Section 15
Exponential inequalities

Inequalities containing a variable in the exponent are called exponential.
Solution of exponential inequalities for a >0,a+1 are based on the monotonicity of
the exponential function, i.e.:
1). If 0 <a <1, then from the inequality a" > a™ it follows that x, < x,.
2). If a >1, then from the inequality «* >a™ follows that x, > x,.
Let's demonstrate this with examples.:
2" < l
4

Solution:

2" < %; 2 <27 Insofaras 2>1, TO x<-2.

Answer: (—o0;-2)
(0,36)** > (0,36
Solution:
Because 0<0,36 <1, TO —x’ +6x<5|-(—1) x*—6x+5>0, x =1 x,=5.
Ay
)

Answer: (—a0;1) U (5;400).
4" -6-2" +8<0.

Solution:
(2" J —6-27 +8<0; By Vieta's theorem, we have:

2<2" <4,
2" =2, x=1, . 5

2 <2 <27,
25 =4, |x=2.

I<x<?2.

Answer: (1;2).
(x=3"7 > 1.



Solution:
We can consider two cases:

1). 0<x=3<1, (x=3" 7" >(x-3), 2x> = 7x <0.
0<x—3<1}+3 {3<x<4,
2x2—7x<0_ X(2X—7)<0.

xe(3;3,5)
2). x=3>1, x>4. (x=3"7 >(x-3)", 2x* = 7x>0.

x>4,
2x*—7x>0.

(4;+oo).
Answer: (3;3,5)u (4;+0).
4* 2.5 <10".

Solution:
4% —2.5 <10*: 107, 422 <10; 21 52 <l
10" 10* 10* 5 2
X 2
We denote Z:@j ,z>0. z—g—1<0, Z—Zz<0.
zZ zZ

Insofar as z>0, z>-z-2<0, z°-z-2=0, z,=2, z,=-1.



a<@ <2; 0<(04) <2 xlog,,0.4>log,,2; x>log,,2.

Answer: (logo, 2+0)

231 <48,

Solution:

3
23 <24 21, 3x—1<%; 3x<1%; 3x<%:3, x<l.

Answer: —oo;l.
12

15 4 12
x + x—1 > x+1°
27+1 277 -3 2

Solution:
et the 2 =r, 10, then 13 4,12, 15 8 12, 15 8 6,
t+1 L 5 2+l 1-6 2 t+1 t-6 ¢
2
15t-(t—6)+8t-(t+1)—6-(t+1)-(t—6)>0_ 15t> —90¢ + 8¢* +8t — 61> + 36t — 6t + 36
(t—6)-1-(t+1) ’ (t—6)-t-(t+1)
17t2—52t-i-36>
(t—6)-t-(t+1)
We expand the numerator factoring D = 2704 —2448 =256 =16,
52-16 36 18 52+16 68
tl: :—:—; t2: :—:2
34 34 17 34 34

14-(z—1§j-(¢—2)
(t—6)-t-(¢+1)

We solve this inequality by the "snake" method:
18

—m 17 2 6, +
/ 1
te (— L; O)U(%; 2} U (6; +oo).
Considering that ¢ >0, we get:

te[%;Zju(6;+oo).

> 0;

> 0.




Let's go back to the replacement ¢ =2, % <2*<2 or 2°>6.

18 18
log, — < xlog,2<log, 2, log, —<x<I.
g217 g g g217
log 2" >log, 6, xlog,2>log,6, x>log,6.
Answer: (logZ%; lju(log26; +00),

3-(x2-2m+x+2)<9x2+x-2m+2m”.

Solution:
3x% 292 435+ 6 < 9x? 4 x- 2V 4 2V,
3x2 202 2 35 4 6952 < 0;
272 (357 —x—2)-3-(3x* —x = 2)< 0;
(3x2 —x—-2)- (Zm —3)< 0; This inequality is equivalent to such a set:

3 —x=2<0, D=25x-21x,=1, |, 2
3 3’ %)
212 350, x=220, x22. x € [25400)
{3x2—x—2>0, xe[—oo;—%jU(lﬁoo),
=
_2 3<0. 2072 (3 x>,

log, 292 < log,3, Vx—-2log,2<log,3, vx—-2 <log,3.
Let us square both sides of the last inequality:

0<x-2<log}3 |+2 2<x<logi3+2.
Answer: (2; 2+log; 3)
(2x2 +x 41 <1

Solution:

Expression 2x* +x+1>0, 60 D=1-8=-7 <0 and the branches of the parabola are
directed upwards.
This makes it possible to replace with one: 1= (2x2 +x+ 1)0.

(2x2 +x+1)2x e (2x2 +x+1)0;
[(ox? +x+1<1, 2t +x<l,
2 4x-150. |D=14g=9, [F2¥+1)<0,
-1-3 1

{2x2+x+1>1, {x(2x+1)>0, ==l =

2x? +x-1<0.



/\_y
71 1 X
3
Ny
\/lllll >
*1 1 X
2
x € (I;+0)
ANy
2
e(—l;—l}
2
Answer: (— 1;—%) U (I3+00).
0,25 > 4",
Solution:
x+1 100 g x+,1/ >4" “\1/ ‘1 >4%, 47 > 4%, 4 1 > 4" Because 4> 1, T0
LY (1) Xexe, XXX X +2"<0‘( +1), 6o
x+1 x+1 x+1 x+1 x+1

(x+1) >0, x+1%0.
Then we obtain an inequality equivalent to this inequality in the domain of

definition:
(x+1)-(x> +2)<0, (x+1)-x-(x+2)<0.

Answer: (—a0;-2)U(-1;0).
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Logarithmic inequalities

An inequality that contains a variable under the sign of the logarithm 1s called
logarithmic.

When solving logarithmic inequalities, it is necessary to take into account the
following two factors:
1). Monotonicity of a logarithmic function;
2). The domain of the logarithmic function is the set of positive numbers.
logz(x2 —4x+ 3)> log, (13- x).
Solution:
This inequality is equivalent to such a system of inequalities:
x*—4x+3>13-x, [x*—4x+3-13+x>0, {xz -3x+-10>0,
{13—x>0. {x<13.

x, =5, x,=-2.

x<13.

Answer: (—o0;-2)U(513).
%lg(x—l)+lgx/2x+l <1+1g0.3.

Solution:

lgv/x—1+1gy/2x+1 <1gl0+1g3—1g10;

lgqlix—li2x+li<lg3;

Because the 10 > 3, then, since the logarithmic function is monotonic, we have:

JGx=1)Y2x+1) <3. After squaring, the inequality is formed:
(x—1)2x+1)<9. Consider the system of inequalities:

x—1>0, *>1,
1 x>1,
2x+1>0, x>—, {2 5 10<0
X —X— < 0.
Gt @ee1)<9 | 90
D=1+80=81, x, = % =-2- does not satisfy the condition x >1.

xlz#=2,5>l.



Answer: (1; 2,5).

log, x+5log, x+4<0.
2

Solution:

log, x log, x

log} x+5-—2—+4<0, log} x+5-—2—+4<0, log} x—5-log, x+4<0.
p log, 2 p -1 p p
2
Let the log, x=¢, then * -5t+4<0, ¢, =1, t,=4.

2

/\y

l<log, x<4, 1<10gll<10g1x<10g1L, x> 0.
b 2 B 216

Because the 0< % <1, then, due to the monotonicity of the logarithmic function, we
1 1 1
have —>x>—, or —<x<—.
2 16 2
1 1
Answer: | —; — |
(16 2)

log, x*

<2 at a>1.
loga(x—3)

Solution:

2
%— -2 <0. Let us find the domain of definition of the left side of this
Oga X —
inequality.
x> >0, xe(—oo;O)u(O;-i-oo),
x-3>0, xe(3;+oo),
x—=3#1. [x#4.
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The domain of this function (3;4)u (4;+0).

2
We denote f(x)= % -

Let us find the zeros of this function by solving the following equation:
log, x’
log, (x - 3)

denominator:
log, x* —2log,(x-3) _~ [log, x* ~log,(x~3)=0,
loga(x—3) - {loga (x—3);t 0.
Since the logarithmic function is monotonic, we have: x* =(x—3)’; x> =x* —6x+9,
9 3

X =x*+6x=9, 6x=9, x=—=_.
6 2

—-2=0; By condition «a > 1, therefore can be reduced to a common

log, x* =log, (x—3).

%e D(f). Hence the function f(x) has no roots, so it preserves its sign on each of

the intervals belonging to its domain of definition.
Let us define the sign of the function f at each of the intervals:

SN

3 7 7
76.5)= log,35 ,_ log,35 . _2log,35-2log,05 _log, 3,5° ~log, 05" _
log,(3,5-3) log,(3,5-3) log, 0,5 log, 0,5
12,25
‘025 log, 49 _
- log, 0,5 log 0, 5 ’
2 log, — 100 log, 2i
#(10)= log, 10 _2:10ga100—210ga7 ‘49 _ 49 o,
log, (10 - 3) log, 7 log, 7 log,7
Answer: (3;4)
log(, ) (x* —4x+3)<0.
Solution:

Letthe f(x)=log (x> —4x+3) We find the domain of the function:
f(x): x> —4x+3>0, x, =1; x, =3~ the roots of quadratic polynomial.
D(f)= (o0~ 1)U (3 +o0),

ANy




log(H)(x2 —4x+ 3) <log, 1.

Solution:
This inequality is equivalent to such a set of systems of inequalities:

X2 —dx+3>1, | [x*—4x+2>0,
O0<x-3<«l1. 3<x<4.

xP—4x+3<1, | [x*—4x+2<0,
x—-3>1. x>4.

To solve these systems, we use a graphic illustration:

D=16-8=8=4-2; x1=4_ V42 =4_2*5=2—2\/E; X, =2+242.

2 2
Ny
\
T =
22 + X
xe(2+\/5;4)eD(f)O.
Ny
\
_2— 2 Z2+4/2 X
%
Answer: (2 ++/2; 4)
log,(2,5-x)< 1.
Solution:
f(x)=log (2,5-x), 25-x>0, x<2.5.
x>0, x£1. {0 ; f <22 D)= (0) L (1:2,5)
X .

—1=log, x = log l; Then logx(2,5 — x) <log, %
X

Due to the monotonicity of the logarithmic function at 0 <x<1, 2,5-x > l,
X

2,5—x—l>o, x?=2,5x+1<0, D=625-4=225=15"
X

_ 2,5-15 0,5 x, = 2,5+1,5 _5
2 2

X
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AL
0, 2

>
* x e(0,5:1).

At x>1, 2,5—x<%, — x> +2,5x-1<0}(-1)

x*=2,5x+1>0.
Ny

0, W
x €(2:2,5).

Answer: (0,5;1)U(2;2,5).
xlog, x+1> 8x.

Solution:
Let us logarithm both sides of the inequality with the basis 2:
Range of valid values: (0;+o)

log, (xl"gz . )> log, (8x);

(log, x+1)log, x > log, 8+ log, x;

log; x +log, x > log, 2* +log, x;

log; x +log, x >3 +log, x;

logs x—3>0;

log3 x—(\/g)z > 0; (log2 x—\/g)-(log2 x+\/§)> 0;
log, x= \/ga
log, x= —3.

Ny
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—oo<10g2x<—\/§, \/§<log2x<oo, 0<x<2V, 2P <x<om.
Answer: (O;L[ju(zﬁ;mo)
23

Systems of exponential inequalities
o =(( T+
3 3 2F
2 1 33(3)" 1 (3]3
= — —> | = ==,
3 43 2 47 \2) 277 (4

LhE J= 20 20 -0

Because 0< = i <1 then, since the exponential function is monotonic, we have:

x <3.

We solve the second inequality of the system:
1

1
2635 £ 9392, X3S g 2 2 >1, and therefore x> -6x-7<0, x> —6x—7=0.
By Vieta's theorem x, =-1, x, =7.

Solution:
<3l o3
0< ‘xz — x‘ <2
; ; %

Due to the monotony of the exponential function have:
x2—x=0, x(x—l):O, x=0, x=1.
Ha (— oo;O);

xz _x‘ =x2 —X.
xz—x >0, {x(x—l)> 0,

x*—x-2<0.

0<x’—x<2—>
x—x<2.
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xe(—l;O)
On [0;1): ‘xz—x‘:—(xz—x), 0<—(x2—x)<1|-(—1)
X —x>-1 ¥ —x+1<0

—1l<x*—x<0> %)
x*—=x<0. D<O.

Ha [1;+o0): ‘xz —x‘ =x*—x, xe[l;2)
Answer: (- 1,0)U[1;2).
36 &
—_ . J— >_’
3) 9 64
2x276x—3,5 <8\/5
Systems of logarithmic inequalities

1g7—1g(—8x—x2)
Ig(x +3)

> 0.

Solution:
This inequality 1s equivalent to the combination of two systems of inequalities:

| 1g7—1g(—8x—x2)> 0,
{lg(x +3)>0.
g7 —lg(—8x—x2)< 0,
_{lg(x +3)<0.
Let's solve each of these systems in particular.
g7 >lg(—8x—x2), 7>-8x—x", [x*+8x+7>0,

lg(x +3)> g1, x+3>1, x>-2,
—8x—x>>0}(-1) |x*+8x<0, |x(x+8)<0,
x+3>0. x>-3. x> -=3.

x, =-1, x, =-7 (Vieta's theorem).
x,=0, x, =-8.
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e (~1;0)- Solution of the first system.
lg7<lg(-8x—x*) [7<-8x—x>, [x*+8x-7<0,

lg(x+3)<1gl, x+3<1, x<-2,
—8x—x*>0, x> +8x<0, |x(x+8)<0,
x+3>0. x+3>0. x>=3.

T N XL I/
AKX EREALAL]

N

‘_"., y

xe(-3;:-2)
Answer: (-3;-2)u(-1,0).

Self-study assignments

Prove that for all values of x the correct inequality:

1). x+3(x+1)-4(x+2)<0,
2). (x=2) —x(x—4)>0,
3). (5a+1)-(5a—1)<254°,
4). (1-1—2)6)2

5). Lim>2at m>o.
m

6). x> +1>2x,
7). X2+y2+22 2 Xy +xz+ yz

> 2x,

8). (a+1)-(b+1)-(a+c¢)-(b+c)>16abc, at a>1,b>1,¢>1.

Solve inequalities:
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1). ST 4T Answer: xe(—oo;gj.

2 3 5
2). 2x* +3x-2>0. Answer: (-0;-2) i G;+ooj.
3). —3x+5x-4>0. Answer: &.
4). x* —42x* —64x+105 < 0. Answer: x e(-5-3)U(1;7).

P 3x% +2x
5), L 72X T, Answer: x e(—oo;— 2:4).

) Ko (o) o) (24)
x=1_x-3 x-2
6). x— > -~ : Answer: x e (~1;+wo)
2 4 3

7). x* —6x+8>0. Answer: x e (—o0;2) U (4;4+0).
8). x> +x—-6<0. Answer: x e[-3;2]
9). x> +6x+15<0. Answer: @.
10). x*> —8x+16>0. Answer: x € (—0;4) U (45+00),
11). x* +10x+30<0. Answer: x e (o)

12). (x+2)-(x=3)-(x=5)<0.  Answer: xe(-0;2)U(3;5).
13). (x+1)-(x=1)-(x=2)-(x=3)-(x = 5)>0. Answer: x e (-1;1)U(2;3) U (5;+0).

14). x* —6x*+11x -6 <0. Answer: x e (-oj1]u[2:3]
2
15), X Foxrd A C(-4-1) 1 (1;5).
) R nswer: (—4;-1) i (1;5).
16). 2 - X735 X3 Answer: x e (1;1,8) U (2;+%)

x—=2 x-1
17). x* —=x* =3x* +4x-4<0.  Answer: [-2;2]

18). (x+4)-(x—=2)-(x=3)-(x+1)<0.  Answer: [-41]u[2:3]

19). x*-(x+3)-(5+x)-(2x— 1)“ (2-x)<0.  Answer: (-5-3)U(=3;0)U(2;+0).
20). (x-3) (x+1) (x+3)-x*-(1-x)20 Answer: (—oo;-3]u{-1,0}U[1;3]
21). (x+3)-(x-2) (x —2x+3)> Answer: (-3;2)u (2+oo)

22). (x+2)-(x° +2x+4)( If-(x=2)<0.  Answer: (-2;1)U(1;2)

23). (x> +4x+10f =7-(x* +4x+11)+7<0.  Answer: (- 3;-1).

24). (x* +x+1)- (x> +x+2)<12. Answer: (-2:1).

25). (e 3)'(321?'()‘_5)30. Answer: {—2;—1%})[3;51

20) (x +(i)+(;c); 2)3 2 0. Answer: (— oo;—3)u(— 3;—1]u[2;+oo).

(x=2) - (x+3) - (x-5) (as. N (2
27). =) 0xs9) >0. Answer: (-4,5-3)u(1;2)U(2:5).

(x—4) -(x+2)
3-2x

29). (+2). (;‘2__12: 6+3) 6. Answer: [-3:2)U(-2;2).

28). <0. Answer: (—o0;-2)U(1,5;4) U (4;+0).
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(x2—4x+3)-(2x—x2—5)
(x2—6x+5)-(x2+6x+8)
31) X +3x*—x-3

CoxP+3x-10

32). 8:3&3&3“ Answer: (=3;-2)U(~1;+w).

33). Vx> +2x—15 <x* + x—10. Answer: (-o;—5]U[3:5).

30). <0. Answer: (—o0;—4)U(=2;1)U (1;3] U (5:40).

<0. Answer: (-o0;-5)U(=3;-1)u (1;2).

34). 2x® —6x2 —10x+4 > %/x3— 5x* —6x. Answer: [- 1)U [6;+0).
35). (x—1)- (x2 — 2x)- V16 —x* > 0. Answer: [0;1]u[2:4]

2
36), XX 212 Answer: [-4:3)U(23),

" e 43)o(23)

/ 2

37). 17- Sf; 250, Answer: (-3;1}
X

38). (\/g ++5)< log (\/_ 7+2) Answer: (-4;-1,5]

log\/—

x-1

logr V20 < log
1

=

(27 -3). Answer: (6;+o).

=
log F(\/_ 7 +4/6 )< log F(\/g +\/§) Answer: (-4;-0,5]

log [ V26 < log \/m(zﬂ -2) Answer: (0;0,5]
x-1

42). log ( +\/_)<10g

2x-7
x-2 x-2

39).

40).

41).

W3+3) Answer: (3,5;5).

43). log\/m(\/g+2)< log (\/E‘l-\/g) Answer: (2,5:4).
x—1 x—1
44). \/ 2x -1 —\/ X2, 7 Answer: (—w0;-2)U[20,5;+0).
x+2 2x—1 12
45). x* +5x+4 < 5v/x* +5x +28. Answer: (-9;4).
46). 3* <8l. Answer: (—oo;4).
47). 2> <1. Answer: [-3;0]U[3;+)
2x+1 1
48). 1637 —643 -(0,25) > 0. Answer: [2%; 4,6).
X x+1
49). # <8, Answer: (I;+ o)
50). (4x? +2x+1) " >1. Answer: (—o;—0,5)U(L; + ),
0’2COSX S 1, 72-
51). Answer: | 0;=|.
URESL 4050, [ 2}
2—
52). (0,5) Answer: @.
53). (x- 1) o Answer: (4;+ ).
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54). (05);4 > 8. Answer: (—oo;—4]u(0;1]

55). 5% +4.5" ~1>0. Answer: (I;+ o)

56). log,, (x> —2x—3)> 1. Answer: [-2;1)u(3:4]

57). log,(x* + x—2)<log, (2x +10) Answer: (-3;-2)u (1;4)

58). log )):5 <0. Answer: (—o0;=5)U (= 1;+0)
3

Find the largest integer solution to an inequality:
25% —2"=%1 <10.5"", Answer: {0},



