-2v2.  Answer: 2.

3.28 Answer: 2.

3.29 Answer: 0.

3.31 Find the value of an expression: \/ \/;\/i 5 + . ii;\l/;\fzs + \/;l(l 5 at x=26.
Answer: 1.
3.32 Simplify expression: /9 ++/32; \/6—\/17 —124/2;
Prove Equality:
333 V3-2V2 3422
-2z 11122
VI9+43 _ 249-465
3.34
2\/9 J65 TN
3.35 2+4/3 2-3 -
V2142443 \/2 J2-43
To find:
336y 26 e 1(\/5_ ] oe a)0, 8)0. Answer: a+s.
1+x —x 2\ Ve

3.37y:\/(a+x x+8) \/a x (x

\/(a+x x+6 \/a x x 6

a
Answer: ‘/—.
6

1 1
3.38 y= +
4 Jaw; Jas

, 1f x=a-6, where a)0, 6)0, a)s.

, if 4-(a—1), where a>1.

2Va—

, 1f a)2.

2
339 y_Yatridrte o 1o la-e) a;G,Wherezzq/|a—e|.

x=—z"+ -

Ja+x—+x—-6’ 4 4z°

Answer: | |
— 8

OnpejzieneHrne U CBOMCTBA Jorapudma yncna

Logarithm of the number N with a base a (2)0,a # 1) is the exponent to which you

need to raise the number a to get the number M.
Depending on their base, logarithms can be classified into three large groups:




Ig N, akwo a =10, — decamxosi nozapugpmu,
log, N =4InN, axwo a = e, — namypanvui noz2apugmu,

log, N,axwoa #10 1 a#e, ex2,].
Useful ratios: log,a=1;, log,I=0.
Main logarithmic identity: «"** = B.
Logarithms exist only for positive numbers and have the following properties:
1). logu(x, - x,)=1log, x, +log, x,(x,)0, x,)0)— 102apudm dobymxy;
2). log, SR log, x, —log, x,(x,)0, x,)0)— nocapugpm uacmxu;

X,

3). log, x* = k-log, x(x)0)— z0zapugpm cmenens;

4). log, 4/x = lloga x(x)0) - nocapupm ropens;
n

log. B
5). log, B= IOg_c (C)O, c# 1) — hopmyna nepexody 6i0 00HIEl 0CHOBU 02apudmis 00 iHWLOT;
og.a

c

6). log , (B ): %10& B.

Expressing the logarithm in terms of the logarithms of its components is
called the logarithm. The inverse of the logarithm is called potentiation.

At first, it is advisable to solve exercises on the application of the basic
logarithmic identity, which are good propaedeutics for solving logarithmic
equations and inequalities.

For example: 3lomt = 4;

1627 — (24 )logﬂ _ (210g27)4 — 7% = 2401;

1\ logg125 | 1 |
Hlogs125 _ (83J _ (810g8125 )g —125% = (53 )g _ 5

5\ logg 27 5 ) 5
Jost _ (83] g 2270 (7 =3 <o,

Solution of more complex exercises of this type, for example, to calculate
the value of the expression:  36"%° +10'7#* — 3",
Solution:
We calculate the value of each of the three members of this expression separately:
365 (62 )10&,5 _ (6log65)2 — 52 =25
10 10

1072 =10-10™ = —= = —=5;
10% 2

|\ logy 36 | | .
30836 _ (92J = (9= )k =362 = (6> =6.

Means, 25+5 — 6=24. Answer: 24.

2 1
3.40 Calculate: 10" + 3",
Solution:
We use the formula for the transition from one base of logarithms to another:




log, 10=1gﬁ=i; log 3
g3 1g3

_log3 _ 1 ;  In this way,

- log, 6 - log, 6

2 1
0 1

1
10" 4316 =107 4 3000 = (10 ] 4 3% =32 1 6=9+6=15. Answer: 15.

3.41 Calculate: log,(2-1g1°)+ log, (2’ - 1g3°)+ log, (2° - 1g5°) + ... + log, (2*° - 1g89°)

Solution
Replace the amount of the logarithm logarithms product according to the properties
of logarithms:

log2(2 : tg1°)+log2 (23 -tg3°)+log2(25' -tg5°)+... +log, (289 -tg89°):
= log,(2-1g1°-2° - 1g3°-2° - 1g5°..- 2% - 1g89°) = log, (2 2% - 2% - ... 2% - 1g1° - 1g3° - 1g’5° - .. g89°) =
= log, (2" . (1g1° - 1g89°)- (1g3° - 1g87°)- .. - 1g45°) =

_ 10g2{21+3+5+...+89 '(%AOQIC%IOJ ) (ﬁgioz'lcﬁg_?}oJ . tlg24350} _

1

C2-1+2-(45-1)

=(1+3+5+...+89)log,2 +log, 15 > 45 =
1 0
. . . 2+2-44

From the formula of the nth term of arithmetic progression = — 45=
find the number of its members: = M 45 =
a,=a;+tdm-1); a;=1; a,=3; a,=89. =45-45=2025.
d=3-1=2.
89=1+2(n-1); 2(n-1)=89-1; 2(n-1)=88;
n1=0 = s n=44+1=45, Answer: 2025.
To calculate the sum of the first n terms of the arithmetic progression, we use the
formula:
S = 2a, +d(n—1).n.

n
3.42 Given: log,,5=a, log,,7=5b. To find log, 16.
Solution:

Let us transform the required logarithm:
log,, 16 =log,, 2* = 4-log,, 2 = 4log,, ;—(5) =4log,, % =4 -(log,, 70 —log,, 5—log,, 7)=4-(1—a - b).
Answer: 4-(1-a-b).
3.43 Given: log,3=a, log,5=0». To find log, 12.
Solution:

Expression log, 12 replace the logarithm with the base 6:

62
Clog 12 085 108 o0 6 log, 3 2-1-log,3  2-a
- log, 15 - log,(3-5) - log,(3-5) - log, 3 +log, 5 - log, 3 +log, 5 Ca+b’
Answer: 2.

log,; 12



3.44 Given: log,,5=a, log,18=5b. To find log,, 54.

Solution:
Let's move on to logarithms with base 12:
log,, 54 log,,(18-3) _log,18 +log,,3 b+log,3

log,, 54 = = = = =
84 log,,40 log,,(5-8) log,5+log,8 a+log,,2’

/182 1
3 2
b+log, 3 b+log,, ET) b+ 3 (log12 18" —log,, 12)

2 1
a+3log,, 2 a+3log123\/12 a+3'§(1°g12122‘1°g1218)
18

b+ l(2 log,, 18 —log,, 12)

(O8]

18=2.9=2.3% 18*=(2-3*f; -

a+(2log, 12— log, 18)

b+1-(2-b—1)
12=4.3=27.3 127 =(2*-3f; -3 =
a+(2-1)-b
2b-1
182 22 34 . 122 24_32_23. =b+T:
’ 2.37 ’ a+2-b
\/7 \/F _sh-1
18 " 3a-3b+6
Answer: _ -1
3a-3b+6

3.45 Given: log,,50=a, log,20=5. To find log,,, 200.

Solution:
Let's move on to logarithms with base 20:
log, 20 = log,20_ 1 ; L _ b; log,,3= l
log,,3 log,,3 log, 3 b

log,, 200 _ log,, (50 :2%) log,, 50+ 2log,, 20
log,s, 200 = = -
log,, 150 | log,,(50-3) log,, 50 +log,, 3

2
a+210g2013/£
2():22_5; 5():52.2; 202:24_52; — 50

1
a-+—
b
2
£:24_52223.2:3£ :a+3-(210g2020—10g2050):
50 5%-2 ’ 50 1
a+—

b
a+§'(2-1—10g2050)

1
a+—
b




4 2 1 4

a+———a —a+—

_7373% 3 3:(a+4)-b:ba+4b.Answer: ab+4b'
ab+1 ab+1  3gb+3  3ab+3 3ab+3
b b

Self-study assignments:

3.46 It is known that /g2 = 0,301. Calculate log,2-log, 3-log,4-...-log, 8-1g9.
Answer: 0,301.

Calculate:

3.47 20log 3 - log,, 64. Answer:15.

3.48 18. 0812 Answer: 6
3+log, 27

3.49 (14-log, 7)* -log,, 512. Answer: 11.

3.50 57-M. Answer: 19.
6 +log, 512

3.51 - logz(logz V2 j Answer: 2.

3.52 25"%°, Answer: 9.

—2-log; 2
353 3-log2+2 *. Answer: 6.
—2-log; 3

3.54 3-log ; 8+4 *. Answer: 11.

3.55 (log, 11+1og, 23): log, 253. Answer: 1,5.

3.56 log, 128. Answer: 3,5.

3.57 log, s, if 6=sin%. Answer: —%.

3.58 3"%*21og, 2 +log, (gj Answer:9.

1
3.59 log, log, (VZT)E eciu log, K =10. Answer: 8.
3.60 (log, 8)-(log,, 3)-(log, 17).  Answer: 1,5

3.61 8+%10g2 (6— \/%)+%log2 (6+ \/%)—log2 9. Answer: 10.
3 3 3
3.62 log,, x, ecnu log, x =2, log, x =3. Answer: 1,2.

3.63 log, 25, ecmu log,5=2. Answer: 4.

3.64 (log, 2 +1log, 81+4)-(log,2—-2log,, 2)-log,3—log, 2.  Answer: 2.
To find x, if:

3.65 log, x =-15. Answer: L.

42

27 _ C 2.3
3.66 log, 4’/6561 =-0,75. Answer: 3-3/9.
3.67 x=log8-48. Answer: 11,25.




3.68 Given: log, 7 =a, log, 5=5b. To find log,;28. Answer: 2= Z.
a+

3.69 Given: log,, 16 =a. To find log,, 25. Answer: 8-2a

8—a

8a —5ab

ab+1
a-2b+4

3.70 Given: log,12=a, log,24=>5. To find log,, 54. Answer:

3.71 Given: 1g225=a, 1g60=5. To find 1g5. Answer:

3.72 Given: 1g225=a, 1g60=>b. To find Ig2. Answer: 2b4_ 4

3.73 To find log, 168, if log, 12 =a, log,,24=5b. Answer: —Lb.
a

3.74 To find log, 6,125, if log,; 7 =a, log, 5=b. Answer: 4al;— 3'

3.75 To find log,, 18, if log, 2 = a, log. 3=b. Answer: 2720
1+b+ab

3.76 To find 1g45, if log,3=a, log,2=5b. Answer: lzzib.
+

a+2b-1
3a '

3.77 To find log, 9,8, if Ig2=a, 1g7=5b. Answer:




